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Abstract

Inconsistencies frequently occur in news about the real-world. Some of these inconsisten-
cies may be more significant than others, and some news may contain more inconsistencies
than others. This creates problems of deciding whether to act on these inconsistencies, and
if so how. Possible actions on an inconsistency in a news report include ignore the incon-
sistency, resolve the inconsistency, and reject the report. To support this, we extend and
apply a general characterization of inconsistency, based on Belnap’s four-valued logic. For
conflicts arising between the news and background knowledge, we analyse coherence and
significance of the corresponding the four-valued models for that knowledge and show how
this analysis can indicate an appropriate course of action.

Key words: Analysing inconsistency; Measuring inconsistency; Contradiction;
Inconsistency tolerance; Information integration; Knowledge fusion.

1 Introduction

News reports are often inconsistent. Some tolerance of inconsistency is therefore
normally necessary. However, it is not always clear how much tolerance should
be excercised. Sometimes, it is necessary to reject news reports. Sometimes, it is
necessary to resolve some of the inconsistencies in the news report. At other times,
news reports are accepted with inconsistencies, but treated with caution. Having
some understanding of the “degree of inconsistency” of a news report can help in
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deciding how to act on it. To do this systematically calls for a formal framework
for considering inconsistency.

In order to analyse and reason with information in news, we assume the news re-
ports are provided in the form of structured news reports. These are XML docu-
ments, where the text entries are restricted to individual words or simple phrases,
such as names and domain-specific terminology, and numbers and units. It is as-
sumed structured news reports do not require natural language processing. Though
we do assume structured news reports can be obtained as output from informa-
tion extraction technology [1]. Much information can be represented in the form of
structured news reports, including weather reports, business reports, summaries of
scientific articles, results from clincal trials, market intelligence, operations reports
within organisations, etc. We are therefore taking a very general view on news to
include any kind of regular supply of information that conforms to some stereotyp-
ical format.

Each structured news report is isomorphic to a logical term. So structured news
reports can be used, in conjunction with some domain knowledge, for logical rea-
soning as part of some software tool. Intelligent tasks based on structured news
reports include: (1) forming a merged structured news report from a set of hetero-
geneously sourced structured news reports [2,3]; (2) looking for interesting news
by looking for violations of expectations [4,5]; and (3) constructing arguments for
and against conclusions based on conflicting news reports [6]. Central to all these
intelligent tasks is the need to address inconsistencies that arise.

An important aspect of analysing an inconsistency is evaluating its significance. As
an illustration of the need to evaluate significance, consider two news reports on
a World Cup match, where the first report says that Brazil beat Germany 2-0, and
the second report says that Germany beat Brazil 2-0. This is clearly a significant
inconsistency. Now consider two news reports on the same football match, where
the first report says that the referee was Pierluigi Collina and the second report
says that the referee was Ubaldo Aquino. This inconsistency would normally be
regarded as relatively insignificant.

Moreover, inconsistencies between information in a news report and domain knowl-
edge can tell us important things about the news report. For this we use a signif-
icance function to give a value for each possible inconsistency that can arise in a
news report in a given domain. We may then use this in various ways: (1) to reject
reports that are too inconsistent; (2) to highlight unexpected news; (3) to focus on
repairing significant inconsistencies; and (4) to monitor sources of information to
identify sources that are unreliable.

In this paper, to analyse the significance of inconsistencies in structured news re-
ports, we will adapt and extend an approach to measuring inconsistency based on
four-valued models [7]. In this adaptation, we use Belnap’s logic for finding the
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models for a set of inconsistent formulae. We then extend this framework to sup-
port the analysis of heterogeneously sourced information such as news from differ-
ent newsfeeds.

2 Structured news reports

Syntactically, a structured news report is a data structure containing a number of
grammatically simple phrases together with a tag (giving semantic information)
for each phrase. As an illustration, see Example 1. Each phrase that is tagged is
a textentry. The set of tags in a structured news report is meant to parameterize
a stereotypical situation, and so a particular structured news report is an instance
of that stereotypical situation. For example, news reports on corporate acquisitions
can be represented as structured news reports using tags includingbuyer, seller,
acquisition, value, anddate. Each phrase in structured news report is very
simple, such as a proper noun, a date, or a number with unit of measure, or a
word or phrase from a prescribed lexicon. For an application, the prescribed lexicon
delineates the types of states, actions, and attributes, that could be conveyed by the
structured news report.

The definition for a structured news report is very general. In practice, we would
expect a DTD for a given domain. So for example, we would expect that for an
implemented system that merges weather reports, there would be a corresponding
DTD. One of the roles of a DTD, say for weather reports, would be to specify
the minimum constellation of tags that would be expected of a weather report. We
may also expect integrity constraints represented in classical logic to further restrict
appropriate structured news reports for a domain.

Each structured news report is isomorphic with a ground atom of classical logic
where each tagname is a function or predicate symbol and each textentry is a con-
stant symbol: The root tagname is the predicate symbol for the atom, and the other
tagnames are function symbols for the atom. This isomorphism is illustrated in the
following example.

Example 1 Consider the following structured news report.

〈report〉

〈log〉〈station〉Inverness〈/station〉〈date〉12/2/03〈/date〉〈/log〉

〈rainfall〉2.3cm〈/rainfall〉

〈/report〉
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This can be represented by the following atom.

report(log(station(Inverness), date(12/3/02)), rainfall(2.3cm))

Representing each structured news report by a logical atom means that they can
then be directly used with other information in a knowledgebase via logical infer-
ence. To show this we provide a few simple definitions. From now on, areport will
be taken to mean an atom that represents a structured news report.

Definition 1 A grounding is an equality predicate where the first argument is a
variable and the second argument is a ground term. Agrounding set is a set of
groundings which can be substituted into an unground term to give a grounded
term. Letα be a formula and letΦ be a grounding set.Ground(α, Φ) gives the
result of substituting each variablex in α with termt where the groundingx = t is
in Φ.

