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Abstract

It is well-known that knowledgebases may contain inconsistencies. We provide a framework of mea-
sures, based on a first-order four-valued logic, to quantify the inconsistency of a knowledgebase. This
allows for the comparison of the inconsistency of diverse knowledgebases that have been represented as
sets of first-order logic formulae. We motivate the approach by considering some examples of knowl-
edgebases for representing and reasoning with ontological knowledge and with temporal knowledge.
Analysing ontological knowledge (including the statements about which concepts are subconcepts of
other concepts, and which concepts are disjoint) can be problematical when there is a lack of knowledge
about the instances that may populate the concepts, and analysing temporal knowledge (such as temporal
integrity constraints) can be problematical when considering infinite linear time lines isomorphic to the
natural numbers or the real numbers or more complex structures such as branching time lines. We address
these difficulties by providing algebraic measures of inconsistency in first-order knowledgebases.

1 Introduction

The need for handling inconsistencies in knowledgebases has been well recognized in recent years. Incon-
sistencies may arise for various reasons such as when information sources are merged or in the presence of
integrity constraints. The use of first-order logic becomes problematical because a single (local) inconsis-
tency leads to the (global) inconsistency of the entire knowledgebase. Paraconsistent logics allow for local
inconsistency without global inconsistency. Paraconsistent reasoning is important in handling inconsistent
information, and there have been a number of proposals for paraconsistent logics, such as D&Costa’s
logics [dC74], developments of C systems [CM02], Priest’s three-valued logic LPm [Pri89], Belnap's four-
valued logic [Bel77], and versions of Belnap’s four-valued logic restricted to minimal models [AA98], for
reasoning with inconsistent information. Further approaches, such as techniques for analysing and querying
inconsistent databases and knowledgebases [ABK0OO, BC03, dCMO02t 8P Sechniques for merging
knowledgebases [BKMS92, LM98, KP98, BDKPO0O0], and analytical techniques for inconsistent software



specifications [HN98], have been proposed (for reviews of some applications see [GS00, BHS04]). Whilst
these methods provide potentially valuable ways of using inconsistent knowledgebases, they do not provide
an adequate way of summarising the nature of the inconsistencies.

Our interest in this paper is in providing a measure for the inconsistency of a knowledgebase represented as
a set of first-order logic formulae. By providing such a measure we can compare different knowledgebases
and evaluate their quality of information. If given the opportunity to choose between different knowledge-
bases, we may try to choose the one that is least inconsistent.

Four-valued paraconsistent logics have been used as the basis of an approach to measuring inconsistency
in knowledgebases [Hun02, Hun03, GHO06]. In this, each inconsistent set of formulae is reflected in the
four-valued models for the set, and then the inconsistency is measured in the models. This approach to
measuring inconsistency has already been seen as a useful tool in analysing a diverse range of informa-
tion types including news reports [Hun06], integrity constraints [GHO6], ontologies [MQHLO7], software
specifications [BPF04, MJLLO5], and ecommerce protocols [CZZ04]. However, this approach of measur-
ing inconsistency has been restricted to either a propositional language or a language with predicates but
without function symbols.

In this paper, we present a framework for measuring inconsistency for a full first-order language, together
with examples in analysing ontological and temporal knowledge. Dealing with a full first-order language
is potentially important in diverse applications (such as reasoning about specifications $8{3Hut it

does also raise issues with regard to analysing arbitrarily large, including infinite, domains. To address
these issues, our framework provides algebraic measures of inconsistency in first-order knowledgebases.

2 Overview of our approach

In this section, we provide an informal overview of our approach together with some examples to motivate
and illustrate our approach. We start by recalling that many diverse applications in computer science require
the ability to represent and reason with knowledge in a form that is more expressive than propositional
logic. Furthermore, in many applications, there is a need to analyse inconsistency arising in knowledge.

To illustrate the need for systems and/or users to analyse inconsistency, consider diverse applications such
as tools for analysing formal software specifications (where parts of the specifications may have come from
different sources), systems for disambiguation in natural language processing (where there are conflicting
syntactic, semantic, or pragmatic parses of the text/speech being parsed), and tools for developing ontolo-
gies based on description logics (where there may be multiple ontologies perhaps from multiple sources
that need to be combined by an ontology engineer into a single coherent and consistent ontology). In these
examples, and in many other potential applications, there is either the need for an automatic system to
analyse the degree of inconsistency arising in the available knowledge, or there is the need for a system to
provide a user (such as a software or knowledge engineer) with an assessment of the degree of inconsis-
tency arising in the available knowledge. Once the system/user has access to an assessment of the degree
of inconsistency, the system/user can make a more intelligent and better informed decision on the course
of action to take on the inconsistency.

In this paper we assume a knowledgebase is a set of formulae of classical first-order logic. We impose
no restrictions on this. It can include function symbols, variable symbols, and quantifier symbols. And
of course, a knowledgebase can be inconsistent, and indeed, any formula in a knowledgebase may be
inconsistent.

Our approach to measuring inconsistency in a knowledgebase is to consider the “four-valued models” of
it. Each of these models is based on what we call a bistructure, which essentially is a pair of classical
interpretations: One of these interpretations is used for the satisfaction of positive literals (i.e. the atoms),



and the other is used for the satisfaction of negative literals. So in a bistructure, both an atom and its
negation, or neither, can be satisfied. This gives a four-valued semantics, so that an atom may be regarded
as being exactly one of “true” or “false” or “both true and false” or “neither true nor false” in a bistructure.
The semantics for more complex formulae is given by a generalization of Belnap’s four valued logic, which

is a paraconsistent logic that we call tolerant logic. For our purposes, this semantics is simple and for any
knowledgebase the set of models for it is always non-empty.

Given a histructure, we apply a simple measure of inconsistency, delnatdtat gives the proportion of

the tuples in the bistructure that are in conflict. The amount of conflict in a bistructure is the number of
tuples that are both true and false. This is normalized by the total number of tuples that are possible in the
interpretations (which is a function of the size of the domain), so we get a value |, tenterval. For
example, if we have a bistructure with just one monadic relai@and two domain objects; anda., and

the first classical interpretation has bdth ) and(a;) (for R), and the second classical interpretation has
(a1) (for = R), then there is conflict with respect to the tuple) and so the proportion of tuples in conflict

is 1/2. Note, this measure is not restricted to Herbrand interpretations.

We then generalize this measure of inconsistency to sets of bistructures. In order to set up our framework,
and consider various properties, we deal with sets of bistructures in general. But in practice, if we want to
analyse a knowledgebase, we consider the set of models for the knowledgebase.

For a knowledgebase, since our measure of inconsistency of a model is dependent on the domain size, we
consider the models for each domain size in turn. For each domain size, we find the minimum degree of
inconsistency in a model from the models of this size, using a function dehbitedinc, and then we
summarize this value obtained for each size in the form of a ratio of univariate polynomial functions (i.e. a
rational function) where the variable is the cardinality of the domain. The polynomial that is the numerator
gives the minimum number of tuples in conflict for the models of domairrsiaed the polynomial that is

the denominator gives the maximum number of tuples in the models of domain. 83erepresenting the

degree of inconsistency in the form of such a rational function, we have a concise summary of the nature of
the inconsistency for any domain size. Furthermore, it provides a direct way of comparing knowledgebases
in terms of their respective rational functions.

To illustrate our approach, we now look at examples of knowledgebases to show some of the key aspects
of measuring inconsistency. We start with some simple examples based on pairs of formulae taken from
the following list of formulae A1 — A7. For each pair we consider, for example (A2,A3), imagine there are

two agents who have provided the formulae, and these two agents need to jointly provide a formula that
they both can agree on. Perhaps the agents need to do this as part of a requirements capture process for
some software system for which the agents are stakeholders. So each formula represents the requirements
of one of the agents. By measuring the inconsistency of the union of the two formulae, we get a measure
of how divergent the two agents are in their positions. Furthermore, if the agents are negotiating, they
may withdraw one or both formulae, and replace them with formulae that are less inconsistent. Such a
negotiation may be undertaken with the aim of finding a pair of formulae that are consistent together.

(A1) P(a)
(A2) —P(a)
(A3) Vz.P(x)
(Ad4) Fz.-P(x)
(A5) —Fz.P(z)
(A6) Va.-P(z)

(A7) Va.-P(f(z))

For the pair (A1,A2), we may describe this as an “atomic conflict” (Al says one domain object is in
the interpretation fol® whereas A2 says that one domain object is in the interpretation for the negation
of P). For the pairs (A2,A3) and (A3,A4), we have something similar to the case for (A1,A2), in that
there is at least one domain object in conflict. So, for each of the pairs (A1,A2), (A2,A3), and (A3,A4),



if our knowledgebase contains just the two formulae in the pair, then we will calculate the measure of
inconsistency as the rational functibyn, and in the limit, as goes to infinity, the degree of inconsistency
is 0.

For the pairs (A3,A5) and (A3,A6), we have more significant inconsistency. In the models, all domain
objects are in conflict in each pair. So, for each of (A3,A5) and (A3,A6), if the knowledgebase contains just
the two formulae in the pair, then we will calculate the measure of inconsistency as the rational function
n/n, and in the limit, the degree of inconsistency is 1.

For the pair (A3,A7), we have something similar to the pair (A3,A6), but here we also need to consider the
function symbolf in the right formula. If we consider the models with the fewest conflicts (which we will

see are the models we want to base our measures on), then the interpretation of the function symbol should
be a constant function, i.e. theredse D such that for ald € D, f(d) = c. In this case, there is one
domain object in conflict, namely thgust mentioned. So, for (A3,A7), if the knowledgebase contains just

the two formulae in the pair, then we will calculate the measure of inconsistency as the rational function
1/n, and in the limit, the degree of inconsistency is 0.

We now consider examples of ontological knowledge. Whilst description logics are now the leading ap-
proach to formalising ontological knowledge, the basic description logics are actually subsystems of clas-
sical logic; so it is straightforward to present examples of ontological knowledge in the form of classi-
cal logic. For this, we adopt the following conventions: (1) A concBpis represented by a monadic
predicateP(z); (2) An individual ¢ that is a member of a concept is represented by a ground pred-
icate P(c); (3) The relationship that the conceftis a subconcept of the conceptis represented by
Vz.Q(xz) — P(x); and (4) The relationship that the concépits disjoint with the concepP is represented
byVz.Q(z) — —P(x) AVz.P(z) — -Q(x).

We see a key advantage of our approach for analysing an ontology (when it is under development) if we
consider the need to analyse the structure (i.e. the concepts and their inter-relationships) without knowing
about the instances that may populate it. For example, for a medical records ontology, the ontology engineer
should have obtained knowledge that for example the corwsgut surgeryis a subclass of the concept
surgery and thatmaleandfemaleare disjoint concepts, but the ontology engineer cannot be expected to
have a list of all the patients of the hospital in the future. Hence, when the ontology is being developed,
the number of instances that will be in the ontology is unknown. Our approach directly deals with this
issue, since we can consider an arbitrarily large number of instances, which we do by considering an
arbitrary-sized domain. In other words, our measure of inconsistency, captured by a rational function, is a
representation of the inconsistency for each domain size.

We start by considering the formulae B1 — B4. These formulae are not inconsistent. They s&ysthat
subconcept o, Q is a subconcept aP, Q and.S are disjoint, and® and R are disjoint. However, if we
also have the assumption B5 that says that there is an instafi@nih?), then we do have an inconsistency.

(B1) Vu.5(x) — R(z)
(B2) Vz.(Q(z) — =S5(x) A S(z) — —Q(x))
(B3) Vz.Q(x) — (w)
(B4) Va.(P(r) — =R(x) A R(x) — ~P(x))
(BS) Jz.5(x) A Q( )

So without knowing anything about the actual membership of these concepts, we can analyse the inconsis-
tency in this ontological knowledge. For B1 — B5, we will see in Example 15, that the rational function is
1/n. This means that as the size of the domain increases, the inconsistency is diluted, and in the limit, the
degree of inconsistency is reduced to zero.

