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Abstract

We focus on the classical problem in grammatical inference of learning stochas-
tic tree languages from finite samples of trees independently drawn according to
a fixed unknown distribution. We consider here the class of stochastic tree lan-
guages that can be computed by rational tree series which can be viewed as a
strict generalization of probabilistic tree automata. The class of rational stochastic
tree languages has an algebraic characterization: All the residuals of a stochastic
languages lie in a finite vector subspace. We propose a principle based on Princi-
pal Components Analysis to identify this vector subspace. This approach allows
us to define a global solution of the problem instead of building an automaton it-
eratively as done by standard probabilistic grammatical inference algorithm. This
is a way to tackle the main drawback of these approaches that is using statistical
tests that rely on less and less examples when the structure grows. We provide
an algorithm that computes an estimate of the target vector subspace and build a
linear representation of a tree series giving an estimation of the target distribution.
We notably show that in the case of tree languages, we have to consider the dual
vector subspace to build the representation.

1 Introduction

In this article, we focus on the problem of learning probability distributions over trees. Given a
sample independently drawn according to a fixed but unknown stochastic tree language p, a classical
problem in grammatical inference is to infer an estimate of p in some class of probabilistic models
that can be finitely represented [4]. A usual class of representation of stochastic tree language is
the class of probabilistic tree automata (PTA) where the parameters stand in [0, 1]. This class is the
equivalent class of probabilistic automata or hidden Markov models for stochastic strings languages.

Recent approaches have proposed to represent stochastic tree language in a larger class of represen-
tation: The class of rational stochastic tree languages (RSTL) that can be represented under a linear
form of a tree series [2]. The models of this class can be equivalently represented by weighted tree
automata with parameters in R (hence with weights that can be negative and without any per state

∗This work was partially supported by the ANR LAMPADA and SEQUOIA projects and by the IST Pro-
gramme of the European Community, under the PASCAL2 Network of Excellence, IST-2007-216886. This
publication only reflects the authors’ views.
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normalisation condition). This class has two interesting properties: It has a high level of expressive-
ness since it strictly includes the class of PTA and it admits a canonical form with a minimal number
of parameters (see [7] for an illustration in the string case). Based on these properties, linear rep-
resentations of RSTL are a good candidate from a grammatical inference standpoint. It has notably
the characterization that the residuals of the stochastic language lie in a finite dimensional subspace.
The goal of an inference algorithm is then to identify this subspace. This was illustrated by the algo-
rithm DEES [9, 8]. This algorithm builds iteratively a linear representation of a tree series by finding
a basis of the vector subspace spanned by the stochastic series definable over p. This dimension of
this vector subspace is finite and its dimension coincides with the minimal number of states needed
by a weighted automaton to compute p. Hence, a first step of a grammatical inference process is to
identify this vector subspace. However, this iterative approach suffers from the drawback that the
method relies on statistical tests that are done on less and less examples when the structure grows.

In this paper, we study the possibility of using Principal Component Analysis (PCA) techniques to
build a rational tree series representing a rational stochastic tree language from a tree sample. PCA
has already been used in grammatical inference for another framework in [5] and in [1] for learning
rational stochastic string languages. We propose in this paper an algorithm for identifying RSTL.
We notably show that the construction of the rational tree series should rely on a projection of the
dual vector subspace.

The paper is organised as follows. Section 2 gives the preliminaries on trees and rational tree series.
Section 3 is devoted to our algorithm, while the convergence properties are presented in Section 4.

2 Preliminaries

In this section, we introduce the objects that will be used all along in the paper. We mainly follow
notations and definitions from [6] about trees. Formal power tree series have been introduced in [2]
where the main results appear.

2.1 Trees and contexts

Let F = F0 ∪ F1 ∪ · · · ∪ Fp be a ranked alphabet where the elements in Fm are the function
symbols of rank m. We make the assumption that F0 #= ∅. The set of trees over a ranked alphabet
F is the smallest set TF satisfying F0 ⊆ TF , for f ∈ Fm, m ≥ 1, and t1, . . . , tm ∈ TF ,
f(t1, . . . , tm) ∈ TF .

