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1 Introduction

We study online algorithms associated with a general convex loss function and reproducing
kernel Hilbert spaces. To this end, we review necessary background material and established
notations for subsequent use. Let (X, d) be a compact metric space and Y a bounded subset
of IR. We shall learn a function f* from X to Y from random samples drawn according to
a probability measure p on the space Z := X x Y. One way to accomplish this is to specify

a loss function V' : Z — IR, and choose the function f* := fg/ to be a minimizer of the

generalization error E(f) := / V(y, f(z))dp(z,y) that is,
z

f;/ = arg min {S(f) : f is a measurable function from X to Y}.

We can easily identify the target function f;/ . Indeed, let px as the marginal distribution of

p on X and p(:|z) the conditional distribution for z € X, then we obtain that
f;/(x) = argmin/ V(y, t)dp(y|z), a.e., r € X.
tey Jy

Reproducing kernel Hilbert spaces are often used in the design of leaning algorithms. Let
K : X x X — IR be continuous, symmetric and positive semidefinite, i.e., for any finite set
of distinct points {z; : j € N;} C X, the matrix (K(x;,;)); en, is positive semidefinite
where we set Ny := {1,...,¢}. Such a kernel is called a Mercer kernel. The Reproducing
Kernel Hilbert Space (RKHS) Hg associated with the kernel K is defined (see [1]) to be the
completion of the linear span of the set of functions {K, := K(z,-): = € X} with the inner
product (-,-)x satisfying the requirement that (K,, K,)x = K(z,y) for all 2,y € X and

(Ky,9)x = g(x), reX, g€ Hxk. (1.1)

Now, one standard learning algorithm called offline regularized algorithm (see [9] e.g.)
associated with the Mercer kernel K and a set of random samples z := {z; = (z,y) : t €

Nr} C Z independently drawn according to p is given by

1 A
fox = ng puin {3 5 Vi o) + 51T | (12)

teENp

where A\ > 0 is called the regularization parameter.

The off-line algorithm (1.2) has been extensively studied in the literature. In particular,
its error analysis has been well-developed and can be found in [4, 12, 22, 13, 15, 16, 17, 19, 20].
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The essential idea of the analysis is to show that f,\ has an asymptotic behavior similar to

the reqularization function fY € Hy defined by
A
V. : Aven2
X =arg inf {S(f) +3 ||f||K}' (1.3)

Moreover, if we regard this regularization function fY € Hy as a good learner for the

Vv
p

step by step. To explain this fact, we introduce the reqularized loss function Q defined for
f €Hgk and z = (x,y) € Z as

target function we can then use the classical gradient descent method [3] to learn it

O/ 2) = Ox(f,2) = V(y, f()) + SISl

and the reqularized generalization error Q defined for f € Hyg

Qf) = 1) = [ Of,2)dol) = £(5) + S

For the purpose of presenting our algorithm for minimizing Q in Hg, we define the function
00 at f € Hi and z = (z,y) € Z by the formula

00(f,2) = V3(y, f(2)) Ko + Af

where V;(y,s) means the derivative of V' at the point (y,s) with respect to the second
variable. The Hilbert space valued random variable 0O(f, z) plays the role of the gradient
of the functional © defined above.

The classical gradient descent tells us that the following sequence { gt : gt € Hg,t €

Nr41} provides an approximation to f}

g1 = Oa
and for t € Ny (1.4)

Ji+1 = gt — Ut/ 90(gy, 2)dp(z) = g — 771:(/ Vz/(%gt(ﬂ?))KmdP + )\gt>.
Z Z

Unfortunately, the use of this algorithm requires a knowledge of the distribution p. However,
in practice it is unknown as we only have the random sample z. Hence, we are led to replace
the integral above by the random value V; (y;, f(2¢)) K,,. This gives us the so-called Stochastic
Gradient Descent (SGD) online algorithm [5, 10, 14] defined by

fl = 07
and for t € Ny (1.5)

Jeer = fo = (V3 (s fi(e)) Ko, + M)
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With this iterative method, we use fri; to learn f) and hence we can also learn fpV by our
remarks above. For each t € Nr,q, the function f; is in general dependent on the inputs
{zj : j € N;_1}. The algorithm (1.5) produces the learning sequence {f; : t € Ny} while
the offline learning (1.2) uses all the data immediately.