As another example of ontological knowledge, consider C1 — C7 which are inconsistent. For this, we will
see (in Example 17) that the degree of inconsistency is given by the rational function 1/3. So as the size of



the domain increases, the inconsistency is not diluted, and in the limit, the degree of inconsistency is 1/3.
Furthermore, if we compare B1 — B5 and C1 — C7,si0r 3, the rational function for C1 — C7 is always
greater than that for B1 — B5, and so we can regard C1 — C7 as more inconsistent than B1 — B5.

(C1) Vz.S(z) — R(x)

(C2) Vz.Q(z) — P(x)

(C3) Vz.(Q(z) — ~S(z) A S(x) — —Q(x))
(C4) Vx.(P(x) — —R(x) A R(x) — —P(x))
(C5) Vz.(T(x) — -U(x) NU(z) — -T(z))
(C6) Vz.(T(z) - U(x)ANU(z) — T(x))
(C7) VzT(x)VvU(x)

We now turn to temporal knowledge. The following set of formulae D1 — D3 is consistent in classical logic
but the set is only satisfied by an infinite model such as one based on the sequence of the natural numbers.
Such a set of formulae may appear as part of a specification for time-stamping locutions in a dialogue
protocol between two interacting agents.

(D1) Vz,3y.R(z,y)
(D2) Vz,y.(R(z,y) — ~R(y,z))
(D3) Vz,y,z.(R(z,y) AN R(y, z) — R(x, 2))

Now suppose the formula D4 is added to D1 — D3; then the set is inconsistent. However, in a sense, the
conflict is extremely small, and so any bistructure for it is “overwhelmingly consistent”. In contrast, if
the following formula D5 is added to D1 — D3, then the set is inconsistent, and in a sense, the conflict is
extremely large, and so any bistructure for it is “substantially inconsistent”.

(D4) R(1,1)
(D5) Vz.R(z,x)

In our framework, we will provide a degree of inconsistency to account for inconsistency in infinite models
(allowing us for example to differentiate between the inconsistency in théxeD2,D03,D4, and the
set{D1,D2,D3,D3), and explore some of the relationships between them, as well as with the degree of
inconsistency for finite models. We will also provide a measure of the consistency of an infinite model
which provides an alternative dimension for analysing an infinite model.

Since the proposal in this paper is the first proposal for measuring inconsistency in full first-order logic
(including infinite models), our approach offers considerable advantages for applications in artificial intelli-
gence and computer science involving first-order knowledge. A number of other proposals have been made
for measuring the degree of information in the presence of inconsistency [Loz94, WB01, Kni03, KLMO03],
and for measuring the degree of inconsistency in information [Gra78, Kni01, SJ01, Hun02, Kni03, KLMO03,
Hun04, Hun03, HK04, GHO06, HKO06]. All these proposals are based on propositional logic, apart from
[Gra78] and [GHO06], with the former primarily investigating the mathematical structure of various incon-
sistency measures, while the latter is based on a restricted form of first-order logic. Furthermore, there are
six key improvements in this new paper over the [GHO6] paper:

1. In [GHO6] we only considered a restricted first-order language with universal and existential quani-
tification but without function symbols (apart from constant symbols) whereas in this paper we
consider full first-order logic, and therefore in this paper we are able to handle a wider range of
knowledgebases.



2. In [GHO6] we only considered Herbrand interpretations, whereas in this paper, we consider any
first-order interpretation, and therefore we drop some constraints that are inappropriate for some
applications.

3. In [GHO06] we only considered finite interpretations, whereas in this paper, we consider both finite
and infinite interpretations, and therefore in this paper we are able to handle a wider range of knowl-
edgebases.

4. In [GHO6] we used quasi-classical logic to find the four-valued models of a knowledgebase, whereas
in this paper we use a first-order version of Belnap’s logic, and as a result we have a simpler logic
for finding the models for a knowledgebase.

5. In [GHO6] the measure of inconsistency for a knowledgebase was summarized by a sequence of
numbers(ny, na, ns,...) (Wheren; is the measure for a domain of cardinalityrik, is the measure
for a domain of cardinality 2, and so on), whereas in this paper, the measure of inconsistency for a
knowledgebase is summarised by a ratio of univariate polynomial functions (i.e. a rational function).

6. In [GHO6] we did not consider limit behaviour of measures, whereas in this paper we provide a
characterization of measures in terms of limit behaviour.

In the following sections, we formalize our approach a follows. In Section 3 we review the basic definitions
for the language and semantics of first-order logic that we require. In Section 4 we present a first-order ver-
sion of the semantics for Belnap’s four-valued logic, called tolerant logic, that we will use to find the models
for a knowledgebase. In Section 5 we consider some classes of interpretations that allow us to restrict the
models considered for a knowledgebase (e.g. for temporal knowledge, we may wish to restrict considera-
tion to models with elements corresponding to the real numbers). In Section 6 we consider measures for a
finite set of finite models (which we call a bounded frame), for a set of finite models that includes a model
of every domain size (which we call an unbounded frame), and for a set of models that includes an infinite
model (which we call an infinite frame). In Section 7 we consider a framework for measuring consistency
which is a counterpart to our framework for measuring inconsistency. Finally, in Section 8 we show that
the semantics for tolerant logic subsumes the semantics for Belnap’s logic.

3 Basic definitions for a first-order logic

In this section, we provide some basic definitions and notation that are used for presditShgraer
logic (FOL).

The language for FOL contains logical symbols: connectfves/, A, —}, quantifiers{V, 3}, punctuation
symbols (parentheses, comma, and period), and an infinite set of variables. A specific lafigsiage
termined by its predicate, constant, and function symbols; these we consider the nonlogical symbols that
must be provided in a language. We assume that the number of predicate and function symbols is finite. We
sometimes write”(n) to indicate thaf” is an n-ary predicate symbol.

We adopt the following conventions for our notation.

e uppercase letters likB and R for predicate symbols.
e lowercase letters likg, g, andh, perhaps with subscript, for function symbols.

¢ lowercase letters like, b, ¢, andd, perhaps with subscript, for constant symbols.

lowercase letters like andy, perhaps with subscript, for variable symbols.

lowercase letters likeands, perhaps with subscript, for terms.



We assume the usual classical definitions for a language including definitions for a free variable, a bound
variable, and a ground formula. An atom is of the faRft,, . . ., t,,), wherety, .. ., ¢, are terms. As usual,

a literal is either an atom or the negation of an atom. The set of formulae is defined by the usual inductive
definitions for classical logic. We use the Greek letters, v for literals, ¢ for a clause (a disjunction

of literals), ¢ for a conjunction of clauses, aridfor any formula. For a languagg, the set of formulae

that can be formed by the usual inductive definitions is denbteshulae(L£). We will usually not specify

L and assume that given a knowledgebase’ is the language that contains exactly the nonlogical (i.e.
constant, function, and predicate) symbols that appear.in

We now consider the classical semantics for FOL.

Definition 1. A classical structurefor the languageC is a pair (D, I'), whereD is a honempty set called
the domain and I is a function called annterpretation that makes assignments to the symbolg afs
follows:

1. For every constant symbalI(c) € D.
2. For every function symbgl of arityn > 0, I(f) : D™ — D is an n-ary function.

3. For every predicate symbd! of arity n > 0, I(P) C D™ is an n-ary relation.

We handle variables in FOL formulae using the standard notion of an assignment.

Definition 2. Let(D, I) be a classical structure, and &t be the set of variable symbols th Anassign-
ment A for (D, I) is a functionA : V — D. Given an assignmemt, anx-variant assignmentA’ is the
same asA except perhaps in the assignment for the variable

Whilst the definitions for language and interpretations considered in this section are those of classical logic,
we will use them for a paraconsistent logic in the next section.

In order to consider properties of our framework, we also require the classical consequence relation, de-
noted. We assumel is shorthand for any classically inconsistent formula. However, in order to simplify
the presentation we assume thais not in the languagé€. For a knowledgebas& C Formulae(£), as a
shorthand we writé - | to indicate thatA is inconsistent in classical logic; otherwise we welte# | .

4 Tolerant logic

We now present the definitions ftwlerant logic which is a first-order four-valued logic. The language
for tolerant logic is that of FOL. However, the semantics is different; that is why tolerant logic supports
paraconsistent reasoning.

The notion of a bistructure in tolerant logic is based on the notion of a classical interpretation. The basic
difference is that for tolerant logic we use a pair of classical interpretations to give a tolerant interpretation.

Definition 3. A bistructure is a tuple(D,I",I~) where(D,I") and (D, ™) are classical interpreta-
tions, and for all constant symbais I+ (c) = I~ (c), and for all function symbolg, I+ (f) = I~ (f).

The above definition ensures that in a bistruct{ite I, 7~) both the classical interpretatiods and

I~ use the same domain object for each constant symbol, and the same function in the domain for each
function symbol. Therefore the classical interpretatibhsand— in a bistructure can only differ in their
assignment to predicate symbols. As a result, we carf isas the interpretation for positive literals and

1~ as the interpretation for negative literals. This is formalized in the definition for decoupled satisfaction.



Definition 4. For a bistructureE = (D, I, 1~) and an assignment A, we define a satisfiability relation,
=4, calleddecoupled satisfactiorfor literals in £ as follows:

(B, A) q Pt oty) (), I () € IH(P)

(E,A) |Eq ~P(t1, .. tn) Iff (I*(t1),.., [*(ty)) € I~ (P)
where forl <i <n,

o if ¢; is a variable, then™*(t;) = I (A(t;)) = I~ (A(t;))

e if ¢; is a constant, thed* (t;,) = I (¢;) = I~ (¢;)

o if ¢; is of the formf(sy, .., s;m), thenl*(¢;) = I (f)(I*(s1), .., I*(8m)) = T~ (f)(IT*(51), .-, I*(s5m))
Since we allow both an atom and its complement to be satisfiable, we have decoupled, at the level of the
structure, the link between an atom and its complement. In contrast, if a classical structure satisfies a literal,
then it is forced to not satisfy the complement of the literal. This decoupling gives the basis for a semantics
for paraconsistent reasoning.
In the following definition for satisfiability for arbitrary formulae, we provide a partial coupling (i.e. a
coupling that is weaker than in classical logic) for a formula and its complement. In the propositional

case, this definition of satisfiability coincides with that of Belnap’s four-valued logic [Bel77], which is a
propositional logic that has a four-valued lattice-theoretic interpretation of connectives (see Theorem 5).

Definition 5. Let F be a bistructure and lel be an assignment. Tteatisfiability relation, denoted=,
is defined by induction on the length of a formula as follows whei® a literal, and#é, 8,, and 8, are
arbitrary formulae.

(E,A) = aiff (B,A) =4 a
(B, A) =0, V0, iff (E, A) |= 0, or (E, A) = 0,

(E,A) =0, A0y iff (B, A) = 0, and (B, A) = 6,

(E, A) = 0, — 0, iff (E, A) = 0, or (E, A) = 0,

(B, A) = —0iff (E,A) =0

(E, A) = (61 V 0,) iff (E, A) = —0; and(E, A) = —6,

(B, A) = (01 A y) iff (E, A) = 0, or (E, A) |= 0,

(B, A) = ~(0; — 0) iff (£, A) = 6y and (E, A) = s

(E, A) = 32.0 iff for some x-variant assignmentt, (£, A’) = 0
(B, A) = V.0 iff for all x-variant assignmentsl’, (£, A’) = 0
(E,A) = ~3a.0iff (B, A) = Va.-0

(B, A) £ ~Vz.0iff (E,A) = J2.-0



In Definition 5, the first condition defines satisfaction for literals, the second to fourth conditions define

satisfaction for conjunction, disjunction, and implication, respectively, the fifth to eighth conditions define

satisfaction for negation, and the ninth to twelfth conditions define satisfaction for quantification. We extend
satisfaction to a bistructure in the next definition.