Contexts are element c of CF ⊂ TF∪{$} where $ is variable that appears exactly once as a leaf in
c ($ has a rank 0 and $ #∈ F). Given a context c ∈ CF and a tree t ∈ TF , one can build a tree
c[t] ∈ TF by replacing the (unique) occurrence of $ in c by the tree t.
Example 1. Let F0 = {a, b}, F1 = {g(·)} and F2 = {f(·, ·)}. Then t = f(a, g(b)) ∈ TF
(Figure 1(a)), c = f(a, $) ∈ CF (Figure 1(b)) and c[t] = f(f(a, g(b)), a) (Figure 1(c)).

f

a g

b
(a) Tree t

f

$ a

(b) Context c

f

f

a g

b

a

(c) Tree c[t]

Figure 1: An example of tree t = f(a, g(b)), context c = f($, a) and their composition c[t] =
f(f(a, g(b)), a), as defined in Example 1.

2.2 Tree series

A (formal power) tree series on T (F) is a mapping r : T (F) → R. The vector space of all tree
series on T (F) is denoted by R〈〈TF〉〉.
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Let V be a finite dimensional vector space over R. We denote by L(V m;V ) the set of m-linear
mappings from V m to V . Let L = ∪m≥0L(V m;V ). We denote by V ∗ the dual space of V , i.e. the
vector space composed of all the linear forms defined on V .

A linear representation of T (F) is a couple (V, µ), where V is a finite dimensional vector space
over R, and where µ : F → L maps Fm into L(V m;V ) for each m ≥ 0. Thus for each f ∈
Fm, µ(f) : V m → V is m-linear. Function µ extends uniquely to a morphism µ : T (F) → V by:
µ(f(t1, . . . , tm)) = µ(f)(µ(t1), . . . , µ(tm)). Let VT (F) be the vector subspace of V spanned by
µ(T (F)): (VT (F), µ) is a linear representation of T (F).

Let r be a tree series over T (F), r is said to be recognizable if there exists a triple (V, µ, τ), where
(V, µ) is a linear representation of T (F), and λ : V → R is a linear form, such that r(t) = τ(µ(t))
for all t in T (F). The triple (V, µ, τ) is called a linear representation for r. In [2], it has been shown
that the notions of recognizable tree series and rational tree series coincide. From now on, we shall
refer to them by using the term of rational tree series. Rational tree series can be equivalently
represented by weighted tree automata [3].

Definition 1. A stochastic tree language over T (F) is a tree series r ∈ R〈〈TF〉〉 such that for any
t ∈ T (F), 0 ≤ r(t) ≤ 1 and

∑
t∈T (F)

r(t) = 1. The sum is well defined since r is non negative. The

set of stochastic tree languages is denoted by S(TF).

A rational stochastic tree language (RSTL) is a stochastic tree language which admits a linear rep-
resentation. The set of rational stochastic tree languages is denoted by S rat〈〈TF〉〉. Note that it can
be shown that there exists some rational stochastic tree language that cannot be computed by any
probabilistic tree automaton (see [7] for an example in the case of stochastic word languages).

2.3 Canonical form

We now define the canonical representation of a rational tree series [9].

Let c ∈ CF . We define the linear mapping ċ : R〈〈TF〉〉 → R〈〈TF〉〉 by

ċ(r)(t) = r(c[t]).

Let r ∈ R〈〈TF〉〉. Let us denote by Wr the vector subspace of R〈〈TF〉〉 spanned by {ċr|c ∈ CF}.
The elements of {ċr|c ∈ CF} are called the residuals of r. It can be shown that r is rational if and
only if the dimension of Wr is finite [9]. Let W ∗

r be the dual space of Wr, i.e. the set of all linear
forms on Wr. For any t ∈ T (F), let t ∈ W ∗

r be defined by: ∀s ∈ Wr, t(s) = s(t). It can be shown
that there exist trees t1, . . . , tn such that (t1, . . . , tn) forms a basis of W ∗

r . Let us define the linear
representation (W ∗

r , µ, τ) as follows:

• for any f ∈ Fm, define µ(f)(ti1 , . . . , tim) = f(ti1 , . . . , tim).

