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Abstract. Proposals for logic-based argumentation have the potential to be adapted
for handling diverse kinds of knowledge. In this paper, a calculus for representing
temporal knowledge is proposed, and defined in terms of propositional logic. This
calculus is then considered with respect to argumentation, where an argument is
pair (®, ) such that® a minimally consistent subset of a database entailing

Two alternative definitions of an argument are considered and contrasted.
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1. Introduction

Argumentation is a powerful tool for reasoning with inconsistent knowledge in a
database. There are many examples and types of argumentation (see reviews [1,2,3]).
These argumentation systems range in style from the abstract argumentation system of
Dung [4], through defeasible argumentation of Garcia and Simari’'s DeLP [5] to the clas-
sical logic approach of Besnard and Hunter’s argumentation system [6].

A common definition of an argument is a that of a minimally consistent subset of a
database that is capable of proving a given conclusion (eg [6,7]).

Definition 1.1. An argumentis a pair(®, ), such that:

(1) oL
2) oF «
(3) @ is a minimal subset of a databa&esatisfying (2)

We say(®, «) is an argument fory, with @ being the support of the argument, and
being the conclusion of the argument.

In this definition, classical propositional logic is usually used. However, to express
temporal knowledge, we need to extend this definition, and replace propositional logic.
One simple idea here is to use first order logic (eg [8]), but full first order logic is a
large step to take in order to express temporal knowledge where a simpler definition may
suffice. Hence, in this paper we consider some of the space between the established use
of propositional logic and the use of first order logic within the above definition.

With the replacement of propositional logic in definition 1-1and L may have
different meanings. This may provide problems, since for example established theorems



may no longer hold, or perhaps an inconsistent subset of the knowledgebase may still
prove to be useful as a support. However, these changes also present opportunities to ex-
pand upon the definition of an argument and broaden our horizons as to what an argument
could be.

To be more specific, this paper uses a calculus capable of expressing temporal
knowledge. However, this in turns brings more problems; types of temporal knowledge
are diverse, as are the methods of formalising them, and many possible logics and cal-
culuses are available, such as the event calculus of Kowalski and Sergot [9] or the tense
logic of Prior [10].

Before picking a method of expressing temporal knowledge, it is useful to consider
the type of knowledge we wish to express, and for this purpose we use the example of
business news reports, which for example could include phrases such, “Cisco Systems
announced year on year sales growth of 12% for Q1”. News reports are interesting for
several reasons; they can have conflicting information (usually in the form of several dif-
ferent sources providing different information), making them suitable for consideration
in an argumentation system. They also have a practical application in terms of provid-
ing knowledge for which decisions need to be made; for example, the above sentence
would provide useful information regarding a decision as to whether to buy Cisco stock.
Most importantly with respect to this paper, though, is that they draw heavily on tempo-
ral knowledge due to their day-to-day nature - what is true today may well not be true
tomorrow - as well as their inclusion of information concerning periods of time, such as
profitability in the current or previous quarter.

Given the use of news reports, we can identify several possible features that we
would wish to express in our database; most specifically that news reports concerning
business are frequently about properties that change over an interval in time, such as
recent sales growth or employment figures. We also require some measure of simplicity
if we are to use this with argumentation; since little has been done in the way of temporal
argumentation, we should choose a logic as close to the familiar as possible, and with as
few new features as possible. However, we also require a certain amount of expressive
power. Given these requirements, in this paper we propose a calculus built upon the ideas
of Allen’s interval logic [11]. Rather than using abstract intervals, and in keeping with
the desire for a practical system, we restrict the system to using specific timepoints.

Before we go into the definition of our calculus, it should be noted that there are
two other approaches to temporal argumentation can be found in the literature; that of
Hunter [12] and Augusto and Simari [13]. Both of these have a differing standpoint to
that presented here. Hunter’s system is based on maximally consistent subsets of the
knowledgebase, which are now not normally regarded as representative of arguments.
Augusto and Simari’s contribution is based upon a many sorted logic with defeasible
formulae, and hence also falls into a different category of argumentation, and the use of
many sorted logic raises similar concerns to that of using first order logic.