Example 2 Let a(b(x), c(y), d(z)) be a formula wherex, y and z are variables.
Let the grounding setΦ be{y = john, z = betty}.

Ground(a(b(x), c(y), d(z)), Φ) = a(b(x), c(john), d(betty))

We use access rules, defined next, to reason with information in reports.

Definition 2 Anaccess ruleis a first order formula of the form where: (1)x1, ..., xk

are the variables inα; (2) the variables inβ1, ..., βn are a subset of, or equal to,
x1, .., xk; (3) all of α, β1, ..., βn are unquantified; and (4) the predicate symbol for
α is not used as a predicate symbol for any ofβ1, .., βn.

∀x1, ..., xk; α → β1 ∧ ..., βn

If there is a grounding setΦ s.t.Ground(α, Φ) is a report, thenGround(β1, Φ), and
..., andGround(βn, Φ) are atoms that can be inferred from the report.

In the definition of an access rule, becauseα is ground by a report,α is a monadic
predicate (i.e. it has exactly one argument). However, theβ1, .., βn predicates are of
arbitrary arity. They do not need to be restricted to monadic predicates.

Definition 3 Let∆ be a set of access rules and letρ be a report. LetAccess(∆, ρ)
be the set of atoms obtained by exhaustively applyingρ to the access rules in∆
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using generalized modus ponens and conjunction elimination as defined below.

Access(∆, ρ) = {Ground(β1, Φ), .., Ground(βn, Φ) |

∀x1, .., xk; α → β1 ∧ .. ∧ βn ∈ ∆

andGround(α, Φ) is the atomρ}

Example 3 Letρ be the following report.

report(forecast(date(25July01), city(Malaga), today(blizzard)))

Suppose the set of access rules,∆, contains the following.

∀x, y, z; report(forecast(date(x), city(y), today(z)))

→ date(x) ∧ location(y) ∧ today(z)

So forρ we getdate(25July2001), location(Malaga), today(blizzard) is a
member ofAccess(∆, ρ). Suppose∆ also contains the following access rule.

∀x, y; report(forecast(date(x), city(y), today(blizzard)))

→ blizzardWarning(x, y)

So we also getblizzardWarning(25July2001, Malaga) ∈ Access(∆, ρ)

We assume that textentries in structured news reports are heterogeneous in format.
For example, the format of date values is unconstrained (12/12/1974; 31st Dec 96;
12 Nov 2001 etc.) as is the format of numbers and currency values (3 million; 3,
000, 000 GBP; $4,U500K etc.). Various kinds of heterogeneity in ontology can
also arise, such as synonyms, hypernyms, etc, can be used. Elsewhere, we have dis-
cussed how this heterogeneity can be handled in logic by various kinds of equiva-
lence axioms that can be used in conjunction with the access rules [2,8,3].

3 Four-valued models

We now start to consider how we can analyse inconsistent information. Our starting
point is the analysis of four-valued models. A four-valued model provides a natural
characterization of inconsistent information.

Definition 4 A four-valued model, denotedXD, is such thatXD ⊆ {+α | α ∈
D} ∪ {−α | α ∈ D} whereD is thedomain of XD. An element of a four-valued
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model is called anobject. A positive object is an object with a+ prefix and a
negative objectis an object with a− prefix. A four-valued model may contain both
+α and−α for someα. If a four-valued modelXD contains both+α and−α for
someα, then we use the shorthand±α for these objects, and hence±α ∈ XD iff
+α ∈ XD and−α ∈ XD. LetΛ denote the set of four-valued models.

We can view four-valued models in terms of four truth values “true”, “false”, “both”
or “neither”, which we denote by the symbolsT , F , B, andN , respectively. Fur-
thermore, we can relate these truth values to a knowledge lattice (see Figure 1
(left)). As more “information” is obtained about a formula, the truth-value “in-
creases”, going upwards in the lattice. In other words, if we know nothing about a
formula, it isN . Then as we gain some information, it becomes eitherT or F . Fi-
nally, if we gain too much information it becomesB. The knowledge lattice gives
the following ordering relation over truth values which we use to formalize the
notion of a truth assignment for a four-valued model.

Definition 5 Let≥k be an ordering relation, called theknowledge ordering, such
that B ≥k B, B ≥k T , B ≥k F , B ≥k N , T ≥k T , T ≥k N , F ≥k F , F ≥k N ,
andN ≥k N .

Definition 6 LetXD be a four-valued model. Atruth assignment for XD, denoted
tXD , is an assignmenttXD : D 7→ {B, T, F, N}, such that for allα ∈ D,

tXD(α) ≥k T iff +α ∈ XD

tXD(α) ≥k F iff −α ∈ XD

Hence, we get the following equivalences between truth assignments and four-
valued models.

tXD(α) = B iff +α ∈ XD and −α ∈ XD

tXD(α) = T iff +α ∈ XD and −α 6∈ XD

tXD(α) = F iff +α 6∈ XD and −α ∈ XD

tXD(α) = N iff +α 6∈ XD and −α 6∈ XD

Normally, four-valued models are presented directly in terms of a truth assignment.
They were first presented as such by Belnap [9]. We have presented four-valued
models using objects because they make it easier for us to present our definitions
in subsequent sections.

Example 4 Let XD be a four-valued model whereD = {α, β, γ, δ}, andXD =
{+α,±β,−δ}. SotXD is such thattXD(α) = T , tXD(β) = B, tXD(γ) = N , and
tXD(δ) = F .
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Fig. 1. The knowledge lattice (left) and the logical lattice (right)

The opinionbase of a four-valued modelXD is the set of atomic beliefs (atoms) for
which there are reasons for the atom or its negation inXD, and the conflictbase of
XD is the set of atomic beliefs with reasons for the atom and its negation inXD.

Definition 7 LetXD be a four-valued model.

