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Abstract— We study the problem of multiclass clas- number of classes, where each class is considered
sification within the framework of error correcting  as “positive” in one and only one dichotomy.
output codes (ECOC) using margin-based binary ynicq)ly the binary classifiers are trained indepen-

classifiers. Specifically, we address two important .
open problems in this context: decoding and model dently but a few recent works [3], [4] considered

selection. The decoding prob|em concerns how to map also the case where classifiers are trained simulta-
the outputs of the classifiers into class codewords. In neously. We focus on the former approach although
this paper we introduce a new decoding function that some of our results may be extended to the latter
combines the margins through an estimate of their one

class conditional probabilities. Concerning model se- Dichotomies can be learned in different wavs
lection, we present new theoretical results bounding : ! : : ways.

the leave-one-out error of ECOC of kernel machines, In this paper, we are interested in the case of
which can be used to tune kernel hyperparameters. margin-based binary classifiers, as induced by a

We report experiments using support vector ma- fairly large class of algorithms that include support
chines as the base binary classifiers, showing theactor machines (SVMs) [5], [6], but also classic

advantage of the proposed decoding function over . .
other fu%ctions ofpthg margin comnqlonly used in Methods such as the perceptron [7] and its variants

practice. Moreover, our empirical evaluations on [8]- _They all learn a real-value_d functiofi(x) of
model selection indicate that the bound leads to good an instancer, called the margin ofr, and then

estimates of kernel parameters. take the sign off (x) to obtain classification. The

Index Terms— Machine Learning, Error Correct-  theory developed by Vapnik [6] shows that when
ing Output Codes, Support Vector Machines, Statis- f belongs to a reproducing kernel Hilbert space

tical Learning Theory. H, generalization is related to the norm ¢fin
‘H or, equivalently, to the margin of which can
|. INTRODUCTION defined as the inverse of its nofniTherefore, it

M hine | . lqorith ._._.may be expected that methods such as SVMs, that
any machine learning algorithms are IntrInSI'attempt to maximize the margin, will achieve good
cally conceived for binary classification. However

. . - generalization. This setting is general enough to
in general, real world learning problems requir

hat i di ¢ | i ccommodate nonlinear separation and non-vector
that inputs are mapped into one of several possi ta, provided that a suitable kernel function is

categories. The extension of a binary algorithm t9sed to define the inner productt, see [9], [10],
its multiclass counterpart is not always possible fll] 6], [12]

easy to conceive (examples where this is possib €\When using margin-based classifiers to imple-

are decision t_rees or prototypes mgthods S_UCh ﬁf%nt a set of dichotomies for multiclass problems,
k—negrest nelghbours). An aIt_ernauve cons!sts the input instance is first mapped to a real vector of
reducinga multiclass problem into several b'narymargins formed by the outputs of the binary clas-
sub-problems. A general reduction scheme is gqerg A target class is then computed from this

information theoretic method based on error COliector by means of a decoding function [1]. In this

recting output codes (ECOC), introduced by Dietseing we focus on two fundamental and comple-

terich anq Bakiri [1] a_nd more recently e_xtended iI?nentary aspects of multiclassification, namely (1)
[2]. The simplest coding strategy, sqmetlme_s CaII'E'\f\jrhich strategy should be used to “decode” the real
one-hot” or “one-vs-all’, consists in defining as,octor of margins to obtain classification, and (2)
many dichotomies of the instance space as e, g study the generalization error of ECOC and
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that the output of each binary classifier was hound leads to good estimates of kernel parameters.
boolean variable, and the decoding strategy wasThe paper is organized as follows. In Section
based on the Hamming distance [1]. However, il we shortly review the theory of ECOC and the
the case that the binary learners are margin-basassociated loss-based decoding methods. In Section
classifiers, Allwein et al. [2] shown the advantag#ll we introduce a new decoding function based
of using a loss-based function of the margin. llon conditional probabilities and give a theoretical
this paper, we suggest a different approach whighstification of its validity. In Section IV we extend

is based on decoding via conditional probabilitiethe bound on the leave-one-out error to the case of
of the outputs of the classifiers. The advantagesulticlassification. Finally, in Section V we em-
offered by our approach are twofold. Firstly, thepirically validate the usefulness of the theoretical
use of conditional probabilities allows to combingesults presented in the paper.

the margins of each classifier in a principled way.