In this paper, we are mainly interested in the expectation over the random samples of

reqularized sample error
I frea = A\ Ik (1.6)

and we shall provide effective and useful upper bounds for this quantity. We turn our

attention to the description of our results.

2 Reducing the online scheme and Main results

Our error analysis of the online scheme (1.5) assumes a regularity condition on the loss

function.

Definition 1. We say that the loss function is admissible if V 1Y x IR — IR, is convexz,
differentiable with respect to the second variable, |V]y := sup |V (y,0)| < oo and Vi(y, s)
yey

locally Lipschitz continuous i.e. for any R > 0, there exists ¢ > 0 such that

V3 (y, s1) — Va(y, s2)| < c|s1 — sa| for all s1,80 € [-R,R] and y €Y. (2.1)

For simplicity, we denote the right derivative of VJ(y, s) at the point (y, s) with respect
to the second variable as V/(y,s). When V is admissible, it is easy to see that V(y,s)
is absolutely continuous as a function of s for every y € Y and V/(y,s) exists almost

everywhere. Therefore, there holds the equation

Vi(y,51) — Viy,55) = / V/(y,s)ds, ¥ 1,55 € IR.

52

We list below several useful examples of admissible loss functions.

(1) SVM g-norm (2 < g < 00) soft margin classifier with V'(y,t) = (1 — yt)%, see [18, 22, 4];
(2) least square loss V(y,t) = (y — t)?/2, see e.g. [7, 9, 14, 22];

(3) the exponential loss V(y,t) = e, see [22, 11];
(4)

4) the logistic regression V (y,t) = log(1 + %), see [22].



Now, we turn our attention to the estimation of the expectation over the samples of the
norm || fro1 — fY||x. To this end, we set R; := f; — fY and use the definition of the SGD

online algorithm (1.5), we obtain that

Riq1 =Ri — Ut(‘/zl(yt, fe(z)) Ky, + >\ft>
= Ry = me{ V(s fl)) = Vg, £ (@) e+ MFr = £) | = mdO(FY 20)
= (I = nA)R: — Uta@(f;/, zt) (22)

where the linear operator A; : Hx — Hp is defined for any g € ‘H;, as

Adg) = / VI (g 0Fi(e) + (1 — 0)fY (2))d0g ) Koy + Ag

and [ : Hxg — Hx is the notation we use for the identity operator.

We shall use this formula to establish the convergence of the SGD online algorithm (1.5).

Before we do this, we introduce the reqularization error D defined for every A > 0 by

D) = £() ~ () + DI 3 (2.3

Lemma 1. If V is admissible then f\ is the reqularization function if and only if
[ 90U 2o = [ Vit 1Y ) Eadp+ A =0 (24)
z z

and the norm of fY satisfies

1A 1k < V2D(V)/A (2.5)
Proof. The bound for f} can be easily derived from the inequality
D) = A20I£ %

For the proof of (2.4), we observe that the functional Q : Hx — Hp is differentiable and
strictly convex. Therefore, it has a unique minimizer which we have called fy. Moreover,
fY is determined by the fact that the gradient of Q at fY is zero. Indeed, it can be verified
for any f,g € Hg that

ha) —
tig LD =D [ g6 2)ap(2). )
- z
This proves the lemma. ([l



Before we are in a position to state our main results, we require additional notation.
Since IE(0O(fY)) = 0 by Lemma 1, the variance is given by o2 := IE(||0O(fY)]|%). We also
need the quantities x := sup,cx /K (z, ), [V']o := sup,ey |V5(y,0)],

M) = sup {Vfr'(y,s) Ly €Y, |s| < kmax{/2D(\)/, n|V’|0/A}} (2.6)

and

po(A) i= KZM(X) + A (2.7)

We can easily compute these constants for all admissible loss functions mentioned above.

Theorem 1. IfV is admissible, A >0, 0 <n < Mol(/\) and

Znt = 00, an < 00 (2.8)
=1

then
Tim B(| frer — £ 1) =0

For the step size 7, = O(t™?),t — oo we get the following convergence rates.