Definition 6. Let £ be a bistructure and an arbitrary formula.
E = ¢ iff for all assignmentsd, (E, A) E 6

Example 1. Let £ contain the predicate symbal3(2) and Q(1), the function symbof (1), and the con-
stant symbolg;, ¢z, andcs. Let E = (D, I1, 1) be such thaD = {d;,d>,d3} and the interpretations
It andI~ are as follows.

It(e1) =I"(e) =dy, TT(c3)
I (f)(dr) = dz, I*(f)(d2) =
I (P) = {(d1,ds3),(ds,d3)}, I
I'"(Q) = {(d)}, I-(Q) ={}

Here, we see thafd;,ds3) is in bothI*(P) and I~ (P). Since,l™(c;) = d; and It (c3) = d3, we have
by Definition 3 thatl ~(c;) = dy and I~ (e3) = ds. Hence, for all assignments, we getE = P(cy,c3)

and E = —P(c1,c3). In contrast, we see thatds,ds) is in IT(P) but not in I~ (P). Hence, for all
assignmentsi, we getE | P(cs,c3) but notE = —P(cs3,c3). Similarly, (da) is in I(Q) but not in
I=(Q),andI*(f)(dy) = d2, andI*(c;) = d;. Hence, for all assignments, we getE = Q(f(c1)) but
notE k= —Q(f(c1)).

d3

u

H(f)(dz) = ds

3, 1
P) = {{d1,d3)}

Next we define the concept of a model.

Definition 7. Let A be a set of formulae and I€f be a bistructure ' is a model of A iff for all § ¢
AE E6.

In the next section, we will consider classes of models for tolerant logic and then we will return to studying
Tolerant Logic, in Section 8, where we will show how tolerant logic generalizes Belnap’s logic.

5 Classes of models for knowledgebases

We start with the class of all models for a knowledgebase (Definition 8) and then consider subclasses
(Definitions 9 — 13) that will allow us to focus our analysis of inconsistency in knowledgebases using
appropriate assumptions without having to add extra formulae to a knowledgebase or add further constraints
on the semantics.

Definition 8. For a set of formulag\, Models(A) = {E | E =6 forall § € A}.

Next we consider a definition that gives the models that satisfy the unique names assumption (UNA),
meaning that different constant symbols are assigned to different objects in the domain. In other words,
each constant is treated as a unique name.

Definition 9. Let A be a set of formulae.
UNAModels(A) = {(D,I7,17) € Models(A) | forall ¢, ¢ if ¢ # ¢/ thenI™(c) # IT (<)}

Example 2. Let E = (D, I*,17) be such thatD = {d;,ds, d3} and the interpretationg* and /I~ are
as follows.

I+(Cl) =d;, I_(Cg) = ds, I+(03) =ds

I*(P) = {(d1,d3), (ds,d3)}, I~(P) = {(d2,d3)}

If A ={P(c1,c3),P(ca,c3), P(c3,c3)}, thenE € UNAModels(A).



As an illustration of the utility of measures of inconsistency, we will consider in the next section some
examples of knowledgebases that define sets and subsets of concepts (i.e. a form of ontological knowledge).
For this, we will use the following class of models.

Definition 10. Let A be a set of formulae.

ConceptModels(A) = {E € Models(A) |
for each formula of the forz.cc — 5 € A,
for each assignmem,
if (F,A) Ea«athen(E,A) = 3}

Example 3. Let E = (D, I*,I7) be such thatD = {d;,ds, d3} and the interpretationg™ and I~ are
as follows.

I+(Cl) = Cll7 I+(C ) = dg, I+(03) = d3

IT(P) = {{d1), (d2)}, T™(P) = {(ds)}

I(@Q) = {{da), (d2), (d3)}, T™(Q) = {}
If A = {P(c1),Vz.P(z) — Q(x)}, thenE € ConceptModels(A). Now considerE’ which is the
same ast except thatl " (P) = {(d;)} = I~ (P) and I (Q) = {(dz), {d3)}. SOE’ € Models(A) \

ConceptModels(A).

We will also consider the measurement of inconsistency in temporal knowledge. To facilitate this, we
consider models that conform to particular flows of time. Often temporal knowledge is represented using
linear time lines, isomorphic to some or all of the natural numbers or the real numbers, or more complex
structures such as branching time lines. These structures raise particular difficulties for analysis in the case
of inconsistency.

For modelling time flows, we need a predicaéte < ¢, wheret; is beforet, in the flow of time. The
languagel may also contain additional predicate symbols as needed for the application. We also assume
the following languages for use with time flows8;, is the language that includes therelation and the
constant symbols for the sequence of natural numbers frak; £, is the language that includes the

relation and the constant symbols for the natural numbers (positive integers); anthe language that
includes the< relation and the constant symbols for the integers.

Definition 11. LetA C Formulae(Ly) be a set of formulae.

FPModels(A) = {(D,I*,17) € Models(A) | D is the sequence of natural numbers froro
andvn € {1,..,k} IT(n)=n
andve I't(c) € {1,....k}
and there is a predicate symbot
s.t.I7 (=) is the usual ordering ovefl, ..., k}

and (=) = ({L...k} x {1....k}) \ I (=)}

Definition 12. LetA C Formulae(£,) be a set of formulae.

CPModels(A) = {(D,I*t,I7) € Models(A) | D =N
andvn e NIt (n)=n
andVe I't(c) eN
and there is a predicate symbot
s.t.I* (=) is the usual ordering oveKr
and~(<) = N2\ I*(<)}

Definition 13. Let A C Formulae(£;) be a set of formulae.

CIModels(A) = {(D,I",I7) € Models(A) | D =Z
andvn € Z I't(n) =n
andve It(c) € Z
and there is a predicate symbot
s.t.IT(=) is the usual ordering ovef.
andI~ (<) =72\ I'*(<)}

10



We can regardPModels(A) as the models oA that are finite linear time models isomorphic to a subset

of the natural numbers (and so FP stands for finite positive integer mo@elgpdels(A) as the models of

A that are linear time models isomorphic to the natural numbers (and so CP stands for countable positive
integer models), an@IModels(A) as the models oA that are linear time models isomorphic to the integers
(and so ClI stands for countable integer models).

In the following examples, we use the usual symbols for numbers for illustrating the elements of the domain
and for use as constant symbols in the language. It may be desirable in some situations, to use a different
symbol for a number in the domain and a humber in the language, so that the difference between them is
explicit.

Example 4. LetE = (D, I, I7) be suchthaD = {1,2, 3,4, 5,6, 7} and the interpretationg* and 7~
are as follows.

IT(1) =1, I7(2) =2, IT(3) =3;IT(4) =4, 17(5) =5, 17(6) =6, I (7) = T;
I(P) ={(1),(3),(5), (")}

I7(P) = {(2), (4), (6)}

I (=) is the usual ordering ovefl, .., 7}

I~ (j) = ({la "77} X {1’ "77}) \I+(j)

If A = {P(1),~P(2), P(3)}, thenE € FPModels(A).

Example 5. LetE = (D, I't,I7) be such thaD = N and the interpretation$™ and I~ are as follows.

I™(n)=n, foralln e N

I+(P) = {(n) | n € N}
I7(P) = {(n) | n € N}

I* (=) is the usual ordering oveN
I7(2) = N\ I7(3)

If A ={Vx.P(z),Vo.~P(z)}, thenE € CPModels(A).

We can define further classes of models as required to capture for example continuous flows of time iso-
morphic to the real numbers and branching flows of time. We may also consider further constraints such as
domain closure axioms (e.g. [Rei80]). Whilst we have not considered equality in this paper, it is possible
to either adapt the definition for tolerant logic to support an equality relation in the semantics (in which
case, it may be appropriate to assume that for any knowledgebase, the equality relation is never both true
and false), or a form of quasi-equality is introduced by axiomatization (as proposed in [GHO6]).

For every set of formulaé\, Models(A) is non-empty. Furthermore, for everye N, and for everyA,

there is a modeE € Models(A) such thatE = (D, I*,I7) and|D| = n. Even if the formulae imA

involve many constant symbols, there may be an interpretation that assigns the same element in the domain
to some or all of these constant symbols. It is only when we deal with special classes of models such as
UNAModels(A) that we eliminate these possibilities.

6 Framework for measuring inconsistency

For a bistructure® = (D, I7,17), let Domain(E) = D. In general, we can consider two disjoint possi-
bilities for |[Domain(E)| for any bistructureE’: These are thdDomain(E)| is finite or that|Domain(E)]
is infinite. In the following, we will provide a framework that measures inconsistency for both these cases.

For the rest of the paper, a set of bistructures is calledrae. We adopt the following nomenclature for
describing a frame.

11



e O is aboundedframe iff 3n € N such thatVE € ® |Domain(F)| < n.
e & is anunboundedframe iff 3m € NVn € N (n > m implies3E € ® |Domain(E)| = n).

e @ is aninfinite frame iff 3£ € ® such thafDomain(E)| > N,.

An example of a bounded frame is given by a singleton set containing just the bistructure given in Example
4. An example of an unbounded frame is giver\bydels(A) whenA = {Vz,y.P(x,y)}. An example of
an infinite frame is given by a singleton set containing just the bistructure given in Example 5.

Obviously, if ® is a bounded frame, theh is not an unbounded frame, afds not an infinite frame. But
it is possible thafd is both an unbounded frame and an infinite frame.

For a frame®, any®’ C & is called a subframe. Obviously,df is unbounded, there are subframespof

that are bounded. I is an infinite frame, there may be a subframe that is unbounded, and there may be a
subframe that is bounded. To support consideration of subframes, we draw on the following two subsidiary
definitions.

Finite(®) = {E£ € @ | |Domain(E)| € N}
Infinite(®) = {E € @ | |Domain(E)| > Ry}

Some of the key definitions in the rest of this paper will be based on analysing the bistructures in a frame.
We introduce the notions of bounded, unbounded, and infinite frames to provide a general way of presenting
our framework for measuring inconsistency. We will give definitions for a measure for inconsistency in a
bistructure (Definition 16), a measure for inconsistency in a bounded frame (Definition 17), a measure for
inconsistency in an unbounded frame (Definition 20), and a measure for inconsistency in an infinite frame
(Definition 25). Normally, we expect each frame to be a set of models for a knowledg&baseh as
Models(A), UNAModels(A), ConceptModels(A), or CPModels(A). But since there are many possible
classes of models that we could consider (Section 5 only considers some of the possible classes), it is
simpler and more general to define our framework of measures in terms of frames rather than directly in
terms of particular classes of models for knowledgebases.

6.1 Measuring inconsistency in a bistructure

We start by considering how to measure the inconsistency of a bistructure. We assume that we are given
a languagel and £ = (D,I*,I7) is a bistructure forZ. The nonlogical symbols considered in the
definitions and examples are assumed to b&.in

Definition 14. Let E = (D, I, I~) be a bistructure, and Il be a set of predicate symbols.

CollisionCount(IT, E) = ) _ |Collision(P;, E)|
P;ell

WhereCollision(Pi, E) = {<d1, ,dn> e D" | <d1, ceey dn> € I+(P1) Nni- (Pl)}
The following definition gives an upper bound @ollisionCount given a set of predicate symbols and a
bistructure.

Definition 15. Let £ = (D, I*, ™) be a bistructure, and |l be a set of predicate symbols.