• τ ∈ (W ∗
r )∗ = Wr by τ(t) = r(t).

Theorem 1. [9] (W ∗
r , µ, τ) is a linear representation of r which is called the canonical linear rep-

resentation of r. It can be embedded into any linear representation of r; in particular, its dimension
is minimal.

Example 2. Let F = {a, f(·, ·)} a ranked alphabet, |t|f denotes the number of nodes f in the tree
t. Consider the rational stochastic tree language p = 2p1 − p2 such that p1(t) = 2|t|f +1

32|t|f +1 , p2(t) =
3|t|f +1

42|t|f +1 then p(t) = 25|t|f +4−33|t|f +2

32|t|f +1×42|t|f +1 . It can be shown that p1, p2 and p define stochastic languages
and that p has a 2-dimensional linear representation [8]. Now, for any context c and any tree t:

t(ċp) = p(c[t]) =
25|t|f+5|c|f +4 − 33|t|f +3|c|f +2

32|t|f+2|c|f +1 × 42|t|f +2|c|f +1
.
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Since p has a 2-dimensional linear representation, the dimension of W ∗
r is≤ 2. Let c0 = $ and c1 =

f(a, $), we have:

a(ċ0p) =
7

3× 22
, a(ċ1p) = f(a, a)(c0) =

269
33 × 26

, and f(a, a)(ċ1p) =
9823

35 × 210
.

Since a(ċ0p)×f(a, a)(ċ1p) #= a(ċ1p)×f(a, a)(ċ0p), a and f(a, a) are linearly independent. Then,
(a, f(a, a)) is a basis of W ∗

r . We define τ and µ by:

τ(a) = p(a) = 7
3×22 and τ(f(a, a)) = p(f(a, a)) = 269

33×26 and
µ(a) = a, µ(f)(a, a) = f(a, a),

µ(f)(a, f(a, a)) = µ(f)(f(a, a), a) = −54
24×34 a + 59

24×32 f(a, a),
µ(f)(f(a, a), f(a, a)) = −3186

28×36 a + 2617
28×34 f(a, a).

Note, it is possible to change this representation in order to ensure that each element of the basis in
this new representation defines a stochastic language and then use this representation as a generative
model [8].

We consider in this paper the Hilbert space #2(TF) composed of the rational tree series r ∈ R〈〈TF〉〉
such that

∑
t∈TF

r(t)2 < ∞ and where the dot product is defined by (r, s) =
∑

t∈TF
r(t)s(t).

Hence, ‖r‖ = (
∑

t∈TF
r(t)2)1/2. Clearly, S rat〈〈TF〉〉 ∈ #2(TF) and for any r ∈ #2(TF), ċr ∈

#2(TF).

3 Principle of the Algorithm

Let p ∈ S rat〈〈TF〉〉 be a rational stochastic tree language and let C = {c1, . . . , cm} be a finite set
of contexts such that the empty context $ ∈ C. We consider the finite dimensional subspace W of
#2(TF) spanned by the set {ċp | c ∈ C}, i.e. the residuals of p restricted to the contexts defined by
the set C. W ∗ denotes the set of all linear forms over W . We define the following dot product in
W ∗ by: (f, g) =

∑
c∈C f(ċp)g(ċp). We denote by ‖ · ‖C the norm induced by this dot product, i.e.

‖f‖C = (
∑

c∈C(f(ċp))2)1/2. ΠW∗ denotes the orthogonal projection over W ∗.

Let S be a sample of trees independently and identically drawn according to p and let pS be the
empirical distribution defined from S. WS denotes the vector subspace of #2(TF) spanned by {ċpS |
c ∈ C}. We first build from S an estimate Ŵ ∗

S of W ∗ and then we show that Ŵ ∗
S can be used to

build a linear representation such that its associated rational series approximate the target p. In this
section, we implicitly suppose that the dimension d of Ŵ ∗

S is known. We will show in the next
section how it may be estimated from the data. In the following, Subtrees(S) denotes the set of
subtrees that can be extracted from S.