Conflictbase(XD) = {α ∈ D | tXD(α) = B}

Opinionbase(XD) = {α ∈ D | tXD(α) 6= N}

If Opinionbase(XD) = ∅, thenXD has no arguments for/against any beliefs, and
henceXD has no opinions. IfOpinionbase(XD) = D, thenXD is totally opin-
ionated. IfConflictbase(XD) = ∅, thenXD is a conflictfree four-valued model.
If Opinionbase(XD) = D, andConflictbase(XD) = ∅, then we describeXD as
omniscient.

We now consider measures of inconsistency called coherence and concordance.
Increasing the size of the conflictbase, with respect to the size of the opinionbase,
decreases the degree of coherence, as defined below. Similarly, increasing the size
of the conflictbase, with respect to the size of the domain, decreases the degree of
concordance.

Definition 8 TheCoherence function from℘(Λ) into [0, 1], is defined below when
Opinionbase(XD) 6= ∅, andCoherence(XD) = 1 whenOpinionbase(XD) = ∅,

Coherence(XD) = 1− |Conflictbase(XD)|
|Opinionbase(XD)|

If Coherence(XD) = 1, thenXD is a totally coherent, and ifCoherence(XD) = 0,
thenXD is totally incoherent, otherwise,XD is partially coherent (or equivalently
partially incoherent).

Definition 9 The Concordance function from℘(Λ) into [0, 1], is defined below
whenD 6= ∅,
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andConcordance(XD) = 1 whenD = ∅,

Concordance(XD) = 1− |Conflictbase(XD)|
|D|

If Concordance(XD) = 1, thenXD is a totally concordant, and ifConcordance(XD)
= 0, thenXD is totally discordant, otherwise,XD is partially concordant (or equiv-
alently partially discordant).

Example 5 Let XD be a four-valued model such thatD = {α, β, γ}, andt(α) =
T , t(β) = B, andt(γ) = F . Hence,Coherence(XD) = 2/3 andConcordance(XD)
= 2/3.

Example 6 Let XD be a four-valued such thatD = {α, β, γ, δ}, and t(α) =
T , t(β) = B, t(γ) = F , and t(δ) = N . Hence,Coherence(XD) = 2/3 and
Concordance(XD) = 3/4.

Both concordance and coherence are potentially useful measures in applications.
They provide different perspectives on a model. Obviously, the more of the domain
covered by the opinionbase, the closer these measures become.

Proposition 1 For all XD ∈ Λ, Concordance(XD) ≥ Coherence(XD).

So far, we have assumed we have models to analyse. In the next section, we con-
sider a logic for identifying models that satisfy a set of formulae.

4 Analysing inconsistent knowledgebases

To extend concordance and coherence measures for formulae, and hence for incon-
sistent knowledgebases, we need a satisfaction relation for a set of formulae (i.e.
a knowledgebase). For this, we use Belnap’s logic which provides a natural and
intuitive form of paraconsistent reasoning [9,10].

Definition 10 ThelanguageL for the logics that we will consider in this paper is
the usual classical language that can be formed from a set of atoms and the set of
logical symbols{¬,∨,∧}. We call any subset ofL a knowledgebase. If Γ ∈ ℘(L),
thenAtoms(Γ) returns the set of atom symbols used inΓ.

The truth assignment (Definition 6) is extended to any formula inL by induction on
the structure of the formula using a distributive lattice called the logical lattice (see
Figure 1 (right)). We also assume an involution operator• satisfying the conditions
(1) α = α••, and (2) ifα ≥ β thenβ• ≥l α•, where≥l is the ordering relation for
the logical lattice. The truth assignment for formulae observes monotonicity and
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α N F T B

¬α N T F B

Table 1
Truth table for negation for Belnap semantics

∧ N F T B

N N F N F

F F F F F

T N F T B

B F F B B

Table 2
Truth table for conjunction for Belnap semantics

∨ N F T B

N N N T T

F N F T B

T T T T T

B T B T B

Table 3
Truth table for disjunction for Belnap semantics

complementation, in the logical lattice, sox ∧ y is the meet of{x, y} andx ∨ y is
the join of{x, y}. Thetruth assignment for formulae is summarized in the truth
tables (Tables 1 – 3) for the¬,∧, and∨ connectives.

Example 7 Continuing Example 4, we have assignments usingtXD including the
following, whereα ∧ ¬β ∧ β, α ∨ γ, β ∨ γ, γ ∨ ¬γ ∈ L.

tXD(α ∧ ¬β ∧ β) = B tXD(β ∨ γ) = T

tXD(α ∨ γ) = T tXD(γ ∨ ¬γ) = N

There is noα ∈ L such that the semantic assignment function always assigns the
value T . However, there are formulae that never take the valueF , for example
α ∨ ¬α. Also, the set of formulae that never take the valueF is not closed under
conjunction. For example, consider(α ∨ ¬α) ∧ (β ∨ ¬β) whenα is N andβ is B.

In the following, we defineB(∆) as the set of four-valued models that satisfy∆ by
the Belnap satisfaction relation and the domain is exactly the set of atoms occuring
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in ∆.

Definition 11 The satisfaction relation for Belnap’s four-valued logic, denoted
|=b is defined as follows, whereXD is a four-valued model andα ∈ L.

XD |=b α iff t(α) ≥k T

For ∆ ∈ ℘(L), let XD |=b ∆ denote thatXD |=b α for everyα ∈ ∆. LetB(∆) be
the set ofBelnap modelsfor ∆ defined as follows.

B(∆) = {XD | XD |=b ∆ andAtoms(∆) = D}

Example 8 Let ∆ = {¬α, α ∨ β}. SoD = {α, β} andB(∆) = { XD
1 , XD

2 , XD
3 ,

XD
4 , XD

5 , XD
6 } where the models are defined as follows.