Theorem 2. If V is admissible, A > 0, u(X) > puo(X) and g, = W with 1/2 < 6 < 1 then
for T >4, E(|| fr41 — [V ||lx) is bounded by

8o <L>1/2T1/2—9 + {(GCQ(T) +V2) <;>1/2 + &(A))] e PoaT™" (2.9)

A \20 -1 p(A) \260 — 1 A
where
ﬁ for 0 € (3/4,1)
Co(T) = { n(%) for § = 3/4
=72 for 6 € (1/2,3/4)
and A
. S _ 1-0
Por = =g '~ )

Although Theorem 1 allows us to choose 1, = O(t=%) with § = 1, the resulting convergence

rate is unacceptably slow as we present in the following theorem.

Theorem 3. Under the hypotheses above and 0 = 1, then for T > 4, ]E(||fT+1 — f/YHK) is
bounded by
20 2DN)7/1\zy . 20 1
2| —=(1+CY(T — ||l = —_— .
[MA)( +Om) 57 () 1) VT



where

T = In(T + 1), oy = 1/2
21— (74 1) O] e (0,1/2) U (1/2,1).

We prove Theorem 1 in Section 3 and the proofs of Theorem 2 and 3 will be given in

Section 4.

The above theorems give us the convergence rate of the regularized sample error || f71 —
IV |l under the specific choices of step sizes. In order to get the whole leaning rate for the

excess generalization error

E(frs1) —5<f,§/): (2.10)

we should bias the regularized sample error and the regularization (approxiamtion) error
between fY and f;/. In the following, let us illustrate this approach for least square loss
V(y,s) = (y—s)?/2. In this case, the target function f;/ shall be denoted by f, and is given

for v € X by f,(z) == / ydp(y|z). Often, f, is referred to as the regression function.
Y

Consider the least square regression problem with Y = [-M, M| for some M > 0. The
approximation error between fY and f, is measured by | fY — f,| 12, (see [15, 17]). Tt
depends on the approximating property of Hy which can be characterized by the integral
operator Ly : L2 (X) — L3 (X) defined for any f € L2 (X) and z € X as

mmwzémemme.

Since K is a Mercer kernel, the operator Lk is positive, compact and symmetric. Therefore

the fractional power of the operator denoted by L?( is well-defined for any 0 < 3 < 1.

Denote C(X) as the space of continuous functions on X with the norm || - ||oo. Then the

reproducing property (1.1) tells us the following useful inequality

[fllee < kllflIx- (2.11)

Corollary 1. If V is the least square loss, f, is in the range of Lé for some 0 < B < 1,
S S (B+1)e _ 26+3 ,
0<e< %%’ \N=T"3"5 and n, = B 728+1 then there exists a constant ¢ > 0

such that for all T

K2+

1)"‘(‘3&2)_6 (2.12)

]E(HfTH - prLf%X> < c(?

This corollary follows from Theorem 2. We provide its proof here.



Proof. In order to apply the result of Theorem 2, we should first estimate the constants

appearing in the righthand side of the inequality (2.9). We first estimate D(A) and o.
Since Y = [—M, M], then |f,(z)| < M and

by 2
D) = E(FY) — £(f) + S i < £0) < =

Note that E(fY) < D) + E(f,), Vi(y,s)®> = 2V(y,s) and |[fY][x < /2B, then the

variance can be estimated as follows
7 = (00U < 26 [ V(o 1Y () dp-+ 2001

< a2 / Viy, 1Y (2))dp + 202 1Y 1%

< 4x*(D(N) + E(f,)) +4AD(N)
< AR+ X) (D) +E(f,)) < 10M?(K* 4 N).
Since V is the least square loss, we can choose p(\) = k% + X. Thus, there exists a constant

cp such that for all 0 < A\ < 1, we have that Dy, > cgA and Cp(T) < T%?2. Now applying

(2.9) of Theorem 2 with n, = ﬁt‘e for 6 € (1/2,1), we have that there exists a constant ¢;

such that forall 0 < A< land T >4

]E(||fT+1 - f)‘\/HK) S 1 ()\_ITI/2—9 + T3/2€_CO>\T1—0)'

Since f, is in the range of L%, by [17] there exists a positive constant ¢z such that for all
A>0

1A = follzz, < s\,

Therefore, for any 1/2 < 6§ < 1, there exists a constant ¢y such that

E([lfre = follzz, ) S B fra — A ez, + e = follez,)
<B(s(lfrer — £l + 15 = Fllz.)
< ¢ (/\—1T1/2—9+T3/26—CGAT1—9 +>\ﬁ>.