2. The calculus?T

In this section, we present the syntax of a calcdlusnd the machinery needed to define
the consequence relationy-.



2.1. Syntax

Since we are working with fixed timepoints, we can define a timeline as below.

Definition 2.1. A timeline is a tuple(T, <), whereT is a finite set ofimepoints, and=<
is a total linear ordering over these timepoints. The symb@ used such that < ¢,
iff £, <ty Aty # to.

Definition 2.2. An interval (on a timeline(T, <)) is a pair(¢;, t2) wheret; andt, are
both timepoints ifl", andt; < t».

Since a finite subset d&f and < are perfectly adequate, in this paper we shall use
this definition. Using this we can define relationships between fixed intervals (as noted
by Hamblin [14], with the remaining six relationships being the inverses of the first six).

Definition 2.3. Relationships between intervals are defined as follows:

(a, b) precedes(c,d) iff b < ¢

(a,b) meets(c,d) iff b= c

(a,b) overlaps(c,d) iff a < c < b < d
(a,b) during (c,d) iff c<a<b<d
(a,b) starts (¢, d) iff a = candb < d
(a,b) ends(c,d) |ff ¢ < aandb=
(a,b)

a,b) equals(c,d) iff a = ¢ andb =

For the letters of our calculu®, we have a set of properties, given belowcag
etc, but from a practical standpoint would be more lgades, profitsto represent the
sales or profits for the company in question rising. For each of these, we state whether
that property holds over an interval usifplds(«, ¢) for some interval, which may be
a variable or fixed interval; for example, if we want to say that sales have risen during
month 3, we could us& olds(sales, (2, 3)).

Definition 2.4. The syntax for the letters &f is defined as below.

symbol s= alBlyld...
timepoint == 0]1]|2]3...
varinterval = i|j|k...
interval = (timepoint,timepoint)
| varinterval
relation  ::= precedes | meets | overlaps | during
| starts | ends | equals
letter = Holds(symbol,interval)

| (interval relation interval)

We can combine these with the usual propositional connectives, ¢, and also for
convenience— and+«). This is not strictly a classical propositional language however,
due to the presence of variable intervals, and in the remainder of this chapter, we provide
a method of translation between this calculus and classical propositional logic.

Example 2.1. The following are formulae i



Holds(a, 1)
((Holds(a, i) A (i meetsj)) V =Holds(S, 7))
(((0,1) starts (4,7)) A Holds(a, (3,4)))

Note the third formula is acceptable according to the syntax, although it appears (and
will prove to be) a contradiction.

Within 7 formulae, all variable intervals are universally quantified over the entire
formula, hence a variable intervalrefers to the same interval throughout a formula,
although may be a different interval in a different formula.

2.2. Grounding

In order to work towards the conversion of formulae containing variable intervals into
formulae in propositional logic, we consider the idea of a grounding.

Definition 2.5. A 7 grounding (also just a grounding) is pajr, ©], wherea is a
formula in7 and© is a set (possibly empty) of substitutions (thbstitution sef), in
the formi/(a,b), wherei is a variable interval iry, (a,b) is any valid fixed interval
(hencea < b), and there is no other substitution foin ©. If © contains a substitution
for all variable intervals iny, then the pair is termed @mplete grounding otherwise
it is apartial grounding .

Example 2.2. Valid groundings include

[Holds(a,i),{i/(2,3)}]
[Holds(c, 1), 0]
[Holds(a, i) A (i meetsj) — Holds (63, 5),{i/(1,2),5/(2,5)}]

Given that we have a formula with a variable interval, we can consider the set of
all possible groundings of that formula; to define this we use the complete grounding
function.

Definition 2.6. Thecomplete grounding functionG¢ (®), whered is a set of7 formu-
lae, is defined such thétc(®) = Uyeq Go(6), andGe(¢) for a formulas is defined
such thalG(¢) is the set containing all complete groundingso].

On a similar note, we have the zero grounding function, which converts a formula
into a grounding, with no actual substitution done.

Definition 2.7. The zero grounding function G, (®), where® is a set of7 formulae,
is defined such that () = {[¢, 0] : ¢ € ®}.

