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Abstract

In this paper, we study the problem of learning a matrix W from a set of linear measurements.
Our formulation consists in solving an optimization problem which involves regularization with a
spectral penalty term. That is, the penalty term is a function of the spectrum of the covariance of W.
Instances of this problem in machine learning include multi-task learning, collaborative filtering
and multi-view learning, among others. Our goal is to elucidate the form of the optimal solution
of spectral learning. The theory of spectral learning relies on the von Neumann characterization
of orthogonally invariant norms and their association with symmetric gauge functions. Using this
tool we formulate a representer theorem for spectral regularization and specify it to several useful
example, such as Schatten p—norms, trace norm and spectral norm, which should proved useful in
applications.

Keywords: Kernel methods, matrix learning, minimal norm interpolation, multi-task learning,
orthogonally invariant norms, regularization.

1. Introduction

In this paper, we study the problem of learning a matrix from a set of linear measurements. Our
formulation consists in solving for the matrix

A

W =argmin{ E(I(W),y) + QW) : W € My}, (1.1)

where My, is the set of d x n real matrices, y an m—dimensional real vector of observations and
I : My, — R™ a linear operator, whose components are given by the Frobenius inner product
between the matrix W and prescribed data matrices. The objective function in (1.1) combines a
data term, E'(I/(W),y), which measures the fit of W to available training data and a penalty term
or regularizer, 2(W). The positive constant v controls the trade-off between the two terms and
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may be chosen by prior information on the noise underlying the data. A typical example for the
data term is E(I(W),y) = ||I(W) — y||2, where the subscript indicates the Euclidean norm.

In the design of learning algorithms from the point of view of regularization the choice of the
penalty term is essential. To obtain insights into this issue, we shall investigate in this paper the
form of matrices which solve the variational problem (1.1) when the penalty term is an orthogo-
nally invariant norm (OI-norm). This means, for any pair of orthogonal matrices U and V/, that

QUWYV) = Q(W).

There are many important examples of OI-norms. Among them, the family of Schatten p—norms,
1 < p < oo, namely the £,—norm of the singular values of a matrix, are especially useful.

Our main motivation for studying the optimization problem (1.1) arises from its application
to multi-task learning, see Argyriou et al. (2007a) and references therein. In this context, the
matrix columns are interpreted as the parameters of different regression or classification tasks
and the regularizer €2 is chosen in order to favor certain kind of dependences across the tasks.
The operator I consists of inner products formed from the inputs of each task and the error term
E(I(W),y) is the sum of losses on the individual tasks. Collaborative filtering (Srebro et al., 2005)
provides another interesting instance of problem (1.1), in which the operator [ is formed from a
subset of the matrix elements. Further examples in which OI-norm have been used include multi-
class classification (Amit et al., 2007), multi-view learning (Cavallanti et al., 2008) and similarity
learning (Maurer, 2008a).

A recent trend in regularization methods in machine learning is to use matrix regularizers which
are orthogonally invariant (Abernethy et al., 2009; Argyriou et al., 2007a,b; Srebro et al., 2005).
In particular, an important case is the Schatten one norm of I/, which is often referred to as the
trace norm. The general idea behind this methodology is that a small trace norm favors low-rank
solution matrices to (1.1). This means that the tasks (the columns of 117) are related in that they all
lie in a low-dimensional subspace of R?. Indeed, if we choose the regularizer to be the rank of a
matrix, we obtained a non-convex NP-hard problem. However, the trace norm provides a convex
relaxation of this problem, which has been justified in various ways, see for example, (Candes and
Recht, 2008; Fazel et al., 2001).

The main purpose of this paper is to characterize the form of the solutions to problem (1.1).
Specifically, we provide what in machine learning is known as a representer theorem. Namely
we show that for a wide variety of Ol-norm regularizers, that it is possible to compute the inner
product (1, X) only in terms of the 1 x m Gram matrix I*I and I(X). A representer theorem is
appealing from a practical point of view, because it ensures that the cost of solving the optimization
problem (1.1) depends on the size m of the training sample, which can be much smaller than the
number of elements of the matrix /. For example, in multi-task learning, the number of rows in
the matrix ¥/ may be much larger than the number of data per task. More fundamentally, the task
vectors (the columns of matrix 117) may be elements of a reproducing kernel Hilbert Space.