__1 e
For any 0 < ¢ < Tﬁ%, we select 6 = gg—ﬁ - %6 and A = 772G+ 75 and conclude that

there exists a positive constant ¢ such that

1\ 27—
IE<||fT+1 - fp||LgX> < C<f>2 o
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This completes the proof. U

In [14], the authors consider the following stochastic gradient method in Hilbert space
Hpy. Let the map A : Z — SL(Hg) be the vector space of positive definite symmetric linear

operators and B : Z — Hyg. They proposed the learning sequence

ferr = fe— (A fe) + By) (2.13)

to learn a stationary point f, satisfying
E.(A(2) + B(2))f. = 0

where for each t, A, = A(z;) and B; = B(z;). We also denote R; := f; — f. and rewrite the

above equation
Riy1 = ([ - ﬁtAt)Rt — T (At(f*) + Bt)'

Comparing this equation with Lemma 1, we see that the last term plays the role of 9O(fY, 2;)
in (2.2). Since f; depends on {z, : £ € N, 1}, the operator A, depends on the samples
{2¢ : £ € Ny}. Hence, it cannot in general be written as A; except for the least square loss

function.

In [10], the authors also considered the general regularized online scheme (1.5). When
the loss function V (y, s) is convex and uniformly Lipschitz continuous with respect to s € IR

for every y € Y, the step sizes is chosen to be 17, = O(t~'/2) and A > 0, then the authors
T

proved that the average instantaneous risk, 1 /TZ@( fi, z) converges to the regularized
t=1
generalization error Q(fY) with rate O(T~/2) as T — oo.

For classifying loss functions, convergence rates are recently given in [21]. However, the

methods used here are quite different than those presented there.

3 General Convergence Results

In this section, we shall prove Theorem 1. We begin with a bound for the learning sequence
{ft 't e NT+1}. In order to do so, we define the quantity

fio() 1= k2sup { V] (y,5) 1y € Y, [s] < w3V7]o/A} | + A

which is smaller than p(\) defined before.



Lemma 2. If V is admissible and the step size satisfy n, - fio(\) < 1, t € Npyy then

| fellx < K[V |0/

Proof. We prove this inequality by induction on ¢. Since f; = 0, the result is true for ¢ = 1.
We assume that the bound holds for ¢, and to advance the induction step to t+ 1, we rewrite

the iteration (1.5) as follows

1
fro1 = ft — 77t/ Vf(yt, th(ift))deft(xt)Kact — A fe — ntVQ'(yt, O)Kmt-
0

We introduce the linear operator A, : Hx — Hy defined for any g € Hy as

Ai(9) ::/0 VI (yi, 0 fi())dOg () Ko, + Ag (3.1)

so that
frer = (I = neAd) fi — 0V (91, 0) Ko, (3.2)
Since V' is admissible, we obtain for any g € Hx that

< Ai(9), 9 >x= Ml

By the bound for f} in Lemma 1 and the induction hypothesis, we conclude that the operator

norm of A, satisfies the inequality
[A < fio(A).-
Consequently, (I — ntflt) is positive and self-joint.

To estimate (3.2), we first show for any g € Hy that

(7 = neA) (9)llxc < (1= 1) gl (3.3)

Indeed, we define the operator

B, = A -
and observe that it is positive and its norm is bounded by 2 sup {Vfr/(y, s):yey, |s| <
/<;2IV’|0/)\}} by the induction hypothesis. Next, we rewrite the quantity ||(I — 7:.4,)(9)||%

as the expression

(1= meA)llgl% — 20(Bi(9) 9)xc + 20 MBi(9). 9)xc + 0 |1 Be )%

Note that
1B:(9)ll7 = (Bi(9), 9) ></ Vi (Y, 0 fo(4))AOK (4, 1) < M(N)R*(Bi(9), 9)
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which leads us to the inequality
1 = A (@) < (1= mN) gl — 2001 = mis(V)] (Bilg), ) (3.4)
Since (B(g), ¢)x > 0 and our hypothesis on the step size, we obtain (3.3).
The expression (3.2) together with the estimate (3.3) yields the bound
[ ferillx < (=M fellx + 5me[VV]o
< (1= N)EIV o/ A+ 5V |o
= k|V']o/ A
which advances the induction step and proves the lemma . 0
Lemma 3 below is proved in a similar fashion.