Secondly, the decoding function is itself a class ||. BACKGROUND ON ERROR CORRECTING
conditional probability which can give an estimate OUTPUT CODES

of multiclassification confidence. We report exper-

, formed by joining non overlapping subsets
- . of classes. Assumin@ classes, let us introduce a
Concerning the second aspect of multlclassxboding matrix” M € {—1,0,1}2%5 which spec-
fication with margin-based classifiers, we begifk. o ™ alation i
by observing that the kernel function typicallym
depends on hyperparameters that are treated tg%él
constants by optimization approaches like SVM
However, since they constitute additional degre
of freedom, their choice should be controlled i
order to prevent overfitting. Determining hyperpa

rameters is often distinguished from the estimatio

between classes and dichotomies.
=1 (mgs = —1) means that points belonging
assq are used as positive (negative) examples
Yo train the s—th classifier fs. Whenmg, = 0,
ints in classg are not used to train the—th
lassifier. Thus each clagss encoded by the—th
row of matrixM which we denoted byn,. During

fth h imized by a | .Prediction a new input is classified by computing
of the parameters that are optimized by a leaminge \actor formed by the outputs of the classifiers,

algorithm. The problem is also known asodel £() = (fi(2),..., f+(x)) and choosing the class
selectionin statistics and machine learning, Wher%vhose corres’pon,ding row is closest f6r). In

several early criteria have begn proposed (seg, €&y doing, classification can be seen as a decoding
.[13]’ [14], .[1.5])' Model selection usually ConS'StS]pperation and the class of inputis computed as
in determining the value of a very small set o

hyperparameters. In this case, it can be carried
out by calling as a subroutine a learning algo-

rithm that receives hyperparameters as constafhered is the decoding function. In [1] the entries
input arguments. Recent methods for tuning severgy matrix M were restricted to take only binary

hyperparameters simultaneously include gradiegij,es and thel was chosen to be the Hamming
descent [16] and sensitivity analysis [17]. Thejistance:

former method consist in choosing a differentiable s .
mo_del sel_ection (_:ri_terion and searching a global d(m,, ) = Z Imgs —s1gn(fs)|. (1)
optimum in the joint space of parameters and p 2

hyperparameters. The latter works by iterativelwhen the binary learners are margin-based classi-
minimizing an estimate of the generalization erro

of the support vector machine. The method pr(}ﬁersi_[Z] si;(t)r\:vn the a_dvantage of using a loss-based
posed in this paper is based on a general boung'cton of the margin

on the leave-one-out error in the case of ECOC of s

kernel machines. The bound can be directly used dp(my, £) = L(mgsfs)

for estimating the optimal value of a small set of s=1

kernel parameters. The novelty of this analysis iwhere L is a loss function.L is typically a
that it allows multiclass parameters optimizatiomon-decreasing function of the margin and, thus,
even though the binary classifiers are trained indeweights the confidence of each classifier according

pendently. We report experiments showing that thie the margin. The simplest loss function one can

arg HliIll d(mg, f(x))
o=



use is the linear loss for whictL(mysfs) = is relevant for determining the class is contained
—mygsfs. Several other choices are possible, aln the margin vectorf(z) (or f for short), i.e.
though no formal results exist that suggest aR(Y = ¢|z) = P(Y = ¢|f). Let us now introduce
optimal choice. the set of all possible codewords, k =1, ...,2°

It is worthwhile noting that the ECOC frame-and letO be a random vector of binary variables. A
work includes two multiclass classification ap+ealization ofO will be a codeword. For simplicity,
proaches often used in practice: one-vs-all and alive shall use the symbols1 and +1 to denote
pairs. In the former approach there is one classifiendebits. The probability ot” given the margin
per class, which separates it from all the others. ¥ector can thus be rewritten by marginalizing out
new input is assigned to the class whose associatgeblewords and decomposing using the chain rule:
classifier has the maximum output. In the ECOC oS
framework one-vs-all is equivalent to linear decod- _ _ _ _
ing with a@Q x Q coding matrix whose entries are P =qlf) = ;P(Y =dl0 =0 )