UniverseCount(IL, E) = Z [Universe(P;, E)|
P;ell

whereUniverse(P;, E) = { P;(d1,...,dy) | di,...,d,, € D and P; is arity n}
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Example 6. Let E = (D, I, I~) such thatD = {1,2,3} and

IT(P)={(1),(2)} IT™(Q) ={(1,2),(1,3),(2,3)}
I7<P):{<3>} Ii(Q):{<172>a<173>7<3a2>}
Hence CollisionCount({P, Q}, E) = 2 since,
Collision(P, E) = {}
Collision(Q, E) = {(1,2), (1, 3)}

andUniverseCount({P, @}, E) = 12 since,

Universe(P, E) = {(1),(2),(3)}
Universe(Q, E) = {(1,1), (1,2), (1,3),(2,1),(2,2),(2,3), (3,1),(3,2), (3,3)}

In the definition ofUniverseCount(Il, F), it does not make sense to lét= (), and so for the rest of this

paper, we assume thHtis always non-empty. Havinj as a parameter allows us to focus on particular
subsets of predicate symbols during an analysis of a model or set of models. This is valuable, since when
considering arbitrarily large domains, the value obtained’b¥isionCount for some predicate symbols

may “drown out” theCollisionCount for other predicate symbols.

We bring together the measure ©éllisionCount and UniverseCount in the following definition for the
measure of inconsistency for a set of predicate symbols in a bistructure with a finite domain.

Definition 16. LetII be a set of predicate symbols and Iétbe a bistructure. Théistructure degree
of inconsistencyof (II, E), denotednc(I1, E), is defined as follows: I < UniverseCount(II, E) < oo,
then
CollisionCount(II, E)
Inc(II, F) =
nc(IL, £) UniverseCount(II, E)

otherwiselnc(Il, E') = 0.
Example 7. Continuing Example Gnc(Il, E') = 2/12 = 1/6, wherell = {P, Q}.

The following are some simple observations concernindrthéunction.

e ForanyllandFE, 0 < Inc(II, E) < 1.
e Foranyll andFE, if Inc(II, E) = 1, then for allll’ C I1, Inc(Il', E) = 1.
e ForanyIl andE, if Inc(I1, E) = 0, then for allll’ C II, Inc(Il', E') = 0.

In tolerant logic for any knowledgebase there is always a model. This model can be obtained by taking
each atom in the language of the knowledgebase, and letting the model satisfy the atom and the negation
of the atom. This model gives the maximum degree of inconsistency, as formalized in the next proposition.

Proposition 1. For all A, there is anE' € Models(A), such thatnc(II, E) = 1 wherell is the set of all
predicate symbols ir\.

Proof. Consider the bistructurg that for each n-anp; € I, anddy, .., d,, € D, bothE = P;(ds,..,d
andE = —P;(dy,..,d,) hold. SOE € Models(A) andInc(I1, E) = 1 becauseCollisionCount (11, E)

n)
UniverseCount(II, E). a
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6.2 Bounded degree of inconsistency

Now we consider the measure of inconsistency for a bounded frame. It is particularly useful if there is a
maximum finite size for the intended models. Essentially, it takes a credulous point of view by using the
bistructure, from the frame, with the minimum degree of inconsistency.

Definition 17. LetII be a set of predicate symbols, aftcbe a bounded frame. THmunded degree of
inconsistencyof (I1, @), denotedMlicrolnc(II, @), is defined as follows.

Microlnc(IT, ®) = Min({ Inc(IL, E) | E € ®})

We can use this measure for giving a measure of inconsistency for a knowledgetéemn there is a case

for a bounded fram@ that is in some sense representative of the knowledge. For exampldsi set

of ground literals, then a bounded frame containing just one model that satisfies exactly the litArés in

in a sense representative of the knowledg@inThe second reason we introduce the bounded degree of
inconsistency is that we use it as part of the definition of the unbounded degree of inconsistency that we
introduce in the next section.

Example 8. Letll = {P}, D = {d1,ds,d3,ds}, and® = {M;, M,} whereM; = (D, I ,I;), and
My = (D, I, I).

IF(P) = {{dv), (d2), (d3), (da)} Iy (P) = {{d4)}
I3 (P) = {{dv), (d2), (d3), (da)} Iy (P) = {{du), (da), (ds), (da)}

Therefore,
CollisionCount({ P}, M7)
CollisionCount({ P}, Ms) = 4
UniverseCount({P}, M7) =4
UniverseCount({P}, M3) =4

Solnc({P}, My) = 1/4, andInc({ P}, Ms) = 4/4, and thereforéMicrolnc({ P}, ®) = 1/4.
Example 9. LetIl = {P,Q}, D = {di,ds}, and® = {M;, My, M3} where M, = (D, I}, Iy),
My = (D, I, I;),andMs = (D, I, I3).

IF(P) = {{d1),(d2)} I (P)={(dv),(ds)}
I7(Q) = {(d1)} I7(Q) = {(d1)}
d

LI(P)={{d1)} I (P)={{d) ()}
I (Q) = {{d2)} 1;(Q) = {{d2)}

L (P) = {{d1), (d2)} Iy (P)={{d1))}
I£(Q) = {{d1), (d2)} I35 (Q) = {(dr), (d2)}

)
Since, forM; € {M;i, My, M3}, UniverseCount({P}, M;) = 2, UniverseCount({Q}, M;) = 2, and
UniverseCount({P, Q}, M) =4, we have

1

Inc({P}, My) = Inc({P}, Ms) = Inc({P}, M3) = %
|nC({Q},M1) = |nC({Q},M2) = |nc({Q},M3) =3
|nC({P,Q},M1) = % |nC({P,Q},M2> = % |nC({P,Q},M3) = %

SoMicrolnc({ P}, ®) = 1/2, Microlnc({Q}, ®) = 1/2, andMicrolnc({ P, Q}, ®) = 1/2.

IR SN

N[00 =

We getMicrolnc(II, ®) = 0 when® is a finite set of finite models for a knowledgebase that is consis-
tent according to classical logic, and we géicrolnc(II, @) = 1 when® is a finite set of finite models
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for a “completely inconsistent” knowledgebase (i.e. a knowledgebase for which each model of the knowl-
edgebase, and for each atom in the language of the knowledgebase, the model satisfies the atom and its
negation).

Proposition 2. For all knowledgebased, and for all sets of predicate symbdlg if A I/ 1, and® =
{E | E € Models(A) and|Domain(E)| < n for somen € N}, thenMicrolnc(II, &) = 0.

Proof. ® is a nonempty bounded frame. Sinseé/ L there is anE’ € ® such thatnc(II, E) = 0. Hence,
Microlnc(II, @) = 0. O

The definitions ofinc andMicrolnc are quite general definitions characterizing inconsistency for several
reasons: they actually support the use of diverse logics (not just tolerant logics) for generating the models
of a knowledgebase, the definitions are based on frames rather than knowledgebases, and they are able to
focus attention on particular predicates rather than all predicates used in the knowledgebase or language,
thus providing a finer grained analysis of inconsistency.

6.3 Unbounded degree of inconsistency

Now we consider how to measure inconsistency in unbounded frames. An unbounded frame may contain
infinite bistructures; however, in the measure we define we consider only the finite bistructures in the

frame. In particular, this means that if the frame consists of the models of a knowledgebase, we restrict
consideration to the finite models. In the following definition we identify a function that for eaghN

gives the bounded degree of inconsistency for the bistructures with domain of cardinality

Definition 18. LetII be a set of predicate symbols, fetbe an unbounded frame, and for eacke N, let
®[n] = {E € ® | |Domain(E)| = n}. Thediscord function for (II, ®) is a functionf;® : N — [0, 1] such
that for eachn € N,

if ®[n] # 0, thenf (n) = Microlnc(TI, ®[n]), otherwisefy (n) = 0

So we can consider an unbounded frame as a sequence of bounded®fair{esch of which contain just
bistructures of domain size), then obtain the bounded degree of inconsistenc®|ef for each n, and
then represent this sequence of values by a univariate function which we call a discord function.

Example 10. LetA = {P(a),~P(a)}, Il = {P}, and® = Models(A). So, for alln, fF(n) = 1/n.

Example 11. LetA = {P(a), Jz.—~P(x)}, with ® = Models(A), andIl = { P}. Hence,f& (1) = 1, and
forall n > 1, f2(n) = 0 because in the second case we can always choose an element of the domain other
thana, sayb, for which—P(b) holds and there is no inconsistency.

The next two examples illustrate the effect of imposing a restriction on the models considered for a knowl-
edgebase.

Example 12. Let A = {P(a),~P(a), P(b),~P(b), P(c),—P(c)}, with ® = Models(A), andIl = { P}.
In this case, the models i with fewest conflicts are those where all constant symbols are assigned the
same domain object. Hence for all f£(n) = 1/n.

Example 13. Let A = {P(a),~P(a), P(b),~P(b), P(c),~P(c)}, with ® = UNAModels(A), andIl =
{P}. In this case, because of the uniqgue names assumption, the modeéssign each constant symbol
a different domain object. Hence there are no models of cardinality 1 or 2 and we offfinp = 0,
f2(2) =0,andforalln > 2, f¥(n) = 3/n.

Whilst in general, the discord functigff is just a summary of the inconsistency arising in the bistructures
in ®, for some frames, the discord function is particularly interesting for our purposes. To consider some
of these, we define the concept of a special type of rational function that we call a special function.
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I ={P} | I, ={Q} | I3 = {P,Q}

Ay | {P(a),=P(a) vV -Q(a), Q(a)} 0 0 3
Ay | {Va.P(x),Ya.~P(z) V ~Q(z), Ve.Q(x)} 0 0 !
As | {Yx.P(x) A =P(z),V2.Q(z)} 1 0 z
Ay | {Vo.P(z) A —P(2),V2.Q(x) A -Q(z)} 1 1 1
Az | {P(a) A =P(a),V2.Q(z)} 1 0 =
Ag | {Va,y.P(z,y) A =P(z,y),Y2.Q(x)} 1 0 Tt
Az | {3z,y.P(z,y) A =P(z,y), Ve, y.Q(z,y)} e 0 T

As | {P(a) N =P(a),Vo.Q(z) N =Q(z)}

Figure 1: Examples of discord functiofi§ such thatb is Models(A;) with different knowledgebases;
and with different sets of predicate symbdls. In each case, the discord function is a rational function.

Definition 19. A special functionis a functionr : N — [0, 1] of the following form where; andr, are
each a nonnegative and nondecreasing univariate polynomial function such that foeall 5 (n) # 0,
0 <ri(n) <rs(n),and

For some classes of frames, we can show that the discord function is a special function. In Examples 10
and 12 each discord function is a rational function. We give some further examples for discord functions
below and in Figure 1.

Now we define the unbounded degree of inconsistency as a special function for an important class of
unbounded frames.

Definition 20. LetII be a set of predicate symboisan unbounded frame, and I be the corresponding
discord function. Suppose that there is a special fundi§rsuch that (1) for alle < ng, f2(n) # hi(n),

and (2) for alln > ng, f3(n) = hE(n). We callh theunbounded degree of inconsistencfor (11, ®).

If an unbounded framé for II, written (®,II), has an unbounded degree of inconsistency, we call it a
smooth frame We also lefThreshold (k) be the lowest value for, whereng € N U {0}.

Examples 10 - 13 illustrate smooth frames. In particular, for Exampl&{@3;) = 3/n andThreshold(h{) =

2. The following example of an unbounded frame is not smooth.

Example 14. Let ® = {FE;|i € N} andlI = {P(1)}, whereE; = (D;,I;",1;) such thatD; =
{di,...,d;}, I/ (P) = {(d1)} and for the odd values af I, (P) = {(d;)} while for the even val-
ues ofi, I, (P) = (. In this case for the odd values of f%(n) = 1/n and for the even values of,
f2(n) = 0. Of coursel /n is a special function; however, there is no finite threshold to allow us to identify
it with £ after the threshold value.

If A is consistent according to classical logic, ahd= Models(A) thenh&(n) = 0 = f2(n), for all
n > 1, because for any such € N, either there is no model of size or there is a model of size
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with no collisions. We excluded the casef= 1 because of examples such as the consistent theory
A = {3z.P(x),3z.—~P(x)} that has a collision in a model of siZe In contrast, we can characterize a
“maximally inconsistent” model as follows.