Our point of view in developing these theorems is through the study of the minimal norm
interpolation problem

min{[[ W : I(W) = §, W € My, }.
The reason for this is that the solution W of problem (1.1) also solves the above problem for an
appropriately chosen §y € R™. Specifically, this is the case if we choose ¢ = (W) In the devel-
opment of these results, tools from convex analysis are needed. In particular, a key tool that we
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use in this paper is a classical result of von Neumann (von Neumann, 1962), which characterizes
Ol-norms in terms of the notion of symmetric gauge function; see also Lewis (1995) for a discus-
sion of the von Neumann theorem in the context of convex analysis. We record some of these facts
which we need in Section 4.

The paper is organized in the following manner. In Section 2 we introduce our notation and
describe the connection between minimal norm interpolation and regularization. In Section 3 we
describe the relationship between any solution of (1.1) and any solution of a dual problem, which
involves a number of variables equal to the trainings set size. In Section 4 we specify this result
to the class of OI-norms. In particular, we describe a special case of such norms, which contains
the Schatten p—norms, and derive a linear representer theorem for this case. As we shall see, this
computation in general involves a nonlinear function and a singular value decomposition of an
appropriate matrix.

2. Background

Before proceeding, we introduce some of the notation used in the paper and review some basic
facts.

2.1 Notation

We use Ny as a shorthand for the set of integers {1, ..., d}, R? for the linear space of vectors with d
real components and M,,,, for the linear space of d x n real matrices. For any vector a € R we use
a; to denote its ¢-th component and for any matrix W € M,,, we use w; to denote the ¢-th column
of W, fort € N,,. Fora vector A € RY, we let Diag()) or Diag(\;);en, to denote the d x d diagonal
matrix having the elements of A on the diagonal. We denote the trace of matrix W by tr(1V). We
use S? to denote the set of d x d real symmetric matrices and Si and Si 4 to denote the subsets
of positive semidefinite and positive definite ones, respectively. We use > and > for the positive
definite and positive semidefinite partial orderings on S¢, respectively. We also let O, be the set of
d x d orthogonal matrices and P, the set of d X d permutation matrices. Finally, in this paper, the
notation (-, -) denotes the standard inner products on R? and Mg,,, that is, (a,b) = 3, ab; for
any vectors a,b € R? and (W, V) = tr(W V) for any matrices W,V € My.,.

2.2 Regularization and Interpolation with Matrices

Let us first describe the type of optimization problems of interest in this paper. Our motivation
comes from recent work in machine learning which have deals with the problem of multi-task
learning. Beyond these practical concerns, the matrix optimization problems we consider here
have the property that the matrix structure is important.

We shall consider regularization problems of the type

min {E(I(W),y) + QW) : W € My,} , (2.1)

where £ : R™ x R™ — R is called an loss function, 2 : M,;,, — R a regularizer, v > 0 the
regularization parameter, I : My, — R™ is a linear operator and y € R™. Associated to the
above regularization problem is the interpolation problem

min {Q(W) : W € My, I(W) =1y} . (2.2)
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Unless otherwise stated, we always assume that the minima in problems (2.1) and (2.2) are
attained.

Regularization enables one to trade off interpolation of the data against smoothness or simplic-
ity of the model, whereas interpolation frequently suffers from overfitting. Note that the family of
the former problems encompasses the latter ones. Indeed, an interpolation problem can be simply
obtained in the limit as the regularization parameter y goes to zero, see, for example, (Micchelli
and Pinkus, 1994).

For example, a special case of matrix regularization problems of the type (2.1) is obtained with
the choice

IW) = ((w, @) 1t €Npi €Ny, )

where the z;; are given input vectors in R%. This occurs, for example, in multi-task learning
and problems closely related to it (Abernethy et al., 2009; Argyriou et al., 2007a,b; Candes and
Recht, 2008; Cavallanti et al., 2008; Izenman, 1975; Maurer, 2006a,a; Srebro et al., 2005; Yuan
et al., 2007, etc.). In learning multiple tasks jointly, each task may be represented by a vector of
regression parameters which corresponds to the column w; in our notation. There are n tasks and
m, data examples { (x4, yy;) : @ € Ny, } for the ¢-th task.