For convenience, we extend the definition of complete grounding to be applicable to
entire sets.

Definition 2.8. The notation for the grounding functi@i-(®) can be extended to allow
groundings of existing groundings. Specifically, we stipulate that, for the function
from definition 2.6 the following additional rules hold:



e For any groundinde, O], Go([¢, ©)) is the set{[¢, 0] : [¢,0'] € Go(6),0 C
©’}. This is the set containing all complete groundings which are extensions of
the existing grounding.

e For any set of grounding®, Go (V) = Uyey Go(¥)

Using this function, we can convert a set of formulae, or an entire database, into a
set containing only completely ground formulae.

There are of course times when we wish to convert from a grounding back to a
formula in7, and we use th8ubst function, below. This simply takes each entry in the
substitution set, and replaces every occurrence of the variable with the fixed interval.

Definition 2.9. Thesubstitution function, Subst([«, ©]), where[a, ©] is a grounding,
returns a single formula’, such that, for eacty(a, b) € O, all occurrences ofin « are
replaced by(a, b) in o/

Some useful results concerning the complete grounding function can be observed,
showing that the application @f- does not cause any problems with set membership;
these results prove useful in later proofs. Firstly, we can apflyrepeatedly with no
effect.

Theorem 2.1. For any set o7 formulae®, Go (G (P)) = Go(Go(P)) = G (D)
Secondly, we can distribute into G¢.
Theorem 2.2. G (P) UG (¥) = G (P U P).

And as a consequence of this, we can show that the subset relationship is maintained
through complete grounding.

Theorem 2.3. Supposeb C ¥. ThenG¢(P) C G (7).

This demonstrates a useful property with respect to argumenisisfa minimal
subset of a databagk such that® entailsc, then we wish there to be a minimal subset
U C Ge(P) C Ge(A) such thatd also entailsy.

2.3. The consequence relatibr

For the consequence relationdn we define a translation into a classical propositional
language?”’, and then define 1 in terms oft- (i.e. the classical consequence relation).
We also need to add some predefined knowledge about interval relationships-jrso
that, for example(0, 1) meets (1, 2) is a tautology.

Definition 2.10. The languag€’ is a classical propositional language with the follow-
ing syntax for a letter:

symbol = a|f|v]d...

index = 0]1]2]3...

relation = precedes meets| overlaps| during
| starts | ends| equals

letter = SymbOZ(indew,indew)

| Telamon(index,index),(indeaz,indea:)



Wheresymbol is anysymbol in T, andindex is anytimepoint in 7 (and thus both are
of finite size).

Combined with the usual connectives, it is fairly simple to define a function which
converts from a completely ground formulaZnto 7.

Definition 2.11. The functionProp applied to a complete grounding results in a formula
in 7/, and can be defined recursively as below:

e Prop([a, ©]) = PropSub(Subst(a, ©))

o PropSub(Holds(c, (a,b))) = (ap)

e For any relation (egneets from definition 2.10),
PropSub((a,b) relation (c,d)) = relation q 4, (c,q)

e PropSub(—a) = ~PropSub(a)

e PropSub(aV () = PropSub(a) V PropSub(f)

e PropSub(a A B) = PropSub(a) A PropSub(3)

Definition 2.12. When Prop is applied to a seb of groundings inZ, the result is as if
Prop was applied to each member in turn fieop(®) = U e Prop(¢)

The second part of - requires knowledge of which interval relationships are “true”
and which are not. This is done by the getvhich contains this information.

Definition 2.13. The setl of interval relations id " U I'1, where:

e [T isthe set of all formulaé(a, b) relation (¢, d)) such thata, b) and(c, d) are
intervals,relation is a relation from definition 2.3 and the conditions @rb, ¢
andd from definition 2.3 hold.

e [ is the set of all formulae((a, b) relation (c,d)) such that(a,b) and (c, d)
are intervalsrelation is a relation from definition 2.3 and the conditionsarb,
c andd from definition 2.3 do not hold.

Example 2.3. The setl will contain formulae such ag0, 3) meets (3,5)) (in I ") and
—((0,7) before (2,4)) (in I+).