Proposition 3. If for all n € N, f (n) = 1 = h{(n), then for each arityn predicate symbaP € II, and
forall £ € @,
EEVay, ., xm - P(x1, ooy xm) AP(x1, .y )

Proof. Sincefg (n) is alwaysl, every atom must be involved in a collision. ]

To illustrate how the unbounded degree of inconsistency can be useful, we give two examples of ontologies
presented in classical logic. As discussed in Section 2, we can adopt the following conventions: (1) A
conceptP is represented by a monadic predic&ter); (2) An individual ¢ that is a member of a concept

P is represented by a ground predic&g); (3) The relationship that the conceptis a subconcept of the
conceptP is represented byx.Q(z) — P(x); and (4) The relationship that the concépis disjoint with

the concepP is represented byz.Q(z) — —P(z) AVz.P(x) — —Q(x).

Example 15. Let A be the following set of formulae where instarmde member of disjoint concepts.

Ve.S(z) — R(z) Va.(Qx) — =S(x) AS(z) — -Q(x)) S(e)
Ve.Q(x) — P(z) Va.(P(x) — —R(x) A R(z) — -P(z)) Q(c)

IfII={P,Q,R,S} and® = ConceptModels(A), then for allE € P,

EREP() EFQE EERCO EkSe
Efk-P(c) EF-Q) EE-R) EkE-Se)

Hence, forallE € @, if |[E| = nthenMin({CollisionCount(II, E')}) = 4 andUniverseCount(Il, E') = 4n.
Thereforef (n) = 4/4n = 1/n for all n € N, and soh{;(n) = 1/n with Threshhold(h{) = 0. Note, we
get the same result if we repladéc) andQ(c) by 3z.(S(z) A Q(x)) in A.

Example 16. Let A be the following set of formulae where (1) states thHand U are disjoint concept,
(2) states thaf” and U are the same concept, and (3) states thatnd U comprise everything.

(1) Va.(T(x) —» ~U(z) ANU(z) — —T(x))

(2) Va.(T(z) = U(z) ANU(z) — T(z))
(3) Va.T(x)VvU(z)

If II = {T,U}, E € ® = ConceptModels(A), andd € Domain(E), then according to (3) eitheE =
T(d) or E = U(d) (or both). Assume w.l.g. thd = T'(d). Then by (1)E = —U(d) and by (2)E &
U(d). Applying (1) again yield¥® = —T(d). Hence, for allE € ®, Inc(IT, E) = 2n/2n. Therefore,
f2(n) = h¥(n) = 1, andThreshold(h%) = 0.

Example 17. Continuing Example 16, we exteddby adding the following set of formulae.

Ve.S(x) — R(z) VYa.(Qx) — ~S(x) AS(z) — -Q(x))
Vz.Q(x) — P(z) Vz.(P(z) — —R(x) A R(x) — —P(z))

Letll = {P,Q,R,S,T,U} and ® = ConceptModels(A). Now for anyE € & and for anyd €
Domain(E), it is possible to just mak& = —P(d), E E —-Q(d), E = —-R(d), and E = —S(d)
with no collisions for the predicate®, @, R, andS. Therefore,f (n) = h¥(n) = 2n/6n = 1/3, and
Threshold(h¥) =

As we showed in Example 14 not all unbounded frames are smooth. However, the following result shows
that if we consider all the models of a knowledgebaAsg@e. Models(A) ), or if we considetNAModels(A),

or if we considerConceptModels(A), then there is an unbounded degree of inconsistency foflamayd

hence such a class of models is a smooth frame.

17



Theorem 1. Let A be a knowledgebase, and [étbe a set of predicate symbolsd@if= Models(A), or if
® = UNAModels(A), or if & = ConceptModels(A), then(II, @) is a smooth frame.

Proof. We start with the case whee = Models(A) andII is the set of all predicate symbols ih.

It is known that for alln € N, ®[n] # () (where®[n] contains the models of size in ®). What is
needed is to show that the discord functif is a special function after a possible threshold value, i.e.
2 (n) = ri(n)/r2(n) wherery(n) is never0, for alln € N, 0 < r(n) < ro(n), andr; andr, are
univariate nondecreasing polynomial functions. Since foEadl ®[n], UniverseCount(II, E) is the same,
letro(n) = UniverseCount(Il, E) for someE € ®[n]. Clearly,r» can never b@ because the domains and

IT are not empty. Also, let; (n) = Min({CollisionCount(II, E)|E € ®[n]}). We have previously observed
that0 < Inc(II, E) < 1 for all IT and E, henced < r;(n) < r3(n) holds for alln € N. So we must show
that bothr; andr, are nondecreasing univariate polynomial functions. By definition both are univariate
functions. It remains to show that bath andr, are nondecreasing polynomial functions.

We start withro. We can actually comput&niverseCount(Il, E) for E € ®[n] as follows. Suppose
IT contains the predicate symba#y (m1),..., Px(my) (the arities are in parentheses). Therin) =
UniverseCount(II, E) = n™! 4+ ... 4+ n™*. This is a polynomial, although it may have to be simplified to
write in standard form. Clearly,, is nondecreasing.

Computingr; can be quite complex for an arbitraty. What we need to show is that is nondecreasing

and polynomial. It is clear that; is nondecreasing after a thresholdof= 1 because as we enlarge a
model by adding a domain element, the number of collisions cannot decrease. There may be a problem in
the special case of going from 1 to 2 elements, for exampli,# {3x.P(z), Jz.—P(x)}. So it remains

to show thatr; is a polynomial function. We do not give all the details here but explain the basic idea
through an example. At the end of this subsection we actually calculdte some special cases.

Consider the case whefe= { P(2)} and there are no constant or function symbols in the language. Recall
that to compute'; (n) we try to find the minimal number of collisions in a model of sizeéWe choose 4
statements id\ that cause collisions, taking care of all quantifier combinations (for arity 2):

(1) 3z, y.P(x,y) A - P(z,y)

(2) 3z, Vy.P(x,y) A —~P(z,y)

(3) Yz, Jy.P(z,y) A ~P(z,y)

AV, y.P(z,y) AN —P(z,y)

The minimal number of collisions for (1) is 1, for (2) and (3)isand for (4) isn?. What happens is that

for each argument an existential quantifier provides a multiplicative fdctanile a universal quantifier
provides a multiplicative factot. This does not change even if there is a mix of different quantifiers, such
as

(5)Vz,Jy.P(z,y) A Jz,Vy.—P(z,y)

However, we may have to subtract overlaps and recognize when there are no collisions such as for

(6) 3z, y.P(x,y) A Jz,y.—P(z,y)

(except for the case = 1 that we have eliminated). The important point is that every number we get for
collisions must bex’ for somei, where0 < i < Arity(P), including the number of elements in an overlap.
Adding and subtracting such powersroélways yields a polynomial.

Now suppose thdil contains the predicate symbdPs(m), ... Py(my) as given above. Then for aify;,

1 < j < k, the minimal number of collisions is calculated as aboveHa@xcept that now we get powers

of n up to the largest arity of the predicate symbols. So far, implicitly we have restricted our analysis to
conjunctions. In the case of disjunction, suclfas 6, V. ..V 6; we take the minimum number of collisions

in any of thed; 1 < ¢ < ¢, while implication can be rewritten using disjunction (and negation). In all cases
the calculation yields a sum of powerssofvith subtractions, also powers offor overlaps, and hence the
result is a polynomial. A similar argument workdfis a subset of the predicatesAn

Let us now consider the case where the language contains constant and function symbols. For the purpose
of counting collisions we can always interpret a function symbol as a constant function in which case it
has the effect of a constant symbol in counting collisions (as discussed in Section 2). So we need not deal

18



separately with function symbols. But a constant symbol has the same effect as an existential quantifier, so
for example,

(7) 3y.P(e,y) A=P(c,y)

gives the same number of minimal collisions as (1). This completes the proof for the case®wkere
Models(A).

We now show how this result extends to the other classes of types of models. Consider the case where
U = ConceptModels(A). If for all n € N, ¥[n] contains a model if@[n] with a minimal number of
collisions, then everything works as before. So let us consider how modé[gpfvith a minimal number

of collisions might not be inf[r]. The following formula illustrates what might happen:

(8)Vx.P(x) A —=P(x) AN =Q(x) A (P(z) — Q(x)

Consider a modeE of ® with minimal number of collisions, where for all € Domain(E), (d) €
IT(PYNI=(P)NnI=(Q)butd ¢ I'*(Q). There aren collisions. Howeverr; ¢ ¥. For E to satisfy the
requirement for a concept modélmust also be id ™ (Q). This requires adding collisions. In the general

case the number of collisions that must be added will again be a powesof- is still a polynomial.

Finally, we consider the case whefe= UNAModels(A). Let no be the number of different constant
symbols inA or 1 if there are none. Here the proof f@n] goes through fof'[n], n > na. Hence the
same result holds but wifhreshold(h}) = na — 1. O

Using the proof of this theorem we can show that when the knowledgebase is exclusively ground formulae
(i.e. there are no variables), then the numerator of the discord function is a constant.

Proposition 4. Let A be a knowledgebase which incorporates no variable symbols, ahtibeta set of
predicate symbols. b = Models(A), or & = ConceptModels(A), or & = UNAModels(A), then there
isanm € N, andng € N, such that for all. € N, wheren > ng, the numerator ofi (n) is m.

Proof. Clearly, A must have at least one constant symbol. Now recall from the proof of the Theorem 1 that
each constant symbol acts as an existential quantifier from the point of view of counting collisions. Also,
each existential quantifier yields a multiplicative factor of 1. Hence there are no terms in the polynomial
for 7, (the numerator) witl! for i > 0, so it must be a constant. We can actually get an upper bound on

as follows. If there are predicate symbols them < ¢ for & = Models(A) and® = ConceptModels(A),
because we can identify all the constant symbols with a single element in the domain of the model and each
predicate symbol causes at most one collision. Hgre= 0. The calculation is more complicated in the
case wher& = UNAModels(A) because all constant symbols must be interpreted as different elements
of D. SupposeA containsc constant symbols and the predicate symbols Byék), . .., P,(k,). Then

the number of collisions for anfy € ® of size > ¢ (there are no models of size ¢) must be at most

cft + ...+ ¢k« whose sum is the upper bound ferwith ng = ¢ — 1. ]

We can compare discord functions using the following ordering relation.

Definition 21. Thediscord ordering, denoted, is defined as follows, wherg® and /2, are discord
functions.

f2 < 2 iff there is ann’ € N such that for alln € N, if n’ < n, thenf2(n) < f& (n)

Intuitively, if f2 < f2, then(®, 1) is less or equally inconsistent wit’, IT’).

Next we show by examples that the discord function is not monotonic.

Example 18. Let A, = {P(¢)}, I = {P}, andA; = {P(c),~P(c)} and &; = Models(A;) for
i =1,2. Clearly®, C ®, and foralln € N, f32(n) < f'(n), SO we cannot havg>' < f72. Now
let ®, = Models(A,) for the A; given above an®; = {E | E € &, and|Domain(E)| is even}. Here,
®3 C Oy, but nowf7*(n) = 1/n for all n € N, while £ (n) = 1/n for all evenn and0 for all odd n.
Hence it is not the case thafi* < f3°.

This shows that in generak, C &, implies neitherf;* < f&2 nor 7> < f*. Note that®; is not a
smooth frame.
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Example 19. LetA,, A3, IT;, andIl3 be the examples in Figure 1. Heié; C II3. Let®y; = Models(As)
and 3 = Models(A3). We obtain for alln € N f{?(n) < fi*(n) and f{j*(n) < f;*(n). This shows
that in generalIl; C II, implies neitherf{? =< f nor fT < f{..

We noted in Example 18 th&t; is not a smooth frame. In fact, for smooth frames, the discord function is
monotonic in®.

Proposition 5. If ®; and®, are both smooth frames arieh C @5, thenf? < f2'.