In multi-task learning, the error term £ in (2.1) expresses the objective that the regression
vector for each task should fit well the data for this particular task. The choice of the regularizer
() is important in that it captures certain relationships between the tasks. For example, one such
regularizer, considered in (Evgeniou et al., 2005), is a specific quadratic form in W, namely

QW) = Y (w,, Equy),

s,teN,

where the matrices E, € S? are chosen to model cross-tasks interactions.
Another common choice for the regularizer is the trace norm, which is defined to be the sum
of the singular values of a matrix,

Q<W) = Z Uj(W)a
JENy
where r = min(d, m). Equivalently this regularizer can be expressed as Q(W) = tr(WTW)z.
Regularization with the trace norm learns the tasks as one joint optimization problem, by favoring
matrices with low rank Argyriou et al. (2007a). In other words, the vectors w; are related in that
they are all linear combinations of a Small set of basis vectors. It has been demonstrated that this
approach allows for accurate estimation of related tasks even when there are only a few data points
available for each task.
In general, the linear operator I can be written in the form

I(W) = (W, X;) :i € Npn) (2.3)

where the inputs matrices X; are in M,,,. Recall that the adjoint operator, /* : R™ — M, is
defined by the property that
(I"(c), W) = (¢, I(W)),
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forall c € R™, W € Mj,,. Therefore, it follows that I* is given at c € R™, by

I*(C) = Z CzXz
€N
We denote by R(I) and N (I) the range and the null space of the operator I, respectively.

In this paper, we are interested in studying the form of the solution to matrix problems (2.1) or
(2.2). For certain families of regularizers, the solutions can be expressed in terms of the given in-
puts X; in (2.3). Such facts are known in machine learning as representer theorems, see (Argyriou
et al., 2009) and reference therein.

The line of attack we shall follow in this paper will go through interpolation. That is, our main
concern will be to obtain representer theorems which hold for problems like (2.2). This in turn will
imply representer theorems for the associated regularization problems. This is justified by the next
lemma.

Lemmal Let E: R™ x R™ — R, alinear operator I : M,,, — R™, Q: My, — R,y > 0such
that the problems (2.1) and (2.2) admit a minimizer for every y € R™. Then for every y € R™ there
exists g € R™ such that any solution of the interpolation problem (2.2) with y = 3 is a solution of
the regularization problem (2.1).

Proof If W solves (2.1), we may define y := [ (W) It then readily follows that any solution of
(2.2) with ¢ in place of y is a solution of (2.1). |

For some other results relating optimality conditions for regularization and interpolation problems,
see (Argyriou et al., 2009). We shall return to this issue in Section 4, where we study representer
theorems of a particular type for regularizers which are OI-norms.

3. Duality and Minimal Norm Interpolation

In this section, we turn our attention to the study of the interpolation problem (2.2) when the
function €2 is a norm on M,,. That is we prescribe a linear operator / : M,, — R™, a vector
y € R(I) \ {0} and study the minimal norm interpolation problem

¢ :=min{||W| : I(W) =y, W € My,} (3.1

The approach we take to analyze problem (3.1) makes use of a dual problem. To identify it, we
recall the definition of the dual norm, given by

[Xl> = max{(X, W) : W € My, W] <1}.
Consequently, it follows, for every X, W & M, that
(X WO < XA W (3.2)
Associated with this inequality is the notion of the peak set of the norm || - || at X, namely
PN X[ ={W: (X, W) = [ Xlp,: W € My, [W] =1}

Note that, for each X € M;,\{0} the peak set Z||X|| is a nonempty compact convex set which
contains all W € M, ,,\{0} that make the bound in (3.2) tight.

5
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The dual norm leads to the following dual problem
6 :=min{||I*(¢)||, : c€ R(I), {c,y) =1} . (3.3)

Let us first observe that both the primal and dual problem have solutions. In the primal problem
we minimize a norm which is a function which grows at infinity and, so, the existence of a solution
is assured. Similarly, the quantity ||/*(c)||,, which is minimized in the dual problem is also norm
once R(I).

The main result of this section establishes the relationship between the solutions of the primal
problem (3.1) and those of the dual problem (3.3).

Theorem 2 A vector ¢ € R™ solves the dual problem (3.3) if and only if there exists IV &
0='2||I*(&)|| such that I(1W) = y. Moreover, in this case W solves the primal problem (3.1)
and ¢# = 1. Conversely, for every I solving the primal problem (3.1) and any solution ¢ of the
dual problem (3.3), it holds that W € 6—12||1*(¢)||.