always—1 expect diagonal entries which are equal -
. P(O = Ok|f).
to 1. In the latter approach, also known aairwise
coupling [18] or round robin classification[19], The above model can be simplified by assuming

there areQ(Q — 1)/2 classifiers, each separating dhe cla_ss to be ind_ependentﬂ_agiven the codeword
pair of classes. Classification is decided by majopx- _ThIS assumption essenUaIIy_means thatas
ity voting. This scheme is equivalent to Hamming direct causal impact o®, and in turnO has a
decoding with the appropriate coding matrix. ~ direct causal impact ol. As a result:
When all binary classifiers are computed by the o8
same learning algorithm, Allwein et a_ll. [2] Pro-p(y = ¢|f) = ZP(Y = 4|0 = 0,)P(O = oyf).
posed to seL to be the same loss function used by =
that algorithm. For example, in the case of SVMs, . .
atalg P . ﬁNe choose a simple model for the probability of
this corresponds to the soft-margin loss function . .
.. classq given the codeword; by looking at the
Llmasfs) = |1 = mgs foly, Wherelaly, = @ if oo 0o ding rowm, in the coding matrix. A
2 > 0 and zero otherwise (see Section IV-A). In the P ng a g“ o
. : .zZero entry in the row is treated as “don’t care”,
next section we suggest a different approach whic LT
: ; i . ... Le. replacing it with a a value of 1 or -1 results
is based on decoding via conditional probabilities
o in an equally correct codeword for the class. Thus
of the outputs of the classifiers. . .
each clasg has a number of valid code€} given
by all possible substitutions df or —1 in the zero
I1l. DECODING FUNCTIONS BASED ON entries ofm,. Invalid code<C are those which are
CONDITIONAL PROBABILITIES not valid for any clasg € Q. We then define

We mentioned before that a loss function of
the margin may have some advantages over theP(Y = ¢|O = o) =
standard Hamming distance because it can encode
the confidence of each classifier in the ECOC.
This confidence is, however, a relative quantity, i.e.
the range of the values of the margin may vary
with the classifier used. Thus, just using a linegr, .

: . o ! E\TJnder this model,

loss function may introduce some bias in the fina
classification in the sense that classifiers with a  P(Y = ¢|f) = Z P(O =olf) +

if oy € Cq

if oy € Cy With ¢’ # ¢
otherwise (i.eo; € C

is not a valid class code)

Q= <@+

larger output range will receive a higher weight. or€C,

Not surprisingly, we will see in the experiment§Nhere

in Section V that the Hamming decoding usually 1

works better than the linear one in the case of @ = Q ZﬁP(O = ox[f)
pairwise schemes. A straightforward normalization or€C

in some interval, e.g[—1, 1], can also introduce collects the probability mass dispersed on the in-
bias since it does not fully take into account thealid codes. We further assume that each individual
margin distribution. A more principled approach isodebit O, is conditionally independent of the
to estimate the conditional probability of each classthers givenf, and that it is also independent of
q given the inputz. Given theS trained classifiers, the other outputsf,, given f, (in other words,
we assume that all the information abautthat we are assuming that the only cause for is



solution consists of fitting the following set of
parametric models:

P(O, = mgs |f2) = !

14 eXp{mqs(Asfs + BS)}

where A, and B, are adjustable real parameters
that reflect the slope and the offset of the cu-
mulative distribution of the marginsd, and B,
can be estimated independently by maximizing the
following set of Bernoulli log-likelihoods:

1
o J
. Z L+ exp{my,s(As fs(z:) + Bs)}
(5)
The indexi in Equation (5) runs over the training
Fig. 1. Bayesian network describing the probabilistic trefa examples(:ci, %)_ It must be observed that fitting
ships amongst margins, codewords, and class. . L .
the sigmoid parameters using the same examples

used to train the margin classifiers would unavoid-

£.). Our conditional independence assumptions Ciply lead to poor estimates since the distribution of

be graphically described by the Bayesian networ (:) is very different for_training and for testing
depicted in Figure 1. As a result, we can write th stances (for example, in the case of separable