With the Prop andi, we can definé-.

Definition 2.14. Let ® be a set of formulae ifif and« a formula inZ. Then® 7 « iff

Prop(Go(®)UT) = Prop(/\ Ge({a}))

where [ is the set of interval relations given in definition 2.13 dnds the classical
consequence relation.

The use of A Go({a}) here is necessary in order to allow the functiBnop
to be applied shouldv contain intervals; effectively, we say that we can conclude
Holds(sales_rising, i) only if we can prove thatales_rising holds for every possible
interval (a, b).



3. Argumentsin7

Before we begin, we make two simple assumptions about databaged-irstly, for a
databaseé\ we assume that each subset®f(A) is given an enumeratiofuv, . . . «,,),

known as the canonical enumeration. Also, in a database, each entry is assumed to have
a unigue numerical label, and using this lakiél,_ 1) is shorthand for the database
entry 1 ground witHi/(0, 1)]. (1) is shorthand for the zero grounding of database entry

1.

3.1. Argument Definitions

We can alter the established definition of an argument (eg Amgoud and Cayrol [7],
Besnard and Hunter [6]) to work witi easily enough, with the definition of an un-
ground argument below.

Definition 3.1. An unground 7 argument (or just an unground argument) is a pair
(®, o), assuming a databage such that:

(1) 7l
2 Ptr«
(3) @ is a minimal subset of satisfying (1) and (2)

Example 3.1. Suppose we have the database (whefes denotes high sales):

1) Holds(sales,i) A (j during i) — Holds(sales, j)
2 Holds(sales, (0,8))

Then there is an unground argumeftl), (2)}, Holds(sales, (3,4)))

The example above is a case where we can exhibit the characteristics of Shoham’s
downward hereditary propositions [15], in that if we have high sales over an interval, we
can say that we have high sales in the subintervals of that interval.

However, as is indicated by the name unground above, there are alternate approaches
to the definition of an argument we can use, such as the definition of a database ground
argument below, so called because the database itself is ground before the argument is
taken.

Definition 3.2. A database groundZ argument (or simply database ground argument)
is a pair{®, o), assuming a databagg such that:

(1) 7l
2 dFra
(3) @ is a minimal subset of/(A) satisfying (1) and (2)

This gives two advantages, the first simply being that of a more informative support,
since we can state exactly which intervals we are using in place of the variables in the
support.

Example 3.2. Using the database of example 3.1, we have the following database ground
argument:



<{(1)i:(0,8),j:(3,4)a (2)}, Holds(sales, (3,4)))

However, there is another possible advantage over the simpler definition above, as
in the example below, where we can produce arguments that are not possible with the
above definition.

Example 3.3. Suppose we have the database:

(1) Holds(sales,i) — Holds(profits, i)
2 Holds(sales, (0,1)) A Holds(sales(1,2)) A —~Holds(profits(1,2))

Then, despite the fact that (1) and (2) are mutually inconsistent, there is a database ground
argumenK{(l)i:(O,l)v (2)}7 HOldS(p’f’OﬁtS, (Oa 1))>

This example is perhaps best considered with respect to news reports; the first for-
mula in the database would be part of background knowledge, and the second a news
report saying that a company has had good sales last quarter and this quarter, but profits
appear to be down.

We could also use a different grounding function; the support ground argument (so
called because the support is ground) uses the zero grounding function.

Definition 3.3. A support ground 7 argument (or just support ground argument) is a
pair (®, o), assuming a databage such that:

(1) @7l
(2) d "T (67
(3) @ is a minimal subset of/y(A) satisfying (1) and (2)

Example 3.4. Suppose we have the database:

@) Holds(sales,i) — Holds(profits, 1)
2 Holds(sales, (0,1))

Then there is a support ground arguméfitl), (2)}, Holds(profits, (0,1)))

In fact, a support ground argument is no different from an unground argument, as
formalized in the theorem below. Nevertheless, we use support ground arguments rather
than unground arguments as a comparison to database ground arguments, simply be-
cause the support of both support and database ground arguments consists of a set of
groundings, and so they are more directly comparable.