Before we proceed with a proof, let us explain the rationale behind this result. The number
of free parameters in the dual problem is at most m — 1, while the primal problem involves dn —
m parameters. Typically, in applications, dn is much larger than m. Recalling the connection
to multi-task learning in Section 2, this means that d is much larger than the number of data
per task, ™. Therefore, from the perspective of this parameter count, solving the dual problem
may be advantageous. More importantly, any solution of the dual problem will provide us with a
solution of the primal problem and conditions on the latter are obtained from a study of the peak
set Z2||I*(¢)||. For example, as we shall see in Section 4, in the case of OI-norms, this fact will be
facilitated by fundamental matrix inequalities.

Proof of Theorem 2 First let us establish that

< ¢. 3.4

|~

To this end, consider any ¢ € R™ with (¢, y) = 1 and W € M, with (W) = y. Then
L= {e,y) = (e, (W) = (I*(e), W) < 17 () Lo W] (3.5)

From this inequality we get the desired claim. To prove the reverse inequality in (3.4), we let
¢ € R(I) be a solution of the dual problem (3.3) and conclude, for any b € R(/) such that
(b,y) = 0, that

et el — 1)

e—0t £

lo - o,

Since the dual norm is a maximum of linear functions over a compact set, we may apply Theorem
22inthecase that ¥ = {X : X € My, | X|| < 1}, W = Mg, f(W, X) = (W, X), and evaluate
equation (A.2) for W = I*(¢) and A = [*(b) to obtain the inequality

max{(I*(b),T) : T € 2||I"(¢)||} > 0.

Using the fact that b € R([) and (b,y) = 0, we can rephrase this inequality in the following
fashion. For every Z € M, such that (Z, I*(y)) = 0 we have that

max{(Z, "I(T)) : T € 2|I*(&)|} > 0.

6
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To resolve this set of inequalities we use Lemma 21 in the appendix withk =1, J : My, — R
defined at W € My, as J(W) = (I*(y), W) and W := I"I(2|I*(¢)||). Since J* : R — My, is
given for a € R as .J*(a) = al*(y), we conclude that there exist A € R and W € 2|I*(¢)|| such
that

N (y) = I'I(W).
This equation implies that Ay — I(W) € N(I*). However, recalling the fact that y € R(I), we
also have that \y — I(W) € R(I). Therefore, we have established that

Ay = I(W).
To identify the value of A we use the fact that (y, ¢) = 1 and obtain that
A= (& I(W) = (I"(2), W) = |II(&)]|» = 6.

N 1.~ N ~
Now, we define W = EW and note that /(W) = y and since ||I/|| = 1 we obtain that

A 1
< |[W] = -.
o< W) =

This inequality, combined with inequality (3.4) demonstrates that 0 = 1 and that W is a solution
to the primal problem (3.1).

To complete the proof, consider any 147 solving (3.1) and ¢ solving (3.3) and it easily follows
from inequality (3.5) and ¢0 = 1 that W € 0~ 2| I*(¢)|. |

Theorem 2 describes the relation between the set of solutions of the primal problem (3.1) and
the dual problem (3.3). It also relates the set of solutions of the primal problem to the range
of the adjoint operator /*. This latter property, combined with Lemma 1, may be viewed as a
general representer theorem, that is, the theorem implies that the solutions of the regularization
problem (2.1) are matrices in the set Z||I*(¢)||, for some ¢ € R™. However, additional effort
is required to obtain a concrete representation of such solution. For example, for the Frobenious
norm, Z||X|| = {X?} and, so, the optimality condition becomes W = I*(¢). We refer to this
condition throughout the paper as the standard representer theorem, see (Argyriou et al., 2009) and
references therein. In other words, the standard representer theorem for W means that TV € R(I*).

We make no claim of originaly for Theorem 2 as its proof uses well established tools of convex
analysis. On the contrary, we emphasize the utility of this result for machine learning. Alterna-
tively, we can approach the minimal norm interpolation problem by use of the Lagrangian, defined,
for W € My, and A € R™, as

LW,A) = W]+ W, I7(X)) = (y, A).