" . VMs, all the support vectors contribute a margin
dit | probability of the cl . -
condifional probabiiity ot the clase as that is exactly +1 or -1). To address this, in our

experiments we used a 3-fold cross validation

PY =qlf) = Z HP (Os = os |fs) + . procedure to fitd, and B, as suggested in [21].
0k €Cy 5=1 We remark that an additional advantage of the
(2) proposed decoding algorithm is that the multiclass

We further note that the probability of a bit cor-qjassifier outputs a conditional probability rather
responding to a zero value in the coding matri,an a mere class decision.

is independent of the output of the classifier (it
is a “don’t care” hit). Moreover, it should be

equally distributed between the possible realiza- V. ECOCOF KERNEL MACHINES

tions {—1,1}. All valid codesoy, € C, for a given  In this section we study ECOC schemes which
classq have then the same probability use kernel machines as the underline binary classi-
fier. Our main result is a bound on the leave-one-

1 out error of the ECOC with a general decoding

H P(Os = ors |fs) = 2Z function. We first recall the main features of kernel

machines for binary classification.

I[I PO =mglf)

S€8:m 570 A. Background on kernel machines

_ ¢ ¢
where Z is the number of zero entries in the row Let Dy = {(xi,4i) }imy € {X x {-1,1}}" be a

corresponding to the class. By noting that there aff@ining setand” : IR — IR a loss function. Kernel
exactly 22 of such valid codes, we can simplifymachines [9], [10], [11], [6] are the minimizers of
equation (2) to functionals of the form:

PY =qlf)= [ PO.=mglf)+a  FlfiD)= Zv (if (@) + Alfl% (6)
5€S:mgs#0 i=1
(3) where) is a positive constant named regularization
parameter. The minimization of functional in (6) is
d(m,,f) = —log P(Y = q |£). (4) done in a reproducing kernel Hilbert space (RKHS)
‘H defined by a symmetric and positive definite
The problem boils down to estimating the individkernel K : X x X — R, and|| f||% is the norm of a
ual conditional probabilities in Eq. (3), a problemfunction f : X — IR belonging toH. This norm is
that has been addressed also in [20], [21]. Oarmeasure of smoothness, e.g. a Sobolev norm [22].

In this case the decoding function will be:



Thus, the regularization parameter> 0 trades-off where we have denoted b¥(z;, y;) the margin of
between small empirical error and smoothness ekamplex; when the ECOC is trained on the data
the solution. A correct choice of prevents from setD,\{(z;,y;)}. The LOO error is an interesting
overfitting. In fact, this is theoretically justified quantity to look at when we want to find the
by means of VC-theory [6], [23], [10]. For moreoptimum hyperparameters of a learning machine,
information on RKHS see [24], [25], [26], [12], as it is an almost unbiased estimator for the test

[22]. error (see, e.g., [6})
AssumingV is convex, the minimizer of func-  Unfortunately, computing the LOO error is time
tional in Eq. (6) is unique and has the fofm demanding wherf is large. This becomes practi-
, cally impossible in the case that we need to know
the LOO error for several values of the parameters
= i K (4, ). ) .
/(@) ;a yiK (@;, 2) Q) of the machine used. In the case of binary SVMs,

. ) bounds on the leave-one-out error were studied in
The coefficientsa; are computed by solving an(;ﬂ] - see also [29] and references therein.
optimization probl_em whose form is qletermine In the following theorem we give a bound on
by the loss functionl’. For example, in SVMS he | 00 error of ECOC of kernel machines. An
[5], V is the soft-margin lossy (yf(z)) = [1 = interesting feature is that the bound only depends
yf(x)]4. In this case they; are the solution of o4 the solution of the machines trained on the
a quadratic programming problem with constraintg,| gata set (so training the machines once will

a; € [0,1/20)] - see, e.g. [10]. A peculiar propertygfice). Below we denote by, the s—machine,
of an SVM is that, usually, only few data pointsf (r) = ZE L aimy, K5 (2, 2), and letGs, =
s - = ) iS (2] ' ij

have non-zero coefficients;. Thesg points_ are K*(z,2;). We first present the result in the case
named support vectors. For more information of¢ |inear decoding.