Theorem 3.1. (¥, «) is a support ground argument {fp, «) is an unground argument,
whereV is the sef{[¢, (] : ¢ € D}

While there are obvious similarities between the above definitions of an argument,
there is a tangible difference between database ground and support ground arguments, as
in the examples above; in example 3.3 there is no support ground argument. However,
we can show that that there are always at least as many database ground arguments as
support ground ones.

Theorem 3.2. Given a finite databasA, for every support ground argumet, o),
there is at least one database ground argurfient), such thatt C G (®)



3.2. Conservatism and Canonical Undercuts

The following section, and the theorems therein are adapted from Besnard and Hunter's
argumentation system [6], and indeed there is little difference; the addition of either
grounding function does not affect conservatism.

Conservatism is a way of finding relationships between arguments, and is used to
reduce the number of similar arguments we consider when making a point; a more con-
servative argument has a less specific conclusion and/or uses less information. The aim
of conservatism and canonical undercuts is to reduce the number of similar but valid
arguments we can use to attack another argument{fara — 3}, 3) we could attack
with both ({—a}, (e A a < 3)) and({—«a, a < 3}, =6), but these effectively make
the same point in their attack, so we prefer one over the other (in this case, the former
over the latter).

Definition 3.4. A 7 argument®, o) is more conservative thana7 argument¥, 5)
iff ® C ¥andgtr a.

Theorem 3.3. Being more conservative forms a pre-order on argumer#s Maximally
conservative arguments exist, these @rer ), whereT is any tautology.

Undercuts are arguments which undercut the support of another argument by con-
tradicting some part of their support.

Definition 3.5. An undercut for a7 argument{®, «) is a7 argument{¥, —(¢d1 A ... A
&n)) where{¢1,...,¢,} C ®.

Example 3.5. Given the formula
3 Holds(sales(1,2)) A =Holds(profits(1,2))

Then ({(3)}, 7(Holds(sales,i) — Holds(profits,i)) is an undercut for the support
ground argument of example 3.4. Note this is not an undercut for the database ground
argument of example 3.3.

While other types of defeater exist, such as the rebuttal and the more general de-
feater, undercuts can be shown, as in Besnard and Hunter’s paper [6], to be representative
of other defeaters, and so in this paper we simply consider undercuts.

Definition 3.6. A 7 argument ¥, 3) is amaximally conservative undercutfor another
T argument(®, «) iff (¥, 3) is a undercut of @, o) such that there is no undercut of
(®, ) which is strictly more conservative thaw, 3).

While maximally conservative undercuts are a good representative of many similar
undercuts, a canonical undercut solves the problem of doth,, =3}, —=(a A §)) and
({—a, -0}, —(8 A «)) being maximally conservative.

Definition 3.7. A canonical undercutfor a7 argument®, «) is a maximally conserva-
tive 7 undercuf{ W, =(¢1 A...A¢,)) such that ¢, ... ¢,) is the canonical enumeration
of @,



Example 3.6. Continuing example 3.5, the following is a canonical undercut for the
support ground argument of example 3.4:

({(3)}, ~(Holds(sales, (0,1) A (Holds(sales, i) — Holds(profits,i)))

Given the fact that the conclusion of a canonical undercut is always the negation of
the conjunction of the support (shown in [6]), we use the syntbinl place of this, as a
shorthand.

4. Argument Trees

As in Besnard and Hunter’s argumentation system [6,8], we can put sets of arguments
into argument trees, according to the definition below.

Definition 4.1. An argument treefor « is a tree where the nodes afearguments, such
that:

(1) The root node is an argument for

(2) For no node(®, 3) with ancestor nodeéd,, 81) ... (P, 8,) is @ a subset of
o U...UD,.

(3) The children of a nod&’ consist of all canonical undercuts which obey (2).

While argument trees may seem superficially similar for database ground and sup-
port ground arguments, and indeed the definition is identical apart from the type of
argument, the trees themselves are not always similar, and the example below sums up
many of the differences in both shape and size between database ground and support
ground argument trees.