4. Representer Theoremsfor Orthogonally Invariant Norms

In this section, we focus our attention on matrix norms which are invariant under left and right
multiplication by orthogonal matrices. As we shall see, for such norms, the representer theorem
can be written in terms of the singular value decomposition. In addition, in Section 4.3, we shall
describe a subclass of OI-norms for which representer theorems can be phrased in terms of matrix
multiples of the adjoint operator value 7*(¢). This type of representer theorem arises in multi-task
learning as described in (Argyriou et al., 2009). That is, each of the columns of the optimal matrix
lies in the span of the corresponding columns of the input matrices X;.

7
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4.1 Notation

Let W € M,,, be a matrix and set r = min{d, n}. We express the singular value decomposition
of the matrix W in the form
W=UxV",

where U € 04,V € O, and ¥ € M, is a diagonal matrix with nonnegative elements, that is
Y = diag(a(W)), where (W) = (0;(W) : i € N,) € R",. We assume that the singular values
are ordered in a non-increasing sense, that is,

(W) > > o, (W)>0.

Note that o (V) is uniquely defined in this way. Sometimes we also use (/) to denote the
diagonal matrix . The components of o(1V) are the singular values of . They are equal to the
square root of the largest r eigenvalues of W "1/, which are the same as those of W/ ™. We shall
call functions of the singular values of a matrix spectral functions.

In the case of a symmetric matrix A € S™, we similarly write

A=UAU"

for a spectral decomposition A, where U € O,,, A = Diag(A(A)) and A(A) = (A, : j € N,,) has
components ordered in non-decreasing sense

AM(A) = > M(A).

In addition, for = € R", we shall use |z| to denote the vector of absolute values (|z;| : i € N,.).
Finally, for two vectors x,y € R” we write x < y whenever, for all i € N,., x; < v;.

4.2 Orthogonally Invariant Norms

A norm || - || on My, is called orthogonally invariant whenever, for every U € O4, V € O,, and
W € Mgy, we have that

lowv = wll.
It is clear from the definition that an OI-norm that || - || is a spectral function. That is, for some

function f, we have that [|IV|| = f(a(W)).

The remaining conditions on f which characterize OI-norms were given by von Neumann in
(von Neumann, 1962) (see also (Horn and Johnson, 1991, Sec. 3.5)). He established that OI-norms
are exactly symmetric gauge functions (SG-functions) of the singular values. To this end, we let
P, be the subset of r x r permutation matrices.

Definition 3 A function f : R” — R, is called an SG-function whenever the following properties
hold:

1. fisanormonR";
2. f(z) = f(|z|) forallxz € R";

3. f(Pz) = f(z) forall z € R" and all permutation matrices P € P,.
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Property 2 states that f is absolutely or gauge invariant. Property 3 states that f is Symmetric or
permutation invariant. Hence, an SG-function is an absolutely symmetric norm.
Von Neumann’s result is stated in the following theorem.

Theorem 4 If || - || is an Ol-norm on M,,, then there exists an SG-function f : R” — R such that
W] = f(e(W)), forall W € M,,. Conversely, if f : R” — R is an SG-function then the norm
defined at W € M, as |W|| = f(a(W)) is orthogonally invariant.

The best known example of OI-norms are the Schatten p-norms, where p > 1, They are defined,
forevery W € M, ,, as

Wi, = (wa»p)p

ieN,
and, for p = oo, as
[Wlleo = a1(W).

The Schatten 1—norm is sometimes called the trace norm or nuclear norm. Other common values
of p give rise to the Frobenius norm (p = 2) and the spectral norm (p = oo). The Frobenius
norm can also be written as the vtri/¥/ "W and the spectral norm is alternatively expressed as
max{||Wzx||2 : ||z|l2 = 1}, where the subscript on the vector norm indicates the Euclidean norm
of that vector. Another well-known family of OI-norms are the Ky Fan norms defined, for every
W e Mgy, as
Wllay =D (W)
€N},

where 1 < k£ < r (the cases k£ = 1 and k& = r are the spectral and trace norms, respectively). For
more examples and for many interesting results involving OI-norms, we refer the reader to (Bhatia,
1997, Sec. 1V.2) and (Horn and Johnson, 1991, Sec. 3.5).