3.1 Estimating the Target Space

Given the set of contexts C, let us define for any t ∈ TF , tpS ∈ W ∗
S : WS 2→ R such that tpS = t|WS

i.e. the restriction of t ∈ #2(TF)∗ to WS : tpS (ċpS) = t(ċpS) = pS(c[t]).

Let k ≥ 0 be an integer. The first step consists of finding the k-dimensional vector subspace of W ∗
S :

W ∗
S,k which minimizes the distance to

{
tpS | t ∈ TF

}
:

W ∗
S,k = Argmindim(V ∗)=k,V ∗⊆W∗

S

∑

t∈TF

‖tpS −ΠV ∗tpS‖
2
C .

Since the support of pS is finite, W ∗
S,k can be computed using PCA. Let t1, . . . , tn be an enumeration

of Subtrees(S). We define for every c ∈ C:

meanS(c) =
1

|Subtrees(S)|
∑

t∈Subtrees(S)

tpS (ċpS) =
1

|Subtrees(S)|
∑

t∈Subtrees(S)

pS(c[t]).
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Let xt be the vector of R|C| defined by:

xt[j] = tpS (ċjpS)−meanS(cj) = pS(cj [t])−meanS(cj).

Let XS the matrix containing the vectors xt as rows. Intuitively, this matrix is defined according the
tpS operators of the dual space on its rows and the series ċpS on its columns.

The matrix MS = XSXT
S , with XT

S the transpose of XS , is positive semi-definite and the eigen-
vectors (w1, . . . , wk) corresponding to the k largest (positive) eigenvalues form an orthogonal basis
of W ∗

S,k.

3.2 Building the Linear Representation From the Dual Space

Now, we show how to build a linear representation (W ∗
S,k, µk, τ) from W ∗

S,k.

First, note that for any a ∈ F0, µk(a) is simply defined by the orthogonal projection of a over W ∗
S,k.

Now, we have to define the other µk operators. First, we fix a basis of W ∗
S , let B∗S = {t1, . . . , tl}

this basis. For any f ∈ Fm, m > 0, and ti1 , . . . , tim elements of B∗S , then we define the multi-linear
operator µ such that:

µ(f)(ti1 , . . . , tim) = f(ti1 , . . . , tim).

This definition determines a unique multi-linear form over W ∗
S . Now, recall that W ∗

S,k ⊆ W ∗
S , we

define µk(f) over W ∗
S,k such that for every v1, . . . , vm ∈ W ∗

S,k:

µk(f)(v1, . . . , vm) = ΠW∗
S,k

µ(f)(v1, . . . , vm).

The linear representation (W ∗
S,k, µk, τ) is then built such that:

• For a ∈ F0, µk(a) = ΠW∗
S,k

a.

• For f ∈ Fm, m > 0, for any (v1, . . . , vm) ∈ (W ∗
S,k)m:

µk(f)(v1, . . . , vm) = ΠW∗
S,k

µ(f)(v1, . . . , vm)

• τ is defined such that τ(vi) = vi($̇pS) = vi(pS) for any vi ∈ W ∗
S,k.

The different steps of the algorithm are described in Algorithm 1.

Data: A sample S = {ti ∈ TF , 1 ≤ i ≤ |S|} i.i.d. according to a distribution p, a dimension d and
a finite set of contexts C.

Result: A linear representation A of a tree series (W ∗
S,d, µd, τ)

T = Subtrees(S);
Let X a |T | ×| C| matrix; X[i, j] = pS(cj [ti])− 1

|T |
∑

t∈Subtrees(S) pS(cj [t]);
M = XXT /* variance-covariance matrix */;
(λi, wi) ← eigenvalues of M in decreasing order and corresponding eigenvectors;
Let B∗S,d = {w1, . . . , wd} /* ΠB∗