XD
i tDXi

(α) tDXi
(β) Concordance Coherence

XD
1 F T 1 1

XD
2 F B 1/2 1/2

XD
3 B N 1/2 0

XD
4 B F 1/2 1/2

XD
5 B T 1/2 1/2

XD
6 B B 0 0

Example 9 Let ∆ = {¬α, α ∨ β,¬β, γ}. SoD = {α, β, γ} and B(∆) = {XD
1 ,

XD
2 , XD

3 , XD
4 , XD

5 , XD
6 } where the models are defined as follows.

XD
i tDXi

(α) tDXi
(β) tDXi

(γ) Concordance Coherence

XD
1 B F T 2/3 2/3

XD
2 F B T 2/3 2/3

XD
3 B B T 1/3 1/3

XD
4 B F B 1/3 1/3

XD
5 F B B 1/3 1/3

XD
6 B B B 0 0

From Examples 8 and 9, we see that it is not the case in general that all models
in B(∆) have the same coherence or concordance. So we extend coherence and
concordance to knowledgebases as follows.
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Definition 12 Let∆ ∈ ℘(L).

Coherence(∆) = Max({Coherence(XD) | XD ∈ B(∆)})

Concordance(∆) = Max({Concordance(XD) | XD ∈ B(∆)})

Example 10 Continuing Example 8, we have∆ = {¬α, α∨ β}, and so we get the
following.

Coherence(∆) = Concordance(∆) = 1

Example 11 Continuing Example 9, we have∆ = {¬α, α ∨ β,¬β, γ}, and so we
get the following.

Coherence(∆) = Concordance(∆) = 2/3

The definition of coherence (and similarly concordance) for knowledgebases can
be considered as an optimistic view on the nature of inconsistency in the knowl-
edgebase, in contrast to a pessimistic view where coherence for a knowledgebase
∆ would be the minimum in{Coherence(XD) | XD ∈ B(∆)}. Other possibili-
ties include using a leximax function or an average function. For example, using
leximax can allow more fine grained discrimination between a knowledgebase that
has all its models having coherence equal to 1, and a knowledgebase that has some
models equal to 1, and some less than 1.

For some applications, the coherence or concordance measures are useful to anal-
yse the quality of information. For example, sources of structured news reports
can be monitored over time. If a source, has an average degree of coherence or
concordance below a certain level, then some investigation of that source could be
undertaken to see if the average quality could be improved.

However, in general for deciding how to act on structured news reports, we appear
to need more than just the coherence and concordance measures. As we saw in the
introduction, it is clear that some inconsistencies in news reports are very signifi-
cant whereas others are insignificant. If we are to consider, for example, rejecting
news reports on the basis of the inconsistencies arising, we will want to consider
more than just the number of inconsistencies arising, we will want to take their
significance into account.

5 Evaluating significance of inconsistencies

We now evaluate the significance of inconsistencies in four-valued models, and
thereby in sets of formulae. The approach is based on specifying the relative signif-
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icance of incoherent models using the notion of a mass assignment which is defined
below.

Definition 13 LetXD be a four-vaued model. IfCoherence(XD) = 0, thenXD is
a frame. If XD

1 and XD
2 are frames, andXD

1 ⊆ XD
2 , thenXD

1 is a subframe of
XD

2 .

Definition 14 LetXD be a frame. Amass assignmentm for XD is a function from
℘(XD) into [0, 1] such that:

(1) If Y ⊆ XD andCoherence(Y ) = 1, then m(Y ) = 0

(2) ΣY ⊆XD m(Y ) = 1

In the definition for mass assignment, we have the constraintCoherence(XD) = 0
to ensure that for allα ∈ D, we have±α ∈ XD. Condition 1 ensures mass is only
assigned to models that contain conflicts and condition 2 ensures the total mass
distributed sums to 1.

Given a frameXD, a mass assignment can be localized on small subsets ofXD,
spread over many subsets ofXD, or limited to large subsets ofXD. A mass assign-
ment can be regarded as a form of metaknowledge, and so it needs to be specified
for a domain, where the domain is characterized byXD, and so the possible models
of the domain are subsets ofXD.

Example 12 LetXD = {±α,±β}. A mass assignmentm is given bym({±α}) =
0.2 andm({±β} = 0.8. Another mass assignmentm′ is given bym′({±α}) = 0.2,
m′({±α,−β}) = 0.6, andm′({±α,±β}) = 0.2.

A significance function gives an evaluation of the significance of the conflicts in a
QC model. This evaluation is in the range[0, 1] with 0 as least significant and 1 as
most significant.

Definition 15 Let m be a mass assignment forXD. A significance function for
XD, denotedSXD , is a function from℘(XD) into [0, 1]. Amass-based significance
function for m, denotedSm

XD , is a significance function defined as follows for each
Y ∈ ℘(XD).

Sm
XD(Y ) = ΣZ⊆Y m(Z)

We will only consider mass-based significance functions in the rest of this paper.
So to ease reading in the following, we drop the superscript and subscript for sig-
nificance functions.

Example 13 Let XD = {±α,±β,±γ}, and let m be a mass assignment forXD,
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wherem({±α}) = 0.4, m({±α,−β}) = 0.2, andm({−β,±γ}) = 0.4. Below we
consider the significance for some subsets ofXD.

S({±α}) = 0.4 S({±α,−β}) = 0.6 S({±α,±β}) = 0.6

S({±α + γ}) = 0.4 S({±β,±γ}) = 0.4 S({±α,±β,±γ}) = 1.0

The definitions for mass assignment and mass-based significance correspond to
mass assignment and belief functions (respectively) in Demspter-Shafer theory
[11]. However, here they are used to formalise significance rather than uncertainty.

In the following result, we see that mass-based significance is not additive. Also the
remaining significance need not be for the complement ofZ (ie,Zc). Some may be
assigned to models not disjoint fromZ.

Proposition 2 Let XD be a frame. Ifm is a mass assignment forXD, andS is a
significance function form, then for allZ, Y ∈ ℘(XD), the following hold, where
Y c is the set complement ofY (i.e.Y c = XD \ Y ).