Lemma 3. If V is admissible and the step size satisfies ny - po(A) < 1 then

AN < po(A), 11— neA) ] < (1 —med).

k
T
For the next lemma, we define Al = Htfk(]_nt‘At) for k € Ny and Sy, = Z n;00(fY , 2;)

for all k € N. Also, we set AT, =1 and Sy = 0.

Lemma 4.
T-1

Rrer = ARy =) (AL — AL) Sk — Sr (3.5)

k=1
Proof. Recall that
Riv1 = (I — neA)Ry — 1, 00(fY , z)

and therefore by induction on ¢ that

T
Rrp = AR =Y Al 00(fY, 21). (3.6)

k=1

Since for k € N, 8, — Sp_1 = m0O(fY, zx), we can rewrite the second term of the above

equality as

'ﬂ

-1

Z Ak‘+1 — Sp-1) = (Ak+1 AZ+2)SI€ + Sr.

1

B
Il

This proves the lemma. O

Before we turn to the proof of Theorem 1, we also need the following intermediate lemma.
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Lemma 5. ]ont2 < oo then there exists a Lf,(HK)—valued random variable S, such that
t=1

Jim. E(||Sr — S.lx) =0.

Proof. Recall that Lemma 1 tells us that ]E(@@( ¢ )) = (. Since the samples are selected
ii.d., we have for any T,7" € N with 7" > T that

.
E(ISr = Splik) = > mmdBOO( %), 00(f, 24))x (Z 72 ) E(I0O ()5,
7,k=T+1 j=T+1

Since the step sizes satisfy Z 77]2 < 00, this means St is a Cauchy sequence in the Hilbert-
j=1
valued space L%(HK) which gives us the lemma. 0

With the above preparations, we can give the proof of Theorem 1.

Proof of Theorem 1. By Lemma 4 and Lemma 5, we get that

T-1 T—1
RT+1 :A{Rl - Z(-Ak;H -Ak;+2>< - S*) - (ST - S*) - Z(Ak-l—l Ak+2) — S
k=1 k=1
T-1
= AR =D (AL — AlL) (Sk = 8.) — (Sr = 8.) — AJS.. (3.7)
k=1

Using Lemma 3, we can bound the expectation of the Hx norm of the first term in (3.7) by

T

(AT Rul) < T = nN) I fillx < exp { =AD" 0 bl (3.8)

Jj=1

where we have used the fact 1 —x < e for all x > 0 in the last inequality. Thus the
assumption on the step size Z;’il n; = oo tells us that the upper bound in (3.8) tends to

zero when T — 00.

The expectation of the norm of the fourth term in (3.7) can be estimated as above,

namely

E([l47S.]lx) < exp{=AD_ n; }E(S.]|x) (3.9)

=2

which goes to zero as T' — oc.

By Lemma 5, the expectation o f the norm of the third term IE(||Sr — S.||x) tends to

zero as T — oo .

12



Hence, it remains to estimate the second term. By Lemma 5, we know that for any € > 0,

there exists a positive integer T3 such that, for all £ > T} there holds
E(|Sy — S.lx) <e. (3.10)

Hence, we can decompose the expectation of the norm of the second term in (3.7) into two

parts
B3 (AL, — AT (S~ S.)lx) < S (AL — ALL) (86— S.])
Y B(AL, - AL S - SO, (3.1)

Using Lemma 3, we know that

||<Ak+1 Ak+2) (3 )||K = an+1~Ak+1Ak+2<S 5*)HK

T

< o) [T 0= mN) IS = Sk (3.12)
J=k+2

It implies that the first part of the righthand side of (3.11) is bounded by
(A) exp{—A Z n; } an+1IE 1Sk — Sillk) (3.13)
7=T1+2
which tends to zero as T' — oo.