We also mention, in passing, a formula from Argyriou et al. (2007b) which is useful for algo-
rithmic developments. Specifically, we recall, for p € (0, 2], that

||W|\p:1nf{<WWT,D—2%p> . D eD}, @.1)
where D = {D : D € 8¢ trD < 1. When p € [1, 2], the function
(W,D) — (WWT,D™%")

is jointly convex in W and D and, so, the infimum in (4.1) is convex in W, in agreement with
the convexity of the norm of ||W||,. Furthermore, if W is invertible and p € (0, 2|, then the
infimum is uniquely attained by the matrix

 (Ww)s
tr(WWT)2
In machine learning practice, regularization with the trace norm has been proposed for collab-

orative filtering and multi-task learning (Abernethy et al., 2009; Argyriou et al., 2007a,b; Maurer,
2006a; Srebro et al., 2005, and references therein) and related problems (Yuan et al., 2007). If



ARGYRIOU, MICCHELLI, AND PONTIL

Q(W) = rank(W) the regularization problem (1.1) is non-convex. However, a common technique
that overcomes this issue is to replace the rank by the trace norm (Fazel et al., 2001). The trace
norm is the /; norm on the singular values and hence there is an analogy to regularization of a
vector variable with the ¢, norm, which is often used to obtain sparse solutions, see Candes and
Recht (2008) and reference therein. In analogy to ¢; regularization, it has recently been shown
that for certain configurations of the input data the low rank solution can be recovered using the
trace norm approach (Candes and Recht, 2008; Recht et al., 2008). More generally, regardless
of the rank of the solution, it has been demonstrated that this approach allows for accurate joint
estimation of multiple related tasks even when there are only few data points available for each
task (Argyriou et al., 2007a; Srebro et al., 2005). One motivation is to approximate a matrix with
a (possibly low-rank) factorization (Srebro et al., 2005). Another is that fitting multiple learning
tasks simultaneously, so that they share a small set of orthogonal features, leads to a trace norm
problem (Argyriou et al., 2007a).

The spectral norm, || - ||, is also of interest in the context of filter design (Zames, 1981) in
control theory. Moreover, Schatten p-norms in the range p € [1,2] can be used for trading off
sparsity of the model against task independence in multi-task learning (Argyriou et al., 2007b). In
general, Ol-norms are a natural class of regularizers to consider, since many matrix optimization
problems can be posed in terms of the spectrum of the matrix.

We now proceed by reviewing some facts on duals of Ol-norms. To this end, we first state a
useful inequality, which can be found, for example, in (Horn and Johnson, 1991, ex. 3.3.10). This
inequality also originates from (von Neumann, 1962) and is sometimes called von Neumann’s trace
theorem or Ky Fan inequality.

Lemma5 Forany X,Y € M,,, we have that
(X,Y) < (o(X),0(Y)) (4.2)

and equality holds if and only if there are U € O and V € O, such that X = U (X)V ' and
Y =US(Y)VT.

We emphasize that equality in (4.2) implies that the matrices X and Y admit the same ordered
system of singular vectors, where the ordering is given by ordering of the singular values. It is
also important to note that this inequality is stronger than the Cauchy-Schwarz inequality for the
Frobenius norm, (X,Y) < || X||2]|Y||2. Moreover, in the case of diagonal matrices one obtains a
vector inequality due to Hardy, Littlewood and Pélya (Hardy et al., 1988)

(@, y) < ([=], [yl)

where z,y € R and [z] denotes the vector consisting of the components of = in non-increasing
order. Let us also mention that apart from norm duality, Lemma 5 underlies many analytical prop-
erties of spectral functions, such as convexity, Fenchel conjugacy, subgradients and differentiability
— see, for example, (Lewis, 1995) for a review.

For our purposes, inequality (4.2) can be used to compute the dual of an OI-norm in terms
of the dual of the corresponding SG-function. This is expressed in the following lemmas, which
follow easily from (4.2) — see also (Bhatia, 1997, Secs. IV.1, IV.2).

10
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Lemma 6 If the norm || - || on M,,, is orthogonally invariant and f is the corresponding SG-
function, then the dual norm is given, for W € M, ,, by

IWln = fola(W))
where f, : R" — R, is the dual norm of f.

Lemma?7 || - || is an Ol-norm on M,,, if and only if || - ||, is orthogonally invariant. Also, f :
R" — R is an SG-function if and only if f, is an SG-function.

The next useful formula describes the peak set for any OI-norm.