S,d
orthogonal projection on the vector subspace W ∗

S,d spanned by
B∗S,d */;
Let µ an operator defined over W ∗

S and v1, . . . , vm ∈ W ∗
S,d ⊆ W ∗

S :
foreach f ∈ F do

if f ∈ F0 then µd(f) = ΠB∗
S,d

f ;
if f ∈ Fm, m > 0 then µd(f)(v1, . . . , vm) = ΠB∗

S,d
µ(f)(v1, . . . , vm);

end
τ(vi) = vi($̇pS) = vi(pS) for any vi ∈ W ∗

S,d ;
return A = (W ∗

S,d, µd, τ);
Algorithm 1: Building a linear representation corresponding to a sample S and a dimension d.
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4 Consistency

4.1 Consistency when the rank of target is known

We show that the solution computed by the algorithm converges to the target as the size of the sample
S increases.
Proposition 1. Let S be a sample i.i.d. according to a rational stochastic language p with rank d,
and pS the empirical distribution deduced from S. Let W the vector space spanned by {ċp | c ∈ C}
with C ⊂ CF , |C| = m < ∞, W ∗ being the linear forms over W and ΠW∗ is the orthogonal
projection on W ∗. Every t̄p is a mapping from W to R such that for any c ∈ C, t̄p(ċp) = p(c[t]).

WS is defined in a symmetrical way as the vector space spanned by {ċpS | c ∈ C}.

Let W ∗
S,d be the d-dimension dual vector subspace which minimizes

∑
t∈TF

‖t̄pS −ΠW∗
S,d

(t̄pS )‖2C .
Then E[‖ΠW∗

S,d
(t̄pS )− t̄p‖C ] → 0 uniformly wrt t as the size of S increases.

Proof. Let t ∈ TF . As pS(t) is a binomial distribution, one can compute the variance V[pS(t)] =
E[(pS(t)− p(t))2] = p(t)(1−p(t))

|S| ≤ p(t)
|S| . Thus,

E[
∑

t

‖t̄pS − t̄p‖2C ] ≤
∑

c∈C

p(c[TF ])
|S| (1)

and tends to 0 as the size of S increases. In particular,

E[‖t̄pS − t̄p‖C ] ≤
√

m

|S| (2)

and converges uniformly towards 0 as |S| increases.

Note that one also has: ∑

c∈C

E[‖ċpS − ċp‖2] ≤ m

|S| (3)

∀c ∈ C, E[‖ċpS − ċp‖] ≤
√

m

|S| (4)

Now, E[
∑

t ‖t̄pS −ΠW∗(t̄pS )‖2C ] ≤ E[
∑

t ‖t̄pS − t̄p‖2C ] as t̄p ∈ W ∗. Then

E[
∑

t

‖t̄pS −ΠW∗
S,d

(t̄pS )‖2C ] ≤ m

|S| (5)

as |S| → ∞ by minimality of W ∗
S,d, and we obtain that E[‖t̄pS − ΠW∗

S,d
(t̄pS )‖C ] ≤

√
m
|S| and

converges uniformly towards 0 as |S| increases.

This implies that E[‖ΠW∗
S,d

(t̄pS )− t̄p‖C ] ≤ E[‖t̄pS −ΠW∗
S,dS(t̄pS )‖C ] + E[‖t̄pS − t̄p‖C ] ≤ 2

√
m
|S|

and converges uniformly towards 0 as |S| increases.

We can deduce from this proposition that if {w1, . . . , wd} forms a basis of W ∗, if for any w ∈ W ∗

w =
∑d

i=1 αiwi and if ΠW∗
S,d

w =
∑d

i=1 α̂iΠW∗
S,d

wi, then E[Max(‖αi − α̂i‖)] = O(|S|−1/2).

4.2 Convergence of eigenvalues

In this section we prove some results about the eigenvalues provided by the PCA. We will consider
the PCA on the columns of the matrix M rather than on the lines as done in Algorithm 1 since both
of two approaches provide the same eigenvalues. As before, a finite set C of contexts is considered.