Proof. Let &; C &, for smooth framesb; and ®, where the corresponding special functions h?{é
andhy?> with Threshold(hy') = n; and Threshold(hg?) = na. Letng = max{ni,ns}. Recalling that
additional models cannot increase the minimum number of collisions®jrp we obtain for alln > ny,
hi2(n) = f12(n) < hi'(n) = f'(n), hencef? < fat. |

For a knowledgebasa, let Con(A) = {T"' C A | T' I/ L} be the set of consistent subsetsafThe set of
maximally consistent subsets Afis defined as follows.

MaxCon(A) = {T' € Con(A) | forall I € Con(A)(T ¢ I")}

Also let Free(A) = [ MaxCon(A) be the set of formulae that are in all maximally consistent subsets of
A. These may be regarded as the uncontroversial formulaesince they do not appear in any minimally
inconsistent subset ak (where a minimally inconsistent subset Afis a subsel” of A such thatl is
inconsistent and for all” C T', I is consistent).

The following result shows that if a formutais not involved in any inconsistency ih U {6}, then adding
0 to A cannot make the inconsistencies/inworse.

Proposition 6. Let®; = Models(A), and®, = Models(AU{a}). If a € Free(AU{a}), thenf3> < f3*.
Furthermore, ifa: contains only nonlogical symbols ik thenfg2 = ﬁ’l.

Proof. Let Threshold(hg') = n{, and letThreshold(hi?) = n. SinceA € AU {a}, n3 > n{. So
for eachn > n3, Min({CollisionCount(Il, E) | E € ®;[n]} = Min({CollisionCount(IL,E) | E €
®,[n]}. Also for eachn > nZ, for eachE; € ®4[n], and for eachy € ®5[n], UniverseCount(Il, ;) <
UniverseCount(I1, E5). So for each € N, if n > nZ, thenMicrolnc(IT, ®3[n]) < Microlnc(IL, 4 [n]).
Hence,fl‘-ll>2 =< fﬁl. In casex contains only nonlogical symbols iy, then we havéniverseCount (11, E )
= UniverseCount(IT, Es), and Sofjy? = f3'. O

In the proof of Theorem 1 we gave a general argument to explain why the discord function is a special
function for a smooth frame. Now we give specific results for some special cases.

Proposition 7. Letty be a sentence of the fo@y z1, .., Qrxr. P(t1, ...ty )A\2P (L1, .., t,,) Where{zq, ..,z }
C{t1, ., t;m}, and{zq,..,zx} # 0, and eacht; € {t1,..,tm} \ {z1,.., 21} is @ constant symbol, and
Q1, .., Qr € {V,3}. If & = Models({¢}), andIl = { P}, then

di X ..xd

> et k

fii(n) = —am

where for eachl; € {di,..,dx}, d; = nif Q; is a universal quantifier, and; = 1 if Q; is an existential
guantifier.

Proof If ¢ is of the formQ1 x4, .., Qrzk.P(t1, .., tm ) A P(t1, .., tm ), then for each, there is arE’ € ®[n],

with a minimal number of collisions, such th@llisionCount(Il, E) = d; x .. x di, where for eacli; €
{ds,..,dr}, d; = nif @, is a universal quantifier, becausesnallomain elements are involved in collisions,
andd; = 1if Q; is an existential quantifier, because one domain element must be involved in a collision.
Furthermore, for alE € ®[n], UniverseCount(Il, E) = n™, thereforef® (n) = (dy x .. x di)/n™. O
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For example, consider = Vz,y, 32.P(z,y, 2) A= P(z,y, z). Sofor® = Models({¢'}), andIl = { P}, we
getf = n?/n3 = 1/n. Also consider)’ = Yy, 32.P(a,y,2) A =P(a,y, z). So for®’ = Models({¢'}),
andIl = {P}, we getf2’ = n/n3 = 1/n?.

Corollary 1. Lety be asentence of the fotiry, .., z. P(z1, .., 2k )A-P (1, .., zx). If ® = Models({}),
andIl = {P}, thenf2(n) = 1.

Corollary 2. Lety be asentence ofthe forfy, .., zx (P (t1, .., ti )AP(t1, .., t)). If & = Models({¢'}),
andIl = {P}, thenf2(n) = 1/n™.

Wheny is a sentence of the for@lxl, vy Qg Pty ooyt )ATP(t1, oy i )AP (), o th YASP! (), .00,
where{z1, ..,z } C {t1, .., tm, 1], .., t0, } and{z1, .., xx} # 0, and each; € {t,..,t,,} is either a vari-
able symbol or a constant symbol, aRd# P’, we can obtain the special function for the models of each
of the following using Proposition 7 and then sum them.

lelw'anxk‘P(tlw'a ) ﬁP(tla"atWL)
Qurts s Qe P/ (1, ) AP (£, 1)

For example, considep = Vz,y,3z.P(a,y,2) A =P(a,y,z) A P'(z,y,z) A =P'(x,y,z). So for®d =
Models({+}), andIl = {P, P'}, we getfy = (n + n?)/2n3.

Similarly wheny is a sentence of the for®@, 1, .., Qrxi. P(t1, .., tm) A 2 P(t1, ..o tm) A P(t, ., t0) A
—P(t], ... t,) where{z1,..,zx} C {t1, .., tm, 1], .., 1, } and{zx1,..,zx} # 0, and each; € {¢1,..,tm} IS
either a variable symbol or a constant symbol, we can obtain the special function for the models of each
of the following using the above result, then obtain the special function by taking their sum minus their
overlap.

lel,..,Qkxk.P(tl,. . )/\—\P(tl,..,t )

Q171, --anIk'P(tla' ) _'P( 150 m)
For example, considet = Vz,y,32.P(a,y,2) A =P(a,y,z) A P(z,b,2) A =P(z,b,2). So for® =
Models({%}), andIl = { P}, we getfg = (2n — 1)/n>.

6.4 Inconsistency in the limit for smooth frames

We now consider the limit behaviour of the unbounded degree of inconsistency for smooth frames. In
the limit, lim, oo fi = lim,—ooh, so it suffices to write only one of these functions. An advantage of
considering the limit is that we can identify a measure of inconsistency that is a rational numbdbiri the
interval. This provides a simple summary of the unbounded degree of inconsistency for a knowledgebase.

Theorem 2. If £2 is a discord function, an@ is a smooth frame, then there is a rational numbet [0, 1]
such thatim,, .. fg(n) = k.

Proof. Let £ be a discord function, and I€t be a smooth frame. By definition, there is@ansuch that
forall n > nyg, 2 is a special function. Therefore, there are polynontigls byn + ban? + ... + b,n? and
co + cin + can® + ... + ¢4n?, such that for alh > ny,

co+cin+con®+ ...+ cqn?

bo + bin + ban? + ... + byn?

Since,q = p or ¢ < p, we have the following two cases.

fii(n) =

co+cln+02n2+ .+ cpn c
If ¢ = p, then lim 2" _ 2 \wherec, < b
¢=p w00 by + byn + ban? + .. + by b, ="

co + cn + ean® + .. .+ cgn
If ¢ < p,then li =0
=P o bo + bin + ban? + ... + byn?

Therefore, there exists a rational numbet [0, 1] such thatim,, .« fg(n) = k. O
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Example 20. Returning to Figure 1, witHl = II3, the limits are as follows: forA;, As, and A,
lim,, . f =0, for Ay, Az, andAg, lim,, ., f¥ = 1/2, and forA4, andAg, lim,, . fi = 1.

Following on from Theorem 2, whelim,, ., £ (n) is non-zero, we have the following characterization
of conflicts arising.

Proposition 8. Let f be a discord function and a smooth frame such that for all > n,

® co+cn+con® + ...+ cpnP
fH (n) = 2
bo + bin + ban® + ... + bpynP

Then for allE € @, there is aP € Il such thatt |= Vx4, .., z,.P(z1, .., p) A 2P (21, .., Tp).

Proof. Since /¥ is a discord function for a smooth frame, for alt> ng, f = h is a special function.
Therefore, for alk. > ng, Microlnc(I1, ®[n]) is a special function, and so, for all> ng, Min({Inc(IL, E) |
E € ®[n]}) is a special function. This implies that for all> ny, the following is a special function:

., CollisionCount(II, E))

Mm({UniverseCount(H,E)) | B € ®lnl})

Since, for all n, for allE, E’ € ®[n], UniverseCount(Il, E') = UniverseCount(II, E’), we can rewrite the

above as
Min({CollisionCount(1l, E)) | E € ®[n]})

UniverseCount(II, F)

Thus,
Min({CollisionCount(I, E) | E € ®[n]}) = co + c1n + can® + ... + c,nP (1)
UniverseCount(IT, E) = by + byn + byn? + ... + byn? (2)
Using the proof of Theorem 1, (2) implies that there is an arity p predicate symlaoll, and therefore

from (1) and the fact that, # 0 and the highest power ef is p, it follows that for allE € @, there is an
arity p predicate symbaP € II, such thatl |= Vx4, ..,zp. P(z1,..,2p) A “P (21, .., 2p). a

The next result is basically the reverse of Theorem 2.

Theorem 3. If k € [0,1], andk is rational, then there is a smooth frandewith discord functionfg such
thatlim,, ... fg(n) = k.

Proof. Let k = s/t where0 < s < t. Letr;(n) = s x nandrs(n) = ¢t x n. Clearly,r; andr, are both
nondecreasing and nonnegative univariate polynomial functions such thatfat & (r1 (n) /ra(n)) = k.
Now we construct a knowledgebade such thatb = Models(A), andII is the set of all predicate symbols
used inA, so that

r1(n) = Min({CollisionCount(II, E)) | E € ®[n]})

r2(n) = UniverseCount(IL, E), whenE € ®[n]

Let IT havet monadic predicate symbols. So for amyand anyE' € ®[n],
UniverseCount(IL, E) =n x t

Then we continue the construction by puttingormulae intoA of the formVz.P;(z) A =P;(x) usings
different predicate symbols availablelih So, for anyn,

Min({CollisionCount(Il, E)) | E € ®[n]}) =n x s

Hence, for anyr, 71 (n) = n x s. By definition,Min({Inc(TII, E) | E € ®[n]}) = Microlnc(II, ®[n]) =
f2(n). Since for alln, (r1(n)/ra(n)) = s/t = k, lim,—o f (n) = k. a

Example 21.For k = 2/5,if A = {Va.Py(z)A—Py(z),Ve.Py(2) A= Pa(x) }, andll = { Py, P2, P3, Py, P5},
all unary predicate symbols, then for eaehr; (n) = 2 x n andrs(n) = 5 x n. Hencelim,, ., f¥(n) =
2/5.
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Proposition 9. Let A be a knowledgebase that incorporates no variable symbols, arid ket a set of
predicate symbols. b = Models(A), thenlim,, ., fg(n) = 0.

Proof. If A is a knowledgebase which incorporates no variable symbolsPandVodels(A), then there
is am € N, such that for alh € N, the numerator ok (n) is m (according to Proposition 4). Since, the
denominator of{ (n) is a nondecreasing and nonnegative univariate polynomial functienobfegree
at least 1% (n) converges to. a

So whilst(II, @) may be inconsistent for any finite bistructure, in the limit it may be consistent(may
be 0). Intuitively, this means that the “inconsistent part” of the knowledge becomes “infinitely insignificant”
in the limit. We use this result to give us the following nomenclature for a discord fungfon

Definition 22. For any ® andII, and for anyk € [0, 1],

(II, @) is kinconsistent in the limit iff lim,, . £ (n) = k.

So by Proposition 9, a knowledgebase without variable symbols is always 0-inconsistent in the limit.

Proposition 10. Let A be a knowledgebas#, a set of predicate symbols ahtl C IT whereIl’ includes
the predicate symbols oF of the highest arity. I = Models(A) then(II, ®) is k-inconsistent in the limit
iff (I, ®) is k-inconsistent in the limit.

