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Abstract. We present a new model for fanning and bending white mat-
ter structures on a sub-voxel scale. We devise a parametric model of how
the fibre orientation varies spatially over each sub-voxel in the voxel grid
for both types of configuration. Fitting the model provides quantitative
information about the degree of fanning or bending in each voxel. We
demonstrate using data from a standard human brain diffusion MRI ac-
quisition.

1 Introduction

Multiple fibre reconstruction algorithms such as PAS-MRI [1], spherical decon-
volution [2] or q-ball [3], have difficulty in identifying and reconstructing fanning
and bending white matter structures in a voxel. The distribution of fibre orien-
tations resulting from these reconstruction algorithms can incorrectly imply two
distinct fibre populations, instead of fanning or bending. Even if the distribution
suggests fanning or bending structure, it is not obvious how to measure the de-
gree of fanning or bending, and we lose information about more detailed white
matter structure.

Recently, some work has been done on modelling and reconstructing fanning
and bending fibre structures. In [4], Kaden et al model fibre populations in each
voxel as Bingham distributions of orientations, which allows fanning and bending
structures to be captured better, although it does not distinguish between the
two. In [5], Savadjiev et al use a 3D curve inference algorithm to infer differential
geometric information over neighbouring voxels, and use this information to
differentiate between fanning and bending configurations in voxels.

Here, we present a simple model for fanning and bending white matter struc-
tures on a sub-voxel scale. This method allows us to directly quantify the degree
of fanning or bending.

2 Method

2.1 Model Description

We devise a parametric model of how the fibre orientation varies spatially over
the voxel in fanning and bending structures. The model is valid for voxels where



we know that such a fibre configuration is expected. Figure 1 illustrates the key
concept. In the case of fanning, the orientation of the structure in the sub-voxels
is determined by the position of the voxel grid relative to the centre of a series of
concentric spheres. The orientation at each sub-voxel is determined by the radial
line passing through the centre of the sub-voxel. The closer the grid is to the
centre of the spheres, the greater the degree of fanning. Changing the position
of the grid relative to the centre affects the orientation of the fanning structure.
We obtain bending structures in a similar way by using tangential, rather than
radial directions to define the sub-voxel fibre orientations.

Fig. 1. Overview of the model used to cre-
ate fanning and bending structures. The ra-
dial line passing through the centre of each
sub-voxel determines the orientation of the
associated fibre population (shown in red).
Sub-voxel grid (b) fans more than (a). Grid
(c) shows how the orientations change when
the position of the grid is altered. Tan-
gential directions (shown in blue) generate
bending structures.

Figure 2 illustrates the parameters of the model in two dimensions, although
the model is three-dimensional. We define the orientation in each sub-voxel s as
es = s−p

‖s−p‖ , where s is the vector from the centre of the sub-voxel grid to the
centre of s, and p is the vector from the centre of the sub-voxel grid to P , the
centre of the spheres at distance r = ‖p‖ from the centre of the grid. Figure 2
(a) and (b) shows how changing r affects the orientations of the sub-voxel grid.

We control the global orientation of the configuration by rotating the whole
system through angle ψ about the unit axis u, with the centre of the voxel grid
as the origin, which adds three more degrees of freedom to the system. Figure 2
(c) illustrates how ψ and u affect the orientations. To obtain configurations that
fan out or bend more in one direction than the other we reduce the size of the
grid in one dimension so only the central slices remain. We call the ratio of the
grid size in two dimensions the grid anisotropy, a. Figure 2 (d) shows the effect
of a on the structures.

The parameters {a, r,u, ψ} determine the fibre orientation es in each sub-
voxel of the grid. To model the diffusion MRI signal in the full voxel grid, we use
Behrens’ ball and stick model [6] for each sub-voxel and sum the contributions
of all sub-voxels over the whole structure. The ball and stick model consists of
two components: one modelling the isotropic diffusion of free water, and the
other modelling the anisotropic diffusion along the fibres. For sub-voxel s and



Fig. 2. Examples of sub-voxel grids and how the orientations are affected by the pa-
rameters used to describe the fanning and bending models. The left column shows the
effect on the orientation in a single sub-voxel; the middle and right columns shows the
orientations on a slice of the sub-voxel grid for fanning and bending structures respec-
tively. Comparing (a) and (b) shows how varying r changes the sub-voxel grid. In (c),
P is rotated by ψ about u, perpendicular to the plane. In (d), we increase the value of
a, the grid anisotropy.



# Orientations Slice 1 Slice 2 Slice 3 Slice 4 Slice 5

1

2

3

4

# a ψ r ux uy

1 1 0 4 0 0
2 1 π/2 5 1 0
3 1 π/2 5 0 1
4 4 π/3 8 -1/2 1/3

Table 1. Examples of synthetic fanning structures. Note that the parameters
f and d are not needed to create the sub-voxel orientations, and are hence not
included in the table.



wavenumbers qk, k = 1 · · ·M , we have measurements

A(s,qk) = (1− fs)e−tds|qk|2 + fse
−tds(es·qk)2 , (1)

where fs is the volume fraction of the anisotropic fibre population in sub-voxel s,
ds is the diffusivity and t is the diffusion time. We fix fs and ds for all sub-voxels
in the voxel grid, so the full set of parameters for the fanning/bending model is:

– f , which controls volume fraction for all sub-voxels in the voxel grid
– d, which controls diffusivity for all sub-voxels in the voxel grid
– a, which controls the voxel grid anisotropy
– r, which controls the spatial variation of the fibre orientations.
– u and ψ, which control the orientation of the fanning structure.