SVMs see, e.g., [9], [11]. Theorem 4.1:Suppose the linear decoding func-
tion dr,(my,f) = —m, -f is used, where denotes
B. Bounds on the leave-one-out error the inner pI‘OdUCt. Then, the LOO error of the

We now present our bound on the Ieave-one-oLEtCOC of kernel machines is bounded by

error of ECOC of kernel machines. 1
We define the multiclass margin [2] of point 229 <—9($i,yi)+g%>qu(:vi)) (8)
(x,y) € X x{1,...,Q} to be i=1 ‘

9(z,y) = dr(my, £(z)) — dr(my, £(2))

where we have defined the function

. Uy(wi) = (mg —my) - £(2;) +
with

S
p = argmin,_, dr,(mg, f(z)). + Z My, s(My;s — Mgs ) G5; (9)
s=1

When @ = 2 and andL is the linear lossg(z, y) )
reduces to twice the definition of margin for binaryWith p = argmax, , my - f(z;). _
classificatioR. Wheng(z, y) is negative, poing:is ~ 1he proof is postponed to the Appendix. The

misclassified. Thus, the empirical misclassificatiof’€orem says that point; is counted as a
error can be written as: leave-one-out error when its multiclass margin

is smaller thanmax,,, U,(z;). This function is

I
1 I always larger or equal than the positive value

14 29( 9(@i, i) 235:1 My, s (My,s —Mps ) G5;. Roughly speaking,
. = . . _ this value is controlled by two factors: the pa-
whered(-) is the Heavyside functiori(z) = 1 if rametersa?, s = 1,...,5 (where each parameter

z > 0 and zero otherwise.

The leave-one-out (LOO) error is defined by 4We remark that using the leave-one-out error to select the
model parameters presents an important problem, namdly tha
4 the variance of this estimator may be large, see, e.g. [28]eM
Z 0 (—gi(Ii, yz)) generally, ak—fold cross validation estimator may have large
variance wherk is small, see [28]. On the contrary there is little
i=1 bias in the estimator. So, ideally,should be selected in order to
minimize the sum of the bias and variance, which is highlyetim
2We assume that the bias term is incorporated in the kernebnsuming. Fortunately, in many practical situations,|ss aur
K. experiments below indicate, using the LOO error estimdiis t
3AssumingS =2 andm; = —my = {1, —1}. is not much of a problem.



TABLE |

indicates if pointz; is a support vector for the
CHARACTERISTICS OF THEDATA SETS USED

s—th kernel machine) and the Hamming distance

between the correct codeworsh,,,, and the closest [[Name [ Classes[ Train | Test | Inputs |
codeword to it,m,,. Anneal 5 898 -] 38
Theorem 4.1 also enlightens some interesting | Ecoli 8 336 i
properties of the ECOC of kernel machines which fé?tsesr 266 15%%?) 5006 196
we briefly summarized in the following. Optdigits 10 3823 | 1797 | 64
« Relation between the regularization param- gendigits 160 132451 gggg ég
eter and LOO error sggm?mf 7 1540 | 770 | 19
Assume that, for every = 1,...,5, o € Soybean | 19 683 B T
[0,C] with C = 1/(2¢)\) (see, e.g., [10]). In Yeast 10 1484 - 8
this case
max Uy (z;) < (S —1)Ck
97y Corollary 4.1: Suppose the loss functiof is

wherer = max, max; Gj;. Thus, the smaller monotonic non increasing. Then, the LOO error of

C'is, the closer the LOO error to the empiricathe ECOC of kernel machines is bounded by
error will be. In particular, ifCxk <« 1 the

LOO would typically not deviate much from i~ _ svs 2
the empirical error. 0 ; OULmyes fs(@s) = @i Glimy, =
« Stability of the ECOC schemes g
One-vs-all schemes are more stable than other : N S
ECOC schemes, meaning that their multiclass 4. p— Llmgafs(wi) = i Glimy,smas))
margin is less affected by removing one point (10)
in that case. In fact, note that in the oneNote that the corollary applies to all decoding
vs-all scheme each pair of rows has onljunctions used in the paper.
two different elements, so when one point is
removed, the bound in Theorem 4.1 implies V. EXPERIMENTS
that the margin will not change of more than The proposed methods are validated on ten
2C. For pairwise schemes, instead, the worsfata sets from the UCI repository [30]. Their
change is(Q — 1)C. For dense codes thecharacteristics are shortly summarized in Table
situation is even worse: the worst case ig Continuous attributes were linearly normalized
(S8 — 1)C. This observation provides somebetween zero and one, while categorical attributes
insights on why the simple one-vs-all SVMswhere “one-hot” encoded, i.e. if there afe cat-
works well in practice. egories, thed—th category is represented by a
« One-vs-all schemes D—dimensional binary vector having thé—th
For one-vs-all schemes we easily see that coordinate equal td and all remaining coordinates

Ug(wi) = 2(fo(ms) — fo(@i)) +2(af" + ). equal to zero.