We will use two results concerning eigenvalues:
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Lemma 1. [10] Let M be the variance-covariance matrix of the set {ċp, c ∈ C}, with |C| = m.
Let {λi, 1 ≤ i ≤ m} be the set of eigenvalues of M . Let Wd be the d-dimension vector subspace
which minimizes

∑
c∈C ‖ċp−ΠWd(ċp)‖2. Then

• ∀d s.t. 1 ≤ d ≤ m,
λd = maxdim(W )=d minw∈W\{0}

∑
c∈C ‖Πw(ċp)‖2.

•
∑

d+1≤i≤m λi =
∑

c∈C ‖ċp−ΠWd(ċp)‖2.

Proposition 2. Let S be a sample i.i.d. according to a rational stochastic language p with rank
d, and pS the empirical distribution deduced from S. Let ΠW be the orthogonal projection on W .
Let WS,d be the d-dimension vector subspace which minimizes

∑
c∈C ‖ċpS − ΠWS,d(ċpS)‖2. Let

{λi, 1 ≤ i ≤ m} be the set of eigenvalues of the variance-covariance matrix of {ċpS , c ∈ C}, with
m = |C|.
Then E[

∑
d+1≤i≤m λi] tends to 0 as the size of S increases.

Proof. E[
∑

d+1≤i≤|C| λi] =
∑

c∈C ‖ċpS − ΠWS,d(ċpS)‖2 ≤ m
|S| . This tends to 0 as |S| tends to

infinity.

Proposition 3. Let S be a infinite sample i.i.d. according to a rational stochastic language p with
rank d, and Sn the n first elements. Let pS the empirical distribution deduced from S, and pSn the
one deduced from Sn. Let

λk = max
dim(W )=k

min
w∈W\{0}

∑

c∈CF

‖Πw(ċp)‖2

λk,n = E[ max
dim(WS,k)=k

min
w∈WS,k\{0}

∑

c∈CF

‖Πw(ċpSn)‖2].

Then limn→∞ λk,n = λk.

Proof. Then, ‖Πw(ċp)‖2−‖Πw(ċpSn)‖2 = (‖Πw(ċp)‖−‖Πw(ċpSn)‖)(‖Πw(ċp)‖+‖Πw(ċpSn)‖)
with (‖Πw(ċp)‖ − ‖Πw(ċpSn)‖) ≤ (‖Πw(ċp) − Πw(ċpSn)‖) ≤ ‖ċp − ċpSn‖ because Πw is 1-
lipschitz. For the same reason, ‖Πw(ċp)‖+ ‖Πw(ċpSn)‖ ≤ ‖ċp‖+ ‖ċpSn‖ ≤ 2.

Thus, for all ε > 0 there exists Nε such that ∀c ∈ C,∀w ∈ #2(TF),∀n > Nε, E[‖Πw(ċp)‖2 −
‖Πw(ċpSn)‖2] ≤ 2E[‖ċp− ċpSn‖] ≤ ε

|C| .

One then has:
λk − ε ≥ λk,Nε ≥ λk − ε

and we get the conclusion.

From this proposition, it follows that in the limit, for any target space of dimension d, there will be
a gap between the dth and the (d + 1)th eigenvalues. Thus, the correct dimension can be assessed
by an appropriate statistical test (see [1] for an example of a heuristic test).

5 Conclusion and Discussion

We have studied the problem of learning stochastic tree languages from finite samples drawn i.i.d.
from an unknown distribution p and proposed a new approach for identifying rational stochastic tree
languages, i.e. stochastic languages that can be represented by rational tree series. Indeed, most
classical inference algorithms in probabilistic grammatical inference build an automaton or a gram-
mar iteratively from a sample S; starting from an automaton composed of only one state, then they
have to decide whether a new state must be added to the structure. This iterative decision relies on a
statistical test with a known drawback: as the structure grows, the test relies on less and less exam-
ples. Instead of this iterative approach, we tackle the problem globally and our algorithm computes
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in one step the space needed to build the output automaton. That is, we have reduced the problem set
in the classical probabilistic grammatical inference framework into a classical optimization problem.
We now need to experimentally study and compare our approach to existing ones on real data: this
is a work in progress. A further consequence of our approach is that it will be possible to introduce
non linearity via the kernel PCA technique developed in [10] and by the Hilbert space embedding
of distributions proposed in [11].
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