Proof. By Definition 22, (II, ®) is k-inconsistent in the limit iffim,,_.., f&(n) = k, where the discord
function is £. Similarly, there is a discord functiof, for (II', ®) such thaflim,, ., f (n) = k’. Let
the highest arity of a predicate symbollinbep. Hence, there are polynomials+ cin + can?+ ...+ c4nd
andbg + bin + ban? + ... 4+ b,n? such that

o co+cln+02n2+...+cqnq
fn(n) = 2
bo + bin + ban —|—...+bpnp

and there is a polynomial + e;n + ean? + ... + e,n® such that

@ eo +en+esn® + ... +en’

fH/(n) = b 2
o+ bin + ban? + ... + b.nP

since the power of the leading term fdniverseCount does not change.
There are two cases.
(Case 1)k = 0. This means tha < p and henceb [~ Vi1, ..,2,.P(z1,..,2,) A 2 P(x1,..,2,) for any
arity p predicate symboP. This remains the case if some predicate symbols are removedTydrance
kK =0.
(Case 2) > 0. This means thag = p and hence there arg predicate symbol$’,. .., P, , such that
O = Vi, .., 2p. (P21, .., 2p) A 2Pi(x1,..,2p)) forall i, 1 < ¢ < ¢4. As long as all of these arity
predicate symbols stay i’, we obtains = ¢ = p andc, = e;. SOlim, oo fi (n) = lim,—. fo (n) =
k, proving the result. ]

Since we are primarily interested in measuring inconsistency in knowledgebases, the unbounded degree of
inconsistency, in the form of a special function, is an efficient way of describing and analysing inconsis-
tency in knowledgebases that have finite models. Furthermore, with the unbounded degree of inconsistency,
we can categorize the models for a knowledgebase as being either consistent in the ligit(i(3.or
inconsistent in the limit (i.ek > 0). Though note that the discord function gives a finer distinction than
thek in the limit: Consider for example two discord functiofignd f/ with the same limit but for which

2 < f1® holds (such as/n? and1/n).

6.5 Infinite degree of inconsistency

Now we turn to measuring inconsistency in bistructures with infinite domains. We have already argued that
infinite domains arise in diverse applications in artificial intelligence and computer science, such as when
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reasoning about temporal knowledge. Unfortunately, when we consider infinite domains, we are unable

to consider inconsistency as a ratio of the number of collisions in a model and the size of the universe.

Therefore we need to take a more abstract approach for extending our framework to analyse infinite frames
adequately. To this end, we introduce the macrotypes poset.

Definition 23. Themacrotypes poseis a poset(<,,, {oo', 00" }) whereo " <,,, cot We call<,, the
macrotype ordering and we call{cc ", co} themacrotypes

For each bistructure with an infinite domain, we assign a macrotype as follows.

Definition 24. LetII be a set of predicate symbols and iebe a bistructure such théDomain(E)| > N,.
TheMac function is defined as follows:

If ]Domain(E)| > X, and CollisionCount(I1, E) < Ry, thenMac(IL, E) = oo "
If IDomain(E)| > Ry, andCollisionCount(I1, E) > Ry, thenMac(II, ) = oo™

Intuitively, for the macrotypes, the superscriptdenotes the bistructure is “overwhelmingly consistent”,
and the superscript denotes the bistructure is “substantially inconsistent”,

Example 22. Let A = {Vz.P(z),Vz.-~P(x)}, II = {P}, andE € Models(A). If Domain(E) = N or
Domain(E) = R, thenMac(II, ) = oot.

Example 23. Let A = {Vz.P(z),Q(a)

-Q(a)}, I = {P}, andE € Models(A). If Domain(E) = N
or Domain(F) = R, thenMac(IL, E) T

A
oo .

Now we can provide a measure of inconsistency for infinite frames. The definition takes a credulous view
by using the bistructure in the frame with the minimum inconsistency according to the macrotype ordering.

Definition 25. LetII be a set of predicate symbols, afdan infinite frame. Letnfinite(®) = {E €
® | |D| > Ny}, whereD is the domain off. Theinfinite degree of inconsistencyof (II, ®), denoted
Macrolnc(II, ®), is defined as follows.

For E € Infinite(®),
if VE' € Infinite(®) (Mac(Il, E) <,,, Mac(I, E)),
thenMacrolnc(II, ®) = Mac(IL, E)

In order to better illustrate the measurement of the infinite degree of inconsistency, we consider some
simple examples of knowledgebases for representing and reasoning with temporal knowledge.

Example 24. For A = {Vz.(x < 5) — =P(z), Vz.P(x)} andIl = { P},

Macrolnc(II, CPModels(A)) = oo™
Macrolnc(II, CIModels(A)) = oot

The infinite degree of inconsistency is a function that is monotonic in both its arguments, as captured by
the following results.

Proposition 11. If II’ C II, and @ is an infinite frame, theMacrolnc(Il’, ®) <,,, Macrolnc(II, ®).

Proof. Assumell’ C II. So, for all E € ®, CollisionCount(Il’, E) < CollisionCount(II, E). Therefore,
for all E € Infinite(®), Mac(IT', E) <,,, Mac(II, E). Therefore Macrolnc(IT', @) <,,, Macrolnc(II, ).
O

Proposition 12. If ' C ®, and® and®’ are infinite frames, theMacrolnc(II, ®) <,,, Macrolnc(II, ®’).
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Proof. Assumed’ C ®. ForallE’ € &', thereisarE € @, (namelyE’), such thatCollisionCount(II, F) <
CollisionCount(IL, E"). So for allE” € Infinite(®’), there is arE’ € Infinite(®), such thaMac (11, E) <,,
Mac(II, E'). ThereforeMacrolnc(I1, ®) <,,, Macrolnc(II, ®'). 0
For knowledgebaseA that are consistent by classical logic (2t L) we have the following result for
the infinite degree of inconsistency.

Proposition 13. Let A be a knowledgebase and [Bt be a set of predicate symbols.Af t/ 1, then
Macrolnc(IT, Models(A)) = oo .

Proof. If A I/ L, then there is a moddl € Infinite(Models(A)) such thatCollisionCount(II, E) = 0.
Hence Macrolnc(IT, Models(A)) = oo ', i

Similarly, if a knowledgebase is “completely inconsistent”, then we have the following result for the infinite
degree of inconsistency.

Proposition 14. Let A be a knowledgebase and &t be a set of predicate symbols. If for dll ¢
Finite(Models(A)), Inc(IT, E) = 1, thenMacrolnc(II, Models(A)) = oco™.

Proof. Let ® = Models(A). If for all E € Finite(®), Inc(Il, E) = 1, then by Proposition 3, we must
have for allE € Finite(®), F | Vai,..,z;.P(z1, .., 25) A —~P(z1,..,2) for all P € II. Hence, for all
E € Infinite(®), CollisionCount(II, E) > R,. Therefore Macrolnc(II, Models(A)) = oo™ O

The following result shows that for any knowledgebdsethere is a “continuity” of the measurement of
inconsistencies going from the subfraffieite(Models(A)) to the subframénfinite(Models(A)).

Theorem 4. Let A be a knowledgebase and Bt= Models(A). If (II, @) is k-inconsistent in the limit,
andk > 0, thenMacrolnc(II, ) = oo,

Proof. By Theorem 1,(II, ®) is a smooth frame. LeflI, ®) be k-inconsistent in the limit and lét €
(0, 1]. Therefore there exists a discord functiffi(n) and polynomiald, + b1n + ban? + ... + b,n? and
co+cin+con®+ ...+ cgn?, ¢ < p, such that for alh > nyg,

+Cln+02n2—|—...+c n9 Tl(n)
hE(n) = fE(n) = =
n(n) = fi(n) bo +bin+ban?+ ... +b,nP  1o(n)

where
. co+cln+62n2+...—|—cqnq
k= lim

n— 00 bo —+ blTL —+ b2TL2 —+ ...+ prLp

Sincek > 0, it follows thatq = p. As shown in Proposition 8, the only way this is possible is if we have
at least one arity predicate symboP € II for which for all E € ®, E = Va1 ...z, P(21,...,2p) A
—P(z1,...,xp). Now, if we consider any € Infinite(Models(A)), thenCollisionCount(II, E') > X, and
soMacrolnc(II, ®) = co™. m|

However, if® is k-inconsistent in the limit, ankl = 0, then it is not necessarily the case theicrolnc(II, ®)
=o', asillustrated by the following example.

Example 25. Consider a language that has a unary predic&eand a binary predicate?. Let A =
{Vz.P,(z) A—=Py(z)}. Here® is 0-inconsistent in the limit bitlacrolnc(TT, @) = oo for I = { P, P, }.

7 Framework for measuring consistency

We can extend our analysis of inconsistency by also measuring “harmonies”. We view this as the comple-
ment toCollisionCount(II, E'), as explicated in the following definition for harmony.
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Definition 26. Let E be a bistructure, wher® = Domain(FE) and letII be a set of predicate symbols.

HarmonyCount(Il, E) = Z |Harmony(P;, E)|
P;ell

where for each arity: predicate symbaP;, Harmony(P;, E) = D™ \ Collision(P;, E)

We can now usélarmonyCount(II, E') as a second dimension, along wihllisionCount(II, E), to com-

pare models. We can use this for both finite models and infinite models, but for finite models, with
CollisionCount(II, E), we can calculatélarmonyCount(II, E'), whereas for infinite models, we cannot
calculateHarmonyCount(II, E) from CollisionCount(II, E).

Consider a finite model with 5 elements for a language with a unary predizadéed a binary predicate

R,. There are 5 atoms faR; and 25 forR,, altogether there are 30 atoms. Suppose that for this model
there are 4 collisions. Then there must be 30-4=26 “harmonies”. There is no need to deal separately with
the number 26 because if another finite model with 5 elements for the same language has 3 collisions, it
must have 27 harmonies and the second dimension is irrelevant for comparing harmonies.

The situation is different for infinite models. Suppose an infinite model for the same language has infinitely
many collisions. That does not tell us how many harmonies there are. Furthermore, suppdsehhat
infinitely many collisions and 0 harmonies, whil&;, has infinitely many collisions and 5 harmonies and

D3 has infinitely many collisions and infinitely many harmonies. It would be very reasonable to say that
Ds is the least inconsistent moddD, is next, andD; is the most inconsistent. To capture this idea, we
require the following notion of a profile.

For the rest of this section, we will only deal with infinite bistructures.

Definition 27. LetII be a set of predicate symbols, aftda bistructure. Theprofile of (II, E'), denoted
Pro(Il, E), is defined as follows.

Pro(I1, E') = (CollisionCount(II, E), HarmonyCount(II, E))

Using the profile function, we define an ordering relation over profiles as follows.

Definition 28. LetII be a set of predicate symbols, afd and E» bistructures. IfPro(I1, E;) = (a1, by)
andPro(I1, E5) = {as, bs), then theprofile ordering, denoted<ry, is defined as follows.

Fi <ng E5 iff a1 < as andbg <b
Also letE; <1 F> denote thaty; <;1 E», andE,; £ 4, and letE; ~p FE» denote thatt;, <p; E», and
Ey <n Ei.

Soif By <11 E», thenF; is less inconsistent than, or equally inconsistent wit,

Example 26. Let By = (Dy, I}, I7), B> = (Do, 15,15 ), and B3 = (D3, I3, I;) be such thatD; =
D>, = D3 =Nand

IF(P) = {(1),(2), (3), -} I (P) = {(1),(2),(3), ...}
IHQ) = {(1). (2)} I7(Q) ={}

Iy (P)={(1),(2), (3), .} Iy (P)={(1),(2),(3), ...}
I;(P) = {<1>’ <2>a <3>7 } I?T(P) = {<1>’ <2>’ <3>’}
Q) ={(1),(2,3),} 5(Q) ={2),0),4),..}



Hence,

So forll = {P}, Ey ~n E2 andEs ~p1 E3. And forIl’

CollisionCount({P}, E1) = Rq
CollisionCount({Q}, E1) =0
CollisionCount({P, Q}, E1) =Yg
CollisionCount({ P}, Es) = Rg
CollisionCount({Q}, Es) = Vg
CollisionCount({P, Q}, E2) =Yg
CollisionCount({ P}, E5) = Rg

CollisionCount({Q}, E5) =Yg
CollisionCount({P, Q}, E3) = Vg

HarmonyCount({P}, E;) =
HarmonyCount({Q}, E4
HarmonyCount({ P, Q},

HarmonyCount({ P}, E») =
HarmonyCount({Q}, Eg
HarmonyCount({P, @},

HarmonyCount({P}, E3) =0
HarmonyCount({Q}, E3) =1
HarmonyCount({P, Q}, E3) =1

{P7Q}! El <1 E2 andE2 <11/ E3_

We now focus on a particular class of frames, called equiframes, that are defined next.