We treat the second part in the upper bound of (3.11) by the observation that

T-1
Z I (| (Ak—i-l Ak+2)( S < epo(A Z H MMt + 77T]
E=Ty41 k=T1+1 j=k+2

Hence, the upper bound in (3.11) will tend to zero as T' — oo if we prove that

supz H M) M1 < 00. (3.14)

k=1 j=k+2

In order to do so, we first note that A\n; <1 and g A =1 — (1 — mg41A). Therefore, (3.14)

13



is dominated by

T2 T (T2 T
" H (L= mA) A = X H (=) [1 = (1 = maN)]
=1 j=k+2 k=1 j=k+2
(T2 T T
=<2 TTa=nn = IT a=n)]
k=1 j=ki2 j=k+1
1 d 1
= X[(l —xpr) = [ [ =mN)] < 3
j=2
This completes the proof. O

4 Convergence Rate Analysis
In this section, we give the explicit convergence rate of || fro1 — fV ||k for specific step sizes
ne = O(t7?%). Let us first give the proof of Theorem 2. Specially, we prove the following facts.

Lemma 6. If V is admissible, n; = ey )9 with 1/2 < 0 <1 and S, as stated in Lemma 5
then there holds

E(]S.|%) < M;j(i) (%) (4.1)
and
E([|Sy — S.lk) < ; (A) (%)kl‘%- (4.2)

Proof. Since we have for any [ > k that

l
E(|S: = Sillk) = > mnyEOO(f %), 00(f) . 2)))

G’ =k-+1

1
— g2 Z 77] < m)kliw’

j=k+1

the inequality (4.2) follows from the observation IE(||S), — S.||%) < lhin E(|S: — Sill%)-

Note that

) o 90 o Lo g 20
E((lSi%) < 120\ ZJ = ,uz(/\)(lJr/l v dr) < MQ(/\)(%— 1)'



This in connection with IE(||S, %) < llim IE(||Si||%) implies the first inequality (4.1). This
— 400

proves the lemma. O]

We shall also use the following estimation. A modified form was given in [14].

Lemma 7. If0 < v < 1 then the quantity Zexp { —v Z } (k+1)" 01129 45 bounded

j=k+2
by
SVAT—0+1/2 4 6Cy(T) exp{ A } 0e(1/2,1)
4C,(T)T, =1
where
= 6 e (3/4,1)
Co(T) == { In(%) 0 =3/4
TP e (1/2,3/4)
and

T+1 In(T" +1), v=1/2
C,,(T) = / $_3/2+le' _ 2( ) o /
! m[l—(TJrl)‘/*”}, v e (0,1/2) U (1/2,1).

Proof. Denote

~

-2

I= exp{ —v Z j_e}(k: + 1) 0,12, (4.3)

1 j=k+2

For any 0 € (1/2,1), observe that for any k£ > 0, there holds

ij‘ez/

iThie k+2

=
Il

T+1

o0ds = (ﬁ) [(T S0 (ke 2)1—9} . (4.4)

Since (k + 1)7%k1/270 < %g(k +2)Y272 for any k > 1 and 1/2 < 6 < 1, we have

3v/3 {

I<—
=5 exp

T
v 179} { v 179} 1/2-20
—5(T+1) ;exp Tk gk .

For = € [k, k+1] with & > 2, we have k'/2720 < 241/2720 and exp{ﬁkke} < exp{f”exlfa}.
Then

I< 6exp{ - m(T—i— nHt- 0} /2T+1 f(z)dz (4.5)

where we set f(x) —exp{ V@xl 9} 1/2-20

15



To estimate the integral, we decompose it into two parts

T+1 T+1 T/2
/ flz)dx = / f(x)dx + f(z)dx. (4.6)
2 T/2 2
Since
T+1 T+1 y
/ f(z)dx < \/§T1/2_9/ z~? exp{ xl_e}dx
T/2 T/2 1-46
V2, v
< V12— 1-6
< X1 exp{l_e(T+1) } (4.7)
and
e e 1/2-26 v 1-6
< - _
/2 f(z)dx < (/1 x dx) exp{—l_e(T/Q) }
v
< (T exp { T (T/2) "} (4.8)
where
s for 6 € (3/4,1)
Co(T) :== < In(%) for 6 =3/4
=T for 0 € (1/2,3/4).