Th's has a simple mte_rpretauon:_ when . A. Comparison between different decoding func-
is removed from the training set, its marg|r}iOnS

is bounded by the margin obtained if the ) ) )
classifier of that pointf,,, was penalized by We trained ECOC using SVMs as the base bi-

oY while the remaining classifier;, ¢ # v, nary classifie?wit_h a fixed valge for the regularigg-
increased their margin af?. tion parameter given by the inverse of the training

Finally, we note that the bound in Eq. (8) iS¢t average ofi(z,z). In our experiments we

close the LOO error when the parameterused compared our decoding strategy _to Hamming ar_1d
to train the kernel machine is “small’, i.e. wherother common loss-based decoding schemes (lin-

Ck < 1 for everys = {1,...,S}. Improving the ear, and the soft-margin loss used to train SVMs)

bound when this condition does not hold is an opdf" three different types of ECOC schemes: one-vs-

problem. all, all-pairs, and dense matrices consisting3¢f
Theorem 4.1 can be extended to deal with oth&'umns of {—1,1} entrie§. SVMs were trained

dec_odlng _functlor_15 prov_ld_ed that t.hey _are mono- 50ur experiments were carried out using shignt [31].

tonic non-increasing. TI?"S. is formalized '.n the next epense matrices were generated using a variant of the BCH

corollary, whose proof is in the Appendix. algorithm [32] realized by T. G. Dietterich [1].
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on a Gaussian kernek (z,t) = exp{—v||lz—t||?}. VI. CONCLUSIONS

In order to avoid the possibility that a fortuitous \ye studied ECOC constructed on margin based
choice of the parameter could affect our results pinary classifiers under two complementary per-
we carried out an extensive series of experimentgactives: the use of conditional probabilities for
where we compared the test error of the four dgyjiding a decoding function, and the use of a theo-
coding schemes considered for 11 different valuggically estimated bound on the leave-one-out error
of 7. for optimizing kernel parameters. Our experiments
Results are summarized in Figures 2 and 3. F@how that transforming margins into conditional
data sets with less than 2,000 instances (Figure gjobabilities helps recalibrating the outputs of the
we estimated prediction accuracy by a twenty-fol@|assifiers, thus improving the overall multiclass
cross-validation procedure. For the larger data sedfassification accuracy in comparison to other loss-
(Figure 3) we used the original split defined in thgased decoding schemes. At the same time, kernel
UCI repository except in the case of letter, whergarameters can be effectively adjusted by means
we used the split of 15000-5000. of our leave-one-out error bound. This further
Our likelihood decoding works better for a||improves classification accuracy.
ECOC schemes and for most values uf and ~ The probabilistic decoding method developed
is often less sensitive to the choice of the kernglere assumes a fixed coding matrix for mapping
hyperparameter. codewords to classes. This choice also fixes the
Another interesting observation is that the Hameonditional probability distribution of the class
ming distance works well in the case of pairwisgiven the codeword, although in a more general
classification, while it performs poorly with one-setting this conditional probability could be left
vs-all classifiers. Both results are not surprisinginspecified and learned from data.
the Hamming distance corresponds to the majority The leave-one-out bound presented in this paper
vote, which is known to work well for pairwise could be smoothed into a differentiable function,
classifiers [18] but does not make much sense fenabling the application to the optimization of
one-vs-all because in this case ties may occur ofteseveral hyperparameters simultaneously. An inter-
The behavior of all curves shows that tuningsting future study in this sense is to use the derived
kernel parameters may significantly improve pefeave-one-out bound to perform feature selection.
formance. We also note that a simple encodinigrom a theoretical viewpoint it will be also inter-
scheme such as one-vs-all performs well with ressting to study generalization error bounds of the
spect to more complex codes. This seems to be da€OC of kernel machines. It should be possible
to the fact that binary SVM trained with gaussiario use our result within the framework of stability
kernel provide complex decision functions, and onand generalization introduced in [34].
should not use a complex EOOC unless some priorWe present here the proofs of the results pre-
knowledge indicates to do so. Similar results wergented in Section IV. To this end we first need the
observed for text classification [33]. following lemma.