(1) Z ⊆ Y impliesS(Z) ≤ S(Y )

(2) S(Z ∪ Y ) ≥ (S(Z) + S(Y )− S(Z ∩ Y ))

(3) S(Y ) + S(Y c) ≤ 1

We now extend the significance functions to knowledgebases. SinceB(∆) is not
necessarily a singleton, the significance for a set of formulae∆ is the lowest sig-
nificance obtained for anX ∈ B(∆). This means we treat the information in∆
as a “disjunction” of four-valued models, and we regard each of those models as
equally acceptable, or equivalently we regard each of those models as equally rep-
resentative of the information in∆.

Definition 16 Let ∆ ∈ ℘(L). We extend the definition for a significance function
S to knowledgebases as follows.

S(∆) = min({S(X) | X ∈ B(∆)})

Some knowledgebases have zero significance. If∆ 6` ⊥, and henceCoherence(∆) =
1, thenS(∆) = 0. Also significance is monotonic. So for∆ ∈ ℘(L) andα ∈ L,
S(∆) ≤ S(∆ ∪ {α}).

Example 14 Let XD = {±α,±β,±γ}. Let m({±α}) = 0.6, m({±α, +β}) =
0.3, andm({±β, +γ}) = 0.1. SoS({α ∧ ¬α, β ∨ γ}) = 0.6.
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In order to determine the frame for which a mass function is defined, we can use
the delineation function as follows.

Definition 17 For ∆ ∈ ℘(L), Delineation(∆) = {±α | α ∈ Atoms(∆)}.

Example 15 Let ∆1 = {¬α, α ∧ β,¬β}, ∆2 = {α ∨ β,¬α ∧ α}, and ∆3 =
{β,¬α∨¬β}. Let the frameXD = Delineation(∆1∪∆2∪∆3) = {±α,±β}. Also
let m({±α,±β}) = 0.2 andm({±α}) = 0.8. SoS(∆1) = 1, S(∆2) = 0.8, and
S(∆3) = 0.

A mass assignment can be regarded as transforming the four-valued semantics of
Belnap logic into a many-valued logic where the valueB has been split into a
chain of truth valuesB0, .., B1. If we equate the truth values{N, T, F, B0} with the
Belnap truth values{N, T, F, B}, respectively, then Belnap’s four-valued lattice is
a sublattice of this lattice.

6 Modular mass assignments

In practice, we may need to consider a very large frame for monitoring coherence.
This may therefore involve considering many different subsets to which mass has
to be assigned. One solution is to take a modular approach by defining separate
mass assignments to disjoint subsets of the frame, and then combining these mass
assignments to give a mass assignment for the overall frame.

Definition 18 LetXD1
1 be a frame with massm1, and letXD2

2 be a frame with mass
m2. m1 is embeddedin m2 iff (1) D1 ⊆ D2; (2) for all Y ∈ ℘(XD

1 ) m1(Y ) ≥
m2(Y ); and (3) for allZ, Y ∈ ℘(XD

1 ), if m1(Z) ≥ m1(Y ), thenm2(Z) ≥ m2(Y ).

Embedding is not necessarily unique as illustrated by the following example.

Example 16 LetXD
1 = {±α} and letXD

2 = {±α,±β}. If m1({±α}) = 1.0, then
two possible embeddings are given bym2 andm′

2 as follows:

m2({±α}) = 0.2 m2({±β}) = 0.8

m′
2({±α}) = 0.7 m′

2({±β}) = 0.3

The following definition gives a non-unique splitting of a frame into a set of sub-
frames called a framesplit. A framesplit together with a mass assignment for each
subframe in the framesplit is called a framebox.

Definition 19 Let XD be a frame and letΠ ⊆ ℘(XD). Π = {XD1
1 , ..., XDn

n } is
a framesplit for XD iff (1) D = D1 ∪ ... ∪ Dn; and (2) for all XDi

i , X
Dj

j ∈ Π,
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Di ∩Dj = ∅; and (3) for allXDi
i ∈ Π, Coherence(XDi

i ) = 0. Ψ is amassclassfor
Π iff for eachXDi

i ∈ Π there is exactly one mass assignmentmi ∈ Ψ such thatmi

is a mass assignment forXDi
i . A framebox for XD is a tuple〈Π, Ψ〉 whereΠ is a

framesplit forXD andΨ is a massclass forΠ.

For a framebox, the following defines the embed function which gives the set of all
mass assignments such that each is an embedding of all of the mass assignments in
the framebox.

Definition 20 Let 〈Π, Ψ〉 be a framebox forXD. The embed function, denoted
Embed, is defined as follows:

Embed(Π, Ψ) = {mi | for all mj ∈ Ψ (mj is embedded inmi)}

We adopt the following type of mass assignment which only assigns mass to dis-
joint models that are totally incoherent.

Definition 21 Let m be a mass assignment forXD. m is acute iff (1) for all Y ∈
℘(XD) if Coherence(Y ) = 0 then m(Y ) ≥ 0; and (2) for all Y ∈ ℘(XD) if
Coherence(Y ) > 0 thenm(Y ) = 0; and (3) for all Z, Y ∈ ℘(XD) if m(Z) > 0
andm(Y ) > 0 thenZ ∩ Y = ∅.

Significance is additive for totally incoherent models when the mass assignment is
acute.

Proposition 3 Letm be an acute mass assignment forXD. LetS be a mass-based
significance function form and letY ∈ ℘(XD). If Coherence(Y ) = 0, thenS(Y )+
S(Y c) = 1.

A useful feature of an acute mass-based significance function is that as the number
of conflicts rises in a model, then the significance of the model rises. This is for-
malized by the following notion of conflict cumulativity. It does not hold in general
(see Example 17).

Proposition 4 Let m be an acute mass assignment forXD. If S is a significance
function form, then the following property of conflict cumulativity holds for all
ZD, Y D ∈ ℘(XD).