Putting the estimates (4.5), (4.6), (4.7) and (4.8) together, we get the first assertion of

Lemma 7.
For § =1 and v € (0, 1), we have for any 0 < k < T — 2 that
T T+1

’Z it > / e = In(T 4+ 1) — In(k + 2). (4.9)

k+2

Hence, we see that

T2
I< 3—\2/§<T+ )Y (k42 <

k=1

W
1\3%
W

T
(T + 1> / sty
1

The observation that

In(T + 1), v=1/2

T+1
C,(T) := / 3y = ) Y.
| 21— (T+1) } ve(0,1/2)U(1/2,1)

completes the proof of the lemma. O
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To this end, we are in a position to prove Theorem 2.

Proof of Theorem 2. To estimate the explicit rate, we will follow the proof of Theorem
1. Recall the equality (3.7)

T-1
Rri = AR — Z(Ak+1 AL ) (Se—8) — (Sr—8) —ALS, := L1 + L+ I3+ 1,. (4.10)

k=1
We shall estimate the four terms on the righthand side of (4.10) one by one.

Applying (4.4) with £ = 0, we know for T' > 4 that

1— 2071
d it ——1"" (4.11)

, we know from the estimates

Since I(]|S. | x) < 255 (5227) " by (4.1) and [|f]|x <
(3.8) and (3.9) that

E(4llx) + E(llx) < (1l + E(IS. 1) ) exp { - :&Z—f_;iw}

(5 () Bty

where we set Dy ) : _2((&)(210 ;))

The expectation of the norm of the third term in (4.10) is immediately from Lemma 6
by Cauchy-Schwarz inequality

g 1 V2 12—
Bl < 055 (g5 —) T (4.13)

We shall use lemma 7 to estimate the expectation of the norm of the third term in (4.10).
Indeed, it is bounded by

T-2

E(I1%2)x) < B( Y mecal el AL 1Sk = Sollic) + pOnrE(1Sr-1 = Sullic ). (4.14)
k=1

By Lemma 3 and Lemma 6, for any 6 € (1/2, 1], the above upper bound is dominated by

B e O B R

H j=k+2
2 \1/2
+ <ﬁ) 7120, (4.15)
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Since A < u(\), we apply Lemma 7 with 0 € (1/2,1) and v = ﬁ to the righthand side of

the above inequality which implies that

To 2 1/2 60 1 1/2 1-6
E(|Ll|x) < — (=) TV 4 22 (=) " 0y(T) e P, 4.16
(H2lli) < 3 (29—1) * u()\)<29—1> o(T) e (4.16)

Combining with the bounds (4.12), (4.13) and (4.16), we conclude that for any 6 € (1/2,1),
E(||fr+1 — fY || x) is bounded by

870 (%) Vo, |:(600(T> + ﬂ)ﬁ (291—_1)1/2 + M] e DonT"™?,

This completes Theorem 2. O
We turn our attention to the proof of Theorem 3.

Proof of Theorem 3. Let us estimate the four terms on the righthand side of the equality
(4.10) one by one.

Using (4.9) with k& = 0, then for 7" > 2, there holds

T
T+1

St em (T

, 2

Jj=2

Therefore, the estimates (3.8), (3.9) in connection with the bounds of (2.5) and (4.1) imply

that
B(Inl+ 1) < [Yo0 4222 (o)™

Lemma 6 gives us the estimate for the expectation of the norm of the third term in (4.10)

as follows
o
IE<||13 |K) < 7 e,
) = 5
By Lemma 7 with § = 1 and v = ﬁ, it yields from (4.15) that

-2 T
[E(H[2||K> < @T_l/z—i—izexp{ — L Z j_l}(k+1)_1l{:_1/2
k=1 j

(A) (Ao < nN) 4,
< \/§JT_1/2 N 40C'(T) (l) ey)
(A p(\) \T
where
: In(T" + 1), 25 =1/2
I =1 —1/24A/u(N) A
)2 [1 —(T+1) } o € (0,1/2) U (1/2,1).

18



Combining with all the above estimates, we see that

20 2D(MN) 1/ 1\my . 30 1
IE — 1Y <2|——(1 "T — 1= —_
This completes the proof of Theorem 3. ([
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