APPENDIX I
B. Model selection experiments Lemma 1.1:Let f be the kernel machine as

We now show experiments where we use thdefined in Equatio_ns (7) obtained by solving (6).
bound presented in Section IV-B to select optimatét /* be the solution of (6) found when the data
kernel parameters. We focused on the datasets witRiNt (i, i) is removed from the training set. We
more than 2,000 instances, and searched for tH&8ve
best value o_f the_/ hyperparameter of the Gaussian yif () — iGii < yifi(as) < yif(xs). (1)
kernel. To simplify the problem we searched for a
common value for all binary classifiers among &roof: The I.h.s part of Inequality (11) was proved
set of possible values. Plots in Figure 4 show thia [35]. Note that, if z; is not a support vec-
test error and our LOO estimate for different valuetr, o; = 0 and f = f? so both inequalities
of ~ for the three ECOC schemes discussed in tlae trivial in this case. Thus suppose that
previous section. Notice that the minimum of thés a support vector. To prove the r.h.s. inequal-
LOO estimate is very close to the minimum of théty we observe thatF[f; D,] < F|[f*; D,], and
test error, although we often observed a slight biasF'[f; D}] < —F[f% D;]. By combining the two
towards smaller values of the variance. bounds and using the definition df we obtain
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Fig. 4. Empirical comparison between test error (dasheg) land the leave-one-out (solid line) bound of Corollary. & e

likelihood decoding function is used in all the experiments

that V (y; f(z;)) < V(yif*(x:)). Then, the result where we have defined
follows from the fact thal” is monotonic.C

APPENDIXII

P = argmax,_, m - ().

PROOF OFTHEOREM4.1

Our goal is to boung®(z;, ;) - the multiclass By applying Lemma 1.1 simultaneously to each

m?“%"” of po_intz' when this is removed from_ the kernel machine used in the ECOC procedure, In-
training set - in terms of tha,; parameters obtained equality (11) can be rewritten as

by training once the machines on the full training
set. We have
f;(%) = fs(i) = Asmy,s,

gi(:vi,yi):myi-fi(:vi)—mpi -fi(xi) se{l,...,S}



where )\, is a parameter if0, a;G%;]. Using the
above equation we have:

[1
. S .
gz(‘riayi) = Z(myls - mpis)fz(xi)
=1 2
S
= Z[(m%S - mpis)fs(‘ri) -
s=1
— My, (My, s — Mypis) As] [3]
S
2 Z[(myzs - mpis)fS(Ii) -
s=1 [4]

- myis(myis - mpls)afoz]

Last inequality follows from the observation that 5l
My, s(Mmy,s —myis) IS always non-negative. From (g
the same inequality, we have:

[7]
‘ S
gl(xia yi) - g(l'i,yi) > Z[(mps - mpis)fs(‘ri) - ]
s=1
- myis(myis - mpis)afoi]
[9]
from which the result followsO [10]
APPENDIXIII [11]
PROOF OFCOROLLARY 4.1
[12]

Following the main argument in the proof of
Theorem 4.1, the multiclass margin of poirwhen
this is removed from the training set is bounded 4l

S
gz('ria %) > min{minZL(mqsfs(xi) - [14]
q#yi A o
= AsMy,smgs) = L(my,s fo(x:) — Asmi o)}
wheremin, is a shorthand for the minimum w.r.t[15]
As € [0,a5G%], for s = 1,...,S. This minimum [16]

may be difficult to compute. However, is it easy to
verify that when the loss functioh is monotonic 17]
non-increasing, the minimum is always achieved at
the right border:

_ s [18]
gz('ria %) Z ?;1;1 Z{L(mqsfs(xz) -
" s=1
[19]
- O‘foimyiquS) - L(myist(Ii) - O‘szSzmzls }
[20]
This concludes the proofa
[21]
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