Definition 29. A frame® is anequiframe iff for all E;, E; € ®, Domain(E;) =

Domain(E;).

In the following, we consider equiframdsfor which eachE € & is such thafDomain(E)| = Ry, and

give a definition for a profile for such equiframes. Some examples are given in Examples 27 — 3

can consider alternative types of equiframe, for example equifrdnfeswhich eachE € @ is such that

Domain(E) =

[0,1], in a similar way.

Definition 30. LetII be a set of predicate symbols anddebe an equiframe of bistructurds; | i € I}

where! is an index set and the domain cardinalitys. Let Pro(II, E;) = (a;,

a=Min({a; | ¢ € I}) and let

Theprofile of (II, ) is defined a®ro(II, ®) =
Example 27. For A; = {Vx.P(x),Vz.(x 2 6) — =P (z)}, let®; =

(6,Ng).

Example 28. For Ay = {Vz.P(z),Vz.~P(x)}, let®y =
Example 29. For Az = {Vz.P(x),Vz.Q(x) A

Example 31. Let ®5 be the frame{E;|i € N} whereE; = (N, I}, 1
I(P) = {(1),(2),(3), ..

i=1,23,.

.

Ro

PI’O({P, Q}a (1)3) =
Example 30. For Ay = {Vz.P(x)}, let &, = CPModels(A4). SoPro({P}, ®4) =

Max({b; | i € I})

if it exists
otherwise

(a,b).

CPModels(As). SoPro({P}, ®3) =
Q(z)}, let®; = CPModels(As).

b;) forall i € I. Let

CPModels(Ay). SoPro({P}, ®;) =

<N0’0>'

Pro({P}, ®3) = (0, Rg)
PI’O({Q}7©3) = <N070>
(Ro, Ro)
(0, No).
SN 1) ford = 1,2,3, ..

.} and byI (P)

{(G+1),(i+2),(@+3),..

to use the second line in the definitionbah Definition 30, and find thaPro({ P}, ®5) =
though noE; has infinitely many harmonies.

We can compare profiles using the following profile ranking.

Definition 31. If Pro(Il;, &) =

as follows:

F’I’O(l_ll7 @1

<G,1, b1>, andPro(HQ, (I)Q) =

) = Pro(Hg,qu) iff a1 < as andbg <b

. defined by

.}. This means that for all
. CollisionCount({ P}, E;) = Xg andHarmonyCount({P}, E;) = i. This is where we need

(No, No), even

(a9, ba), then theprofile ranking is defined

LetPI’O(l_[l7 ®1> < PI’O(HQ, @2) denote thaPI'O(Hl, CI)I) = PI’O(HQ, (1)2) and PI’O(HQ, @2) ﬁ Pro(Hl, (131)

E':ln('.“:’l’o(l_[l7 ‘1)1) ~

Pro(Ily, ®5) denote thaPro (114,

&) < Pro(Il, ®5) andPro(Il,, ®5)

27
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0. We



Clearly, < defines a total order.

Example 32. Using Examples 27 — 30, we get the following profile ranking.

Pro({P}, ®3) ~ Pro({P}, ®4) < Pro({P}, 1)
< Pro({P,Q}, ®3) ~ Pro({P}, ®5) < Pro({Q}, ®3) ~ Pro({P}, ®3)

In general, for an equifram® that is a set of models from a knowledgeba@sesuch asCPModels(A),
Pro(II, @) is minimal in the=< ranking whenA is consistent, an@ro(II, ®) is maximal in the< ranking
when for eactE € @, for all predicates® € I1, E |=Vzq, ..,z P(z1, .., xk) A P21, .., k).

Proposition 15. For equiframesp; and @, if &; C @5, thenPro(II, 5) < Pro(Il, ®4).

Proof. Let Pro(IT, ®1) = (a1, b1) andPro(II, 2) = (as, b2). Also letI; be the index set fob; and letl,
be the index set fod,. Since®; C ®,, we have thaf; C I,. So by Definition 30a,; < a; andb; < bs.
Therefore Pro(I1, ®5) < Pro(IL, ). O

So increasing an equifrani® monotonically decreasd¥o(II, @) in the < ordering. However increasing
IT neither monotonically increases nor decreddegIl, @) in the < ordering, as we show by referring to
Example 32 fords wherePro({ P}, ®3) < Pro({P, @}, ®3) < Pro({Q}, ®3).

The notions of harmony count, and of a profile, provide a potentially useful addition to our framework
for analysing inconsistent first-order knowledgebases. As we discussed above, for finite domains, we can
determine the harmonies for a bistructure from the collisions, but for infinite domains this is not possible.
So for finite domains, harmony count can be made explicit, and for infinite domains, harmony count pro-
vides further useful information for evaluating and comparing inconsistent knowledgebases as illustrated
in Examples 27 — 31. Furthermore, using the profile ranking (as illustrated in Example 32), we may for
example choose a knowledgebase for which its set of models are minimal in the profile ranking, if we are
seeking better (i.e. less conflicting and more harmonious) sources of information.

8 Tolerant logic generalizes Belnap’s logic

We now compare our presentation of tolerant logic with Belnap’s four-valued logic. We only deal with the
ground portion of FOL, because Belnap’s four-valued logic is propositionalj LetFormulae(£) be the

set of ground formulae iff that involve the—, v andA symbols. So i € G, thend contains no variable
symbols nor any quantifier symbols. An interpretation in Belnap’s four-valued logic is a truth assignment
that for the atoms off assigns a value iiT, F, N, B}, and for an arbitrary formulé € G, ¢(9) is defined

by the truth tables for Belnap’s four-valued logic given in Tables 1 to 3. The lattice ordering is given as
B>T,B>F,T>N,andF > N. In particularit(0) > T iff t(§) = Bort(d) =T.

Definition 32. Lett¢ be a Belnap truth assignment,; G — {7, F, N, B}, and letE be a bistructuret
representsE for all atoms ing iff for all atomsa € G, the following constraints hold farand E.

t(a) = Niff E £ aandE }~ —«
t(a)=Fiff B aandFE = -«
t(a) =TIiff E = aandFE [~ —«
t(a) =Biff E=aandFE E —«

Forf € G, the satisfaction relation for tolerant logic, given by coincides with the semantics for Belnap’s
four-valued logic as shown by the following result.

Theorem 5. Lett be a Belnap truth assignmett G — {T, F, N, B}, and letE be a bistructure such
thatt represents for A. For 6 € G,
t0)>Tiff E=0
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Proof By induction on the length

N T | B
-« | N |T|F|B

Table 1: Truth table for negation

| o | =
| to| | ||

NSz ==
|| M Ha
| N | || @

Table 3: Truth table for disjunction

of a formula. The base case is whesa literal. Thert(9) > T'iff E =

6 by Definition 32. For the induction we assume the inductive hypothesigthat> T iff E = « and
t(B) > T iff E = (. The following 5 cases exhaust all the possibilities and complete the proof.

Case 19 is of the forma A 3.

tlanp)>T

Case 29 is of the forma Vv 3.

tlavp)>T

Case 37 is of the form—(a A ).

t(-(anp) =T

iff t(o) > T andt(8) > T by Table 2
iff £ = «andE = ( by the inductive hypothesis
iff £ = a A ( by Definition 5

iff {(a) > T ort(8) > T by Table 3
iff £ = «orE | by the inductive hypothesis
iff E = oV g by Definition 5

iff t(a A B) > F by Table 1

iff t(o) > F ort(8) > F by Table 2

iff t(—a) > T ort(—8) > T by Table 1

iff £ = -« or E = -0 by the inductive hypothesis
iff £ = —(a A B) by Definition 5
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Case 47 is of the form—(a Vv ).

t(~(aVvp)>T iff t(aV ) > FbyTablel
iff (o) > F andit(p) > F by Table 3
iff t(-a) > T andt(—5) > T by Table 1
iff £ = -« andE = - by the inductive hypothesis
iff £ = —(aV B) by Definition 5

—~

Case 579 is of the form——a.

t(——a) > T iff t(a) > T by Table 1
iff E = « by the inductive hypothesis
iff £ = ——a by Definition 5

O

Whilst Belnap’s four-valued logic is a simple, intuitive and well-known proposal, there are some interest-
ing, though more complex proposals, that are variants of Belnap’s proposal, such as a proposal by Arieli
and Avron that has a preferential semantics which selects those models for a knowledgebase that are mini-
mal with respect to the assignment of tBdruth value [AA98]. These variants on Belnap’s proposal may

offer some useful developments of the framework for analysing inconsistent information presented in this
paper.

9 Discussion

The need to develop robust, but principled, logic-based techniques for analysing inconsistent information
is increasingly recognized as an important research area for artificial intelligence in particular, and for
computer science in general. This interest stems from the recognition that the dichotomy between consistent
and inconsistent set of formulae that comes from classical logics is not sufficient for describing inconsistent
information.

A number of proposals have been made for measuring the degree of information in the presence of incon-
sistency [Loz94, WBO01, Kni03, KLMO03], and for measuring the degree of inconsistency in information
[Gra78, Kni01, Hun02, Kni03, KLM03, Hun04, Hun03, GHO6, HKO6]. For a review see [HKOA4].

These measures are potentially important in diverse applications in artificial intelligence, such as belief re-
vision, belief merging, negotiation, multi-agent systems, decision-support, and software engineering tools.
Already, measuring inconsistency has been seen to be a useful tool in analysing a diverse range of informa-
tion types including news reports [HunQ6], integrity constraints [GHO6], information merging [QLBO05],
ontologies [MQHLOQ7], software specifications [BPF04, MJLLO5], and ecommerce protocols [CZZ04].

The current proposals for measuring inconsistency can be classified in two ways. The first approach in-
volves “counting” the minimal number of formulae needed to produce the inconsistency. The more formu-
lae needed to produce the inconsistency, the less inconsistent the set [KniO1]. This idea is an interesting one,
but it rejects the possibility of a more fine-grained inspection of the (content of the) formulae. In particular,

if one looks to singleton sets only, one is back to the initial problem, with only two values: consistent or
inconsistent.

The second approach (which includes the proposal presented in this paper) involves looking at the pro-
portion of the language that is touched by the inconsistency. This allows us taniside the formulae
[Hun02, KLM03, GHO06]. This means that two formulae (singleton sets) can have different inconsistency
measures. In these proposals one can identify the set of formulae with its conjunction (i.e {thg2ét

has the same inconsistency measure as thgssety’}). This means that the distribution of the contradic-

tion among the formulae is not taken into account.
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Recently, there has been a proposal to combine the first and second approaches in a unified framework
[HKO6]. The framework, based on coalitional game theory, supports inconsistency measures that are able
to look inside the formulae, but also to take into account the distribution of the contradiction among the
different formulae of the set, allowing for the identification of the blame/responsibility of each formula of
the knowledgebase in the inconsistency.

All the proposals discussed above are based on propositional logic, apart from [Gra78], which deals mainly
with infinite models, and [GHO06] which is based on a restricted form of first-order logic. So the proposal
in this paper, based on tolerant logic, is the first proposal for measuring inconsistency in first-order knowl-
edge. This potentially offers considerable advantages for applications in artificial intelligence and computer
science involving first-order logic.
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