Example 4.1. Considering the following database:

1) Holds(8,1) — Holds(a, 1)

2 Holds(a, (1,2)) A Holds(3,(2,3)) A ~Holds(«, (2, 3))
3 Holds(p,(1,2)) A Holds(6, (3,4)) A —=Holds(a, (3,4))
4 Holds(3,(5,6)) AN ~Holds(a, (5,6))

Suppose we wish to argue féfolds(«, (1,2)). We have the following support ground
argument tree:

{®@)}, HolcTiS(Oé, (1,2)))
{1}, 0)
/ AN
{3)},0) {#)},0)

We also have the following pair of database ground argument trees, the first with a root
corresponding to the support ground argument above, and the second having a root with
no corresponding support ground argument.

{®@)}, HolcTis(oz, (1,2)))  {B3), (1)i:(1,2)},TH01d5(0¢, (1,2)))

{(Diz23 1 0) {(Di=3z.4},0)



There is a very limited relationship between these trees; since for every database
ground argument there is a support ground argument, we know that there is at least one
database ground tree with the same root (or a related root) for each support ground tree.
We can take this slightly further, with the theorem below.

Theorem 4.1. For every support ground argument tree, there is a database ground
argument tree, such that for every brangh;, a), (®3,0), ... (P,,, ) In the sup-

port ground argument tree, there is a branch in the database ground argument tree
(U1, @), (Pa, 0), ... (¥, O) (wheren > 0) such that, for somg where0 < p < mand

p < n, the following holds:

(1) @, isthe last support (if any) i, . .. ¢, such that, for alf such thad < i < p,
®, is a set of only completely ground formulae.

(2) Forallisuchthatl <i <p, ¥, = ;.

(3) if p<nandp < m,then¥, 1 C Go(Ppt1).

Note that because of theorem 3.2, it follows directly that the number of trees with
the same conclusion in the support ground case can never exceed the number of database
ground trees.

Unfortunately, while database ground arguments have their advantages, they do have
additional problems. Consider the following example:

Example 4.2. Consider the database:

1) Holds(a, 1)
2 Holds(3,1)
3) Holds(8,1) — —Holds(a, 1)

In this database, suppose we form arguments with the concléisidiis(a, ). The sup-
port ground argument tree is very simple:

{(1)}, Holds(, 7))
T
{(2),(3)},0)

However, the database ground argument tree has a very large number of leaves; in fact
the leaf nodes are all nodes of the foff(2);—(4.5), (3)i=(a,»)}, ©) Wherea € T,b €
T,a < bandT is the set of timepoints; part of this tree is as below. The syGtak(1))
is used to represent the set containing every possible complete grounding of (1).

/(Gc((l)), HoldsT(a,i»
{2)iza.2), Biza 1, 0)  {(2)i=23): Bi=2,3)}: O)

Here, we can see an example of a tree with a potentially infinite width (it is not
actually infinitely wide, since there are a finite humber of timepoints, and so a finite
number of possible groundings). This is clearly an undesirable feature, and further work,
beyond the scope of this paper, examines possible solutions to problems such as these.



5. Discussion

In this paper we have discussed a way of encoding temporal information into proposi-
tional logic, and examined its impact in a coherence argumentation system.

We have shown that it is possible to use the standard definition of an argument, but
there are other possible argument definitions that arise through the use of grounding in
the definition of-r, the database ground and support ground arguments, and we have
shown that while the definitions of these are similar, there are differences, in particular in
the case of situations such as example 3.3 where there are no support ground arguments.

Although theorem 4.1 shows there is some comparison between the support ground
and database ground cases, when we put these arguments into the argument trees of
Besnard and Hunter, there are some significant differences, including different depths
and widths of tree or different numbers of trees.

While database ground arguments and support ground/unground arguments both
have their advantages, we do not consider that either is the “best” type, and each has their
own uses. In particular, example 4.2 shows that while there are benefits that database
ground arguments may provide over support ground or unground arguments, they also
have disadvantages. Nevertheless, we consider that, particularly with further work, the
use of grounding within the argument definition provides definite advantages and a useful
avenue of study for further work in temporal argumentation.
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