Concordance(ZD) ≥ Concordance(Y D) impliesS(ZD) ≤ S(Y D)

Example 17 Let XD = {±α,±β,±γ}, ZD = {±α, +γ} andY D = {±α,±β}
Let m be an mass assignment forXD such thatm(ZD) = 0.6 andm(Y D) = 0.4.
So we haveConcordance(ZD) ≥ Concordance(Y D), butS(ZD) 6≤ S(Y D).

We now consider how we can combine the modular mass assignments in a frame-
box. For this we use the following definition of a fair assignment. It is perhaps the
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simplest and least biased of the possible ways to combine the mass assignments.

Definition 22 Let 〈Π, Ψ〉 be a framebox forXD where eachmi ∈ Ψ is an acute
mass assignment. Afair assignment, denotedm, for 〈Π, Ψ〉 is defined as follows:
For eachXDi

i ∈ Π, and for eachmi ∈ Ψ, such thatmi is a mass assignment for
XDi

i , if Y ⊆ XDi
i , then

m(Y ) = mi(Y )× |Di|
|D|

Essentially, the fair mass assignment is obtained from a normalized version of each
of the mass assignments in the framebox.

Example 18 Let 〈{XD1
1 , XD2

2 }, {m1, m2}〉 be a framebox forXD3
3 whereXD1

1 =
{±α}, XD2

2 = {±β}, XD3
3 = {±α,±β}, andm1 andm2 are defined below. For

this framebox, the fair assignment ism3.

m1({±α}) = 1.0 m2({±β}) = 1.0

m3({±α}) = 0.5 m3({±β}) = 0.5

Example 19 Let 〈{XD1
1 , XD2

2 }{m1, m2}〉 be a framebox forXD3
3 , whereXD1

1 =
{±α,±γ}, XD2

2 = {±β}, andXD3
3 = {±α,±β,±γ}, andm1 andm2 are defined

below. For this framebox, the fair assignment ism3.

m1({±α}) = 0.4 m1({±γ}) = 0.6 m2({±β}) = 1.0

m3({±α}) = 0.27 m3({±γ}) = 0.4 m3({±β}) = 0.33

Proposition 5 Let 〈Π, Ψ〉 be a framebox forXD. If m is a fair assignment for
〈Π, Ψ〉, thenm is a mass assignment forXD.

Proof: Letm be a fair assignment. So Condition (1) of Definition 14 is trivially
satisfied. For each frameXDi

i ∈ Π, with mass assignmentmi,

∑
Y ⊆X

Di
i

mi(Y ) = 1

Hence, for each frameXDi
i ∈ Π, with mass assignmentmi,

∑
Y ⊆X

Di
i

(mi(Y )× |Di|
|D| ) = (

∑
Y ⊆X

Di
i

mi(Y ))× |Di|
|D| = |Di|

|D|

Since, the frames inΠ are disjoint, i.e. Conditions (1) and (2) of Definition 19 hold.

∑
Y ⊆XD m(Y ) =

∑
i such thatXDi

i ∈Π

|Di|
|D| = 1
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So Condition (2) of Definition 14 is satisfied. Hence,m is a mass assignment for
XD. 2

We can obtain a fair embedding using the embed function.

Proposition 6 Let 〈Π, Ψ〉 be a framebox forXD. If m is a fair assignment for
〈Π, Ψ〉, thenm ∈ Embed(Π, Ψ).

Proof: Letm be a fair assignment for〈Π, Ψ〉. Let 〈Π, Ψ〉 be a framebox forXD

such thatΠ = {XD1
1 , ..., XDn

n }. From these assumptions, we get the following:
(1) D = D1 ∪ .. ∪ Dn, and for eachDi, Dj ⊆ D, Di ∩ Dj = ∅; (2) for all
Y ∈ ℘(XD

i ) m(Y ) = mi(Y ) × |Di|
|D| , and somi(Y ) ≥ m(Y ); and (3) for all

Z, Y ∈ ℘(XD
i ), if mi(Z) ≥ mi(Y ), thenm(Z) ≥ m(Y ). Therefore, by Definition

18, (1), (2), and (3) imply that for alli, where1 ≥ i ≥ n, we havemi is embedded
in m. Hence, by Definition 20,m ∈ Embed(Π, Ψ). 2

As a direct consequence of Definition 22, a fair assignment is a unique embedding.

Proposition 7 Let 〈Π, Ψ〉 be a framebox forXD. If m is a fair assignment for
〈Π, Ψ〉, andm′ is a fair assignment for〈Π, Ψ〉, thenm = m′.

A fair assignment is not necessarily an acute mass assignment. However, if a frame-
box only contains acute mass assignments, then the fair mass assignment for the
framebox is acute.

Proposition 8 Let 〈Π, Ψ〉 be a framebox forXD. If all mi ∈ Ψ are acute mass
assignments, andm is a fair assignment for〈Π, Ψ〉, thenm is an acute mass as-
signment.

Proof: Let〈Π, Ψ〉 be a framebox forXD such that allmi ∈ Ψ are acute mass as-
signments. Also letm be a fair assignment for〈Π, Ψ〉. (1) For allY ∈ ℘(XD),
if Coherence(Y ) = 0, then there is ami ∈ Π such thatmi(Y ) ≥ 0, and hence
m(Y ) ≥ 0; (2) For all Y ∈ ℘(XD), if Coherence(Y ) > 0, then there is not a
mi ∈ Π such thatmi(Y ) > 0, and hencem(Y ) = 0; (3) For allmi, mj ∈ Π, for
all Z, Y ∈ ℘(XD), if mi(Z) > 0, andmj(Y ) > 0, thenZ ∩ Y = ∅, hence if
m(Z) > 0, andm(Y ) > 0, thenZ ∩ Y = ∅. From (1), (2), and (3), by Definition
21,m is an acute mass assignment.2

So a framebox for a frameXD with a fair assignment provides a simple and effec-
tive modular approach to mass assignment for larger frames.