Lemma8 Let W € My, \ {0} and W = UX(W)V'T its singular value decomposition. If the
norm || - || is orthogonally invariant and f is the corresponding SG-function, then

W ={2:Z=U(2)V",0(Z)€ Df(c(W))}.

Lemma9 LetW € M, \{0}and W = UX(X)V " its singular value decomposition. If the norm
|| - || is orthogonally invariant and the corresponding SG-function f is differentiable at o (1), then
|| - || is differentiable at /" and

VW[ =UVf(e(W)) V.

Lemma 10 If f is an SG-function, x € R" \ {0} and w € Zf(x), then w € Zf(T), where
w,T € R" are the vectors with elements the absolute values of w, x, respectively, in decreasing
order. Moreover, |w|, |z| can yield w, T with a simultaneous permutation of their elements.

In other words, duality of OI-norms translates to duality of SG-functions. Norm duality pre-
serves orthogonal invariance as well as the symmetric gauge properties. And dual pairs of matrices
with respect to Ol-norms directly relate to dual pairs of vectors with respect to SG-functions. Sim-
ilarly, (sub)gradients of Ol-norms correspond to (sub)gradients of SG-functions. In fact, Lemmas
8 and 9 hold, more generally, for all symmetric functions of the singular values (Lewis, 1995).

As an example, the dual of a Schatten p-norm || - ||, is the norm || - ||,, where % + % = 1. For
p > landevery W = US(W)VT € Mgy, \ {0}, one can readily obtain the set of duals from the
equality conditions in Holder’s inequality. These give that

W, ={2: 2=US(2)V",0:2) = (o:(W))"™"

=————16€N,,.
lo(W)]5~" }

Moreover, this norm is differentiable for p > 1 and the gradient is given by

1
V|[W|, = U Diag \)V'—— |
’ lo (XI5

where \; = (0;(W))P~1 i € N,.

Before continuing to the main result about Ol-norms, we briefly review the relation between
regularization and interpolation problems, mentioned at the end of Section 2. We are interested in
obtaining representer theorems and optimality conditions, in general, for regularization problems

11
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of the form (2.1). We shall focus, however, on representer theorems for interpolation problems of
the form (2.2).

Let Q : Mgy, — R be a given regularizer and assume that, for every y € R™ and linear
operator [ : M, — R™, there exists some solution of (2.2) satisfying an prescribed representer
theorem. Then, by Lemma 1, for every y € R™, [ : My,, — R™ and £ : R™ x R — R,
the same representer theorem holds for some solution of problem (2.1). In the remainder of the
paper we shall prove optimality conditions for interpolation problems, which thus equally apply to
regularization problems.

Conversely, the representer theorem for the regularisation problem (2.1) associated with certain
choices of the function €2 and F', will also hold for the corresponding interpolation problems (2.2).
To illustrate this idea, we adopt a result from (Argyriou et al., 2009), which concerns the standard
representer theorem,

W e R(IY).

Theorem 11 Let& : R™ x R™ — Rand Q2 : M,,, — R be function with the following properties:
(i) E is lower semicontinuous and bounded from below;

(i1) €2 is lower semicontinuous and has bounded sublevel sets, that is, for every A € R, the set
{W W e My, QW) < A} is bounded;

(iii) for some v € R™\ {0}, y € R™, there exists a unique minimizer of min{&(av,y) : a € R}
and that this minimizer does not equal zero.

If, for all choices of 7 and y, there exists a solution W e R(I*) of (2.1), then, for all choices of I
and y such that y € R(I), there exists a solution W € R(I*) of (2.2).

As noted in Argyriou et al. (2009), the square loss, hinge loss or logistic loss are all valid error
functions in this theorem. The above results allow us to focus on the interpolation problems, as a
devise to study the regularization problem.

We are now ready to describe the main result of this section, which concerns the form of the
solution of interpolation problems (3.1) for the class of OI-norms.