In Table 1, we show a selection of fanning voxel grids and their associated pa-
rameter combinations.

2.2 Model Fitting

We fit the model to the data by minimizing

E =
M∑

k=1

(
A(qk)− Ã(qk)

)2

, (2)

directly with a Levenberg-Marquardt algorithm to find the model parameters,
where A(qk) are the voxel measurements, and Ã(qk) are the measurements re-
constructed by summing sub-voxel measurements over the sub-voxel grid. The
sub-voxel measurements are reconstructed from the model parameters using the
fanning/bending model.

The model requires careful initialization for the fitting procedure above to
converge on sensible parameter estimates. We estimate starting positions from
the fitted diffusion tensor [7], the shape of which is sensitive to the degree and
anisotropy of the fanning structure. The orientation of the diffusion tensor pro-
vides a direct estimate of the orientation parameters of the model, u and ψ,
which we choose to ensure the line from the centre of the concentric circles to
the centre of the voxel grid is along the principal eigenvector of the tensor and
the direction of most fanning/bending coincides with the second eigenvector.

The relationship between the diffusion tensor and other parameters of the
model, however, is less clear. We fix f as 0.75; we choose this value as the model
is only applicable in white matter regions and the intra-cellular volume fraction
in dense white matter is around 75% [8]. For the parameters d, a and r, we learn
a crude linear mapping from the tensor eigenvalues by using a synthetic training
set derived from our model. We derive the mapping by creating synthetic data
from many configurations of the variables, fitting the diffusion tensor to the
measurements, and computing the eigenvalues.



3 Experiments and Results

As discussed in Section 2.1, our model assumes that the voxels we analyse con-
tain a fanning or bending structure. Therefore to test the model, we use it to
reconstruct fanning in each voxel of a region of interest containing the fanning
structure in the corona radiata. We use diffusion-weighted human brain data
from a 128 × 128 × 32 image with 61 diffusion-weighted images with a b-value
of 1200 s mm−2 and one unweighted measurement, with eight repeats of each
measurement, acquired in a Philips 3T Achieva scanner. The region of interest
we consider is 14 × 14 × 4 voxels in size and includes part of the corticospinal
tract (CST), shown in Figure 3. The ROI contains three distinct sections. The
first section, highlighted in yellow in Figure 3, contains a crossing of the CST
with the superior longitudinal fasciculus (SLF). The section highlighted in red
consists mainly of the fanning corona radiata, but may contain some crossings
with fibres parallel to the SLF. In the third region, highlighted in blue, the CST
intersects the corpus callosum. We use our method to find fanning parameters
for each voxel in the ROI, and assume each voxel consists of a 5×5×5 sub-voxel
grid.

Figure 3 shows the resulting fibre population distributions in a sagittal slice
of the ROI, and compares the results of the new reconstruction method (Figure
3f) to those obtained from fitting the diffusion tensor (Figure 3b) and using
constrained Spherical Deconvolution (cSD) [9] (Figure 3c), PAS-MRI [1] (Figure
3d) and q-ball (Figure 3e). In the case of the diffusion tensor reconstruction, the
results show the ‘mean’ orientation of the fanning structure in each voxel, but
the DT simply assumes a single anisotropic fibre population for the voxel, which
does not reflect the full complexity of the structures.

The results from cSD reconstruction are sometimes misleading as they sug-
gest fibre crossings in voxels we expect to contain fanning. Results from PAS-MRI
suggest fanning structures in these voxels in a qualitative manner, but interpret-
ing the results to obtain quantitative information about the degree of fanning is
a non-trivial task. The peaks of the PAS reconstructions are anisotropic in this
region [10], which suggests fanning qualitatively, but it is difficult to determine
the precise degree of fanning from the peak shape [10].

PAS and cSD both suggest crossings in some fanning areas, but cSD often
suggests 3-way crossings. These are highly unlikely in this region. The two-fibre
crossing configurations that PAS often shows are possible; however it is likely to
be spurious in lower regions of the ROI, and more likely to be correct higher up
where the SLF intersects in the red ROI. q-ball does show single peaks in the
fanning region, but captures crossing less well and does not have peak anisotropy.

The new method suggests plausible fanning structures for voxels where we
expect fanning. Furthermore, the model provides quantitative information about
the degree and anisotropy of the fanning; something other reconstruction meth-
ods cannot do. We can see that in a minority of voxels, the optimization process
visibly fails to find the global minimum, resulting in unlikely fanning distribu-
tions given the distributions of neighbouring voxels.



Fig. 3. (a) FA map with the corticospinal tract ROI highlighted and reconstructions
from (b) DT, (c) cSD, (d) PAS-MRI, (e) q-ball and (f) sub-voxel fanning model,
showing the fanning distribution in each voxel.



4 Conclusions and Future Work

We have presented a model for generating fanning and bending structures on a
sub-voxel scale. Preliminary work suggests that we can use the model to recon-
struct fanning structures in real brain data and provide quantitative information
about the degree and anisotropy of the fanning. Defining the structure more ac-
curately allows more appropriate action to be taken by tractography algorithms,
resulting in fewer false positive and false negative tracts and connections. Further
work on fitting the model to the measurements would include:

– improving the procedure used to find the starting point and the minimization
process.

– investigating the effects of the sub-voxel grid size, as some voxels in our
results show the effects of finite sampling.

Once we determine the degree of fanning or bending in each voxel, we can
use the image neighbourhood to distinguish between the two types of structure,
since sub-voxel fanning and bending structures must neighbour different kinds
of fibre configurations; for example, fanning is less likely than bending in the
middle of a banana-shaped tract.
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