Example 20 Consider a framebox〈Π, Ψ〉wherem1 andm2 are defined as follows.
For this example,t and r are abbreviations for elements in the domain wheret
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denotestemperature andr denotesrainfall.

m1(±t(1C)) = 0.02, m1(±t(2C)) = 0.02, ..,m1(±t(50C)) = 0.02

m2(±r(1cm)) = 0.02, m2(±r(1cm)) = 0.02, ..,m2(±r(50cm)) = 0.02

A fair assignment givesm3 as follows.

m3(±t(1C)) = 0.01, m3(±t(2C)) = 0.01, ..,m3(±t(50C)) = 0.01

m3(±r(1cm)) = 0.01, m3(±r(1cm)) = 0.01, ..,m3(±r(50cm)) = 0.01

Hence, significance for some subsets are as follows.

S1({±t(1C),±t(2C), ..,±t(7C)}) = 0.14

S1({±t(1C),±t(2C), ..,±t(15C)}) = 0.30

S1({±t(21C),±t(22C), ..,±t(35C)}) = 0.30

S3({±t(1C),±t(2C), ..,±t(7C)}) = 0.07

S3({±t(1C),±t(2C), ..,±t(15C)}) = 0.15

S3({±t(1C),±t(2C), ..,±t(45C),±r(5cm),±t(6cm), ..,±t(9cm)}) = 0.50

For domains with some numerical data, such as sport reports or weather reports,
mass can be assigned to particular models, and then mass for further models is
obtained by interpolation.

7 Classification of inconsistencies using thresholds

We can classify structured news reports on the basis of the significance of the in-
consistencies that arise in them. For any set of formulaeΨ, we can set a threshold
T r for rejection of the formulae whereT r ∈ [0, 1]. So ifT r < S(Ψ), thenΨ should
be rejected, whereas ifT r ≥ S(Ψ), thenΨ should be accepted, perhaps after some
resolution of inconsistencies.

Further thresholds can be adopted for finer grained selection of actions. For exam-
ple, we could adopt a thresholdT i for ignoring inconsistencies. So ifS(Ψ) < T i,
then the inconsistencies inΨ are ignored, whereas ifS(Ψ) ≥ T i, then the inconsis-
tencies inΨ should be amended. Intermediate thresholds betweenT i andT r could
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be used to select the resources committed to resolve the inconsistencies. In the rest
of this paper we will just consider rejection thresholds. The definitions and results
can be easily extended to handle any number of thresholds.

In this section, we will consider thresholds for models, and in the next section for
formulae. A threshold should change with size/structure of frame/mass assignment.
As the frame increases, and hence as the mass is distributed more widely, the action
and rejection thresholds should fall.

Definition 23 Let T r
1 be a rejection threshold forXD1

1 with massm1, and letT r
2

be a rejection threshold forXD2
2 with massm2, whereD1 ⊆ D2 and m1 is em-

bedded inm2. Let S1 be a mass-based significance function form1 and let S2

be a mass-based significance function form2. If the condition below holds for all
Y ∈ ℘(XD1

1 ), thenT r
2 is careful relaxation of T r

1 .

S1(Y ) > T r
1 iff S2(Y ) > T r

2

If T r
2 is careful relaxation ofT r

1 , then any modelY , classified for rejection using
m1 andT r

1 , is also classified for rejection usingm2 andT r
2 .

Proposition 9 Let T r
1 be a rejection threshold forXD

1 with massm1, andT r
2 be a

rejection threshold forXD
2 with massm2, andm1 is embedded inm2. If T r

2 is a
careful relaxation ofT r

1 thenT r
1 ≥ T r

2 .

Proof: Letm1 be embedded inm2. Therefore, for allY ∈ XD, m1(Y ) ≥ m2(Y ).
Hence, for allY ∈ XD, S1(Y ) ≥ S2(Y ). So, if T r

2 is a careful relaxation ofT r
1 ,

thenT r
1 ≥ T r

2 . 2

Example 21 We continue Example 20. LetT r
1 = 0.2 be a rejection threshold for

XD
1 with massm1, andT r

3 = 0.1 be a rejection threshold forXD
3 with massm3.

Let S1 be a mass-based significance function form1 and letS3 be a mass-based
significance function form3. So for selected models, we have the following.

S1({±t(1C),±t(2C), ..,±t(7C)}) < T r
1

S1({±t(1C),±t(2C), ..,±t(15C)}) > T r
1

S3({±t(1C),±t(2C), ..,±t(7C)}) < T r
3

S3({±t(1C),±t(2C), ..,±t(15C)}) > T r
3

In effect, the absolute values for significance evaluations and thresholds are not im-
portant per se. However the combination of them allows us to classify inconsisten-
cies. Furthermore, the thresholds can be relaxed for larger frames whilst preserving
the same classification given to inconsistencies in subframes.
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8 Significance of inconsistencies in news

We now return to how we can analyse inconsistent news. We assume news is input
in the form of structured news reports and that the corresponding atom represent-
ing the structured news report can be used with a set of access rules to give a set
of inferences as explained in Section 2. As a simple illustration, some atoms repre-
senting structured news reports, denoted{ρ1, .., ρ5} are given in Example 22.

Example 22 Each ofρ1 − ρ5 is an atom representing a structured news report.

Access(∆, ρ1) = {temp(30C), pptn(snow), pollen(high)}

Access(∆, ρ2) = {temp(30C), pptn(snow), pollen(low)}

Access(∆, ρ3) = {temp(10C), pptn(snow), pollen(high)}

Access(∆, ρ4) = {temp(10C), pptn(snow), pollen(low)}

Access(∆, ρ5) = {temp(0C), pptn(snow), pollen(high)}

Given a structured news report, we want to consider its consistency with respect to
domain knowledge that we may possess. We will represent this domain knowledge
by a set of propositional formulae. A potential inconsistency that can arise between
the information obtained from a structured news report is any set of atoms that may
be rebutted by the domain knowledge.

Definition 24 Letρ be a report and letΓ be domain knowledge. For{φ1, .., φn} ⊆
Access(∆, ρ), {φ1, .., φn} is rebutted byΓ iff Γ ` ¬(φ1 ∧ . . . ∧ φn).

So, if {φ1, .., φn} is rebutted by Γ, thenΓ ∪ {φ1, .., φn} is inconsistent.

Example 23 Domain knowledge for weather reports may include the following
three clauses.

(clause 1)¬temp(30C) ∨ ¬pptn(snow)

(clause 2)¬temp(10C) ∨ ¬pptn(snow)

(clause 3)¬pollen(high) ∨ ¬pptn(snow)

So with the reportρ1 in Example 22, we get that{temp(30C), pptn(snow)} is re-
butted by clause 1, and that{pollen(high), pptn(snow)} is rebutted by clause
3.

Now we need to consider how we can handle these inconsistencies. First, we apply
our mass assignment to evaluate the significance of the inconsistencies.
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Example 24 Continuing Example 22 and 23, we suppose we have a mass assign-
ment as follows.

m({±temp(30C),±pptn(snow)}) = 0.6

m({±temp(10C),±pptn(snow)}) = 0.3

m({±pollen(high),±pptn(snow)}) = 0.1

So the reportsρ1 to ρ5 in Example 22, together with the domain knowledge in
Example 23, denoted here byΠ, gives the following significance evaluations.S(Π∪
ρ1) = 0.7, S(Π∪ρ2) = 0.6, S(Π∪ρ3) = 0.4, S(Π∪ρ4) = 0.3, S(Π∪ρ5) = 0.1. If
we set the threshold of acceptability for a news reportρi at a significance evaluation
of 0.3, then onlyρ4 andρ5 would be acceptable, the others would be rejected.

This example illustrates how we may find some inconsistencies acceptable and oth-
ers unacceptable, and thereby select some news reports in preference to others. In
practice, to harness this approach, we need to adopt more sophsticated (first-order)
domain knowledge, and then ground subsets of the domain knowledge (and so cre-
ate sets of propositional formulae) that are inconsistent with the (propositional)
news reports.

To illustrate, consider a news report on a football match, where an inconsistency
in the final score of the match could be assigned significance 0.6, an inconsistency
in the name of the player who scored the most goals in less significant and could
be assigned a value say 0.3, and inconsistency in the name of the referee is least
significant and could be assigned a value say 0.1. Here, we could represent the do-
main knowledge by schema that would be instantiated by constant symbols from
a news report. For example,referee(X) ∧ referee(Y) → X = Y is schema that
would be ground by constant symbols in a particular football news report. Incon-
sistency analysis would then be undertaken on the ground propositional formulae
rather than the original schema.

Similarly, for anything other than a very restricted domain, we are likely to want
the mass assignment to be done for schema. For example, instead of a mass as-
signment for the following frame we adopt a schema representation of the form
m({±referee(X)}) = 0.6 which says the mass assigned to any possible ground-
ing for X is 0.6.

{±referee(MikeDean),±referee(SteveBennett),

±referee(MartinAtkinson),±referee(MikeRiley), ....}

To do this in practice, we would also need some simple integrity constraints to en-
sure that we maintain some highly desirable conditions of mass assignments. We
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leave the development of schema and associated integrity constraints to a subse-
quent paper.

9 Discussion

The traditional view in logic is that a set of formulae is either consistent or incon-
sistent. However, for artificial intelligence, we need more than this binary classi-
fication. We need to be able to better describe the nature of inconsistency in a set
of formulae. Some proposals for measuring inconsistency have been put forward
(see for example [12,13,7,14]), but the field needs further development including
in terms of evaluating the significance of inconsistency [15].

In this paper, we have developed an approach to measuring of inconsistency based
on four-valued logic. In order to evaluate the significance of inconsistency, we have
adopted the only proposal (as far as we know) for this [7]. In [7], QC logic was
used for finding the four-valued models for a set of formulae. In this paper, we
have adopted a simpler and better-known four-valued logic that was proposed by
Belnap [9,10].

In addition, we have gone beyond the proposal in [7] by considering in more de-
tail how evaluating inconsistency can be used to decide on a course of action for
dealing with inconsistent structured news reports. In this paper, we have introduced
the notion of modular mass assignments, and the usage of thresholds for deciding
courses of action.

As a result of the framework in this paper, we now have a potentially valuable way
of filtering structured news reports before making them available in a database or
newsfeed, or processing them further by for example merging potentially conflict-
ing reports from heterogeneous sources to create more comprensive, better con-
firmed, less redundant and less uncertain aggregated news reports (see for example
developments in fusion rule technology www.cs.ucl.ac.uk/staff/a.hunter/frt).

Another framework for merging potentially conflicting knowledge, by Cholvy and
Garion [16], has been implemented in Prolog. It appears to be an ideal platform
for future work for investigating the role of measures of degree and significance
of inconsistency in knowledge fusion. In this, mass assignments could be used as
meta-knowledge for providing a finer grained approach to aggregation than those
based on social choice theory.

Whilst the motivation and examples in this paper have been about news reports, we
have already suggested that we can take a broad view of news reports. Many dif-
ferent sources of information can be described as providing news reports. Further-
more, much information can be represented in the form of structured news reports,
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including weather reports, business reports, summaries of scientific articles, results
from clincal trials, market intelligence, operations reports within organisations, etc.
We are therefore considering any kind of regular supply of information that con-
forms to some stereotypical format. This means that the import of inconsistency,
and the associated problems of inconsistency, are wide-spread. The framework in
this paper, offers a solution to some of these problems. Furthermore, it may indeed
form a valuable part of inconsistency tolerance in data and knowledge systems,
more generally.
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