Theorem 12 Assume that || - || is an Ol-norm and let f be the corresponding SG-function. If the
matrix W € My, \ {0} is a solution of (3.1) and the vector ¢ € R™ is a solution of (3.3), then

W=US(W)VT, I*(¢) = USI*(&) V™

for some U € ©¢,V € O, and

N 1
“W) o,

2f(o(I"(6))) -
Proof By Theorem 2 we obtain that || [*(¢)||,WW € Z||I*()||. We can write I*(¢) in terms of its
singular value decomposition, I*(¢) = U X(1*(¢)) V™ with U € 04,V € O™. Using Lemma 8 we
conclude that R R

1@ W = U ([T (&) ,2(W)) VT,

12
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where || I*(¢)||, c(W) € 2 f(a(I*(¢))). |
This theorem implies that, in order to solve the minimal norm interpolation problem (3.1), we
may first solve the dual problem (3.3) and then find a matrix in the peak set of [*(¢) scaled by
1/|[1*(¢)| 5, which interpolates the data. The latter step in turn requires computing a singular
value decompostion of I*(¢) and then solving a non-linear system of equations. However, when
the SG-function is smooth, there is a unique elements in the peak set and, so, there is no need to
solve the non-linear equations. For example, if || - || is the Frobenius norm, Theorem 12 readily
yields the standard representer theorem.

4.3 Admissible Orthogonally Invariant Norms

In this section, we define a subclass of Ol-norms, which obey an improved version of the repre-
senter theorem presented above.
We begin with a definition.

Definition 13 A norm || - || on R" is said to be admissible if for any = € R", any k£ € N, such that
x # 0 we have that
l=*]] < [l

where z* is the vector all of whose components agree with z, except the k-th component which is
zero.

The simplest example of admissible norms are the £, norm on RY, p» forp € [1,00). From
this norm we can form other admissible norms in various ways. Specifically, for any p;,p, €
[1,00), we see that the norm || - ||,, + || - ||, or the norm max{|| - ||,,, || - ||, } are both admissible.
Note that some of these norms are not strictly convex. Also compare this definition to that of
weakly monotone norms (Horn and Johnson, 1985, Def. 5.5.13).

Lemma 14 If || - || is an admissible normon R", x € R"\{0} and w € Z||z||, then for any k € N,
with z;, = 0 it holds that w, = 0.

Conversely, assume that, for every x € R"\{0}, w € Z2||z|| and k € N,,, if z; = 0 it holds that
wg = 0. Then || - || is admissible.

Proof Suppose to the contrary that wy # 0. Then by our hypothesis ||w*|| < ||w| = 1. However,
we have (w*, ) = (w, z) = ||z||», from which it follows by inequality (3.2) that ||w*|| > 1. This
contradiction establishes the result.

For the converse, consider any w € R” with wy, # 0. Let z € Z (|[w"[|5). Then (z*,w) =
(z,w*) = ||w"||. Let also y € 2 (||z*||). By hypothesis, y, = 0 and hence 1 = |jy| ||z, >
(y,r) = (y, 2*) = ||2*||,. Combining, we obtain that ||w|| > (w, z*) = ||w*||. The equality holds
if and only if —— € 9 (||2*||), which by hypothesis implies that w, = 0. m

[l

The above obervation leads us to consider the following subclass of OI-norms.

Definition 15 Anorm || -|| on M,,, is said to be admissible orthogonally invariant if there exists an
admissible vector norm || - || on R" such that, for every W € M, ,,, we have that | W|| = ||lo(W)]].

13
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Examples of non-admissible OI-norms are the spectral norm, the Ky Fan norms || - || () for
1 < k < r and the norm max{|| - ||1, | - ||oo } for a € (1, 00).

We have now accumulated sufficient information on admissible OI-norms to present an im-
proved representer theorem for problem (3.1). We shall prove below, for any admissible OI-norm,
W can be expressed as

W=>Y &XR.
i€Nm
In other words, T is obtained by first applying the standard representer theorem and then multi-
pling it from the right by the matrix R. In the case of the Frobenius norm R = I,,.

Theorem 16 If || - || is admissible orthogonally invariant, the matrix 1/ € M., \ {0} is a solution
of (3.1) and the vector ¢ € R™ is a solution of (3.3), then there exists a matrix R € S} such that

A

W =I"(&)R (4.3)
and the eigenvectors of R are right singular vectors of 7*(¢).

Proof By Theorem 12, there exists [*(¢) = U X(I*(¢)) V", obtained from a dual solution ¢
of (3.3), such that ||I*(¢)||,WW = U Diag(A\)VT, where A € 2f (¢(I*(¢))) and f is the SG-
function associated with || - ||. Since f is admissible, Lemma 14 implies that \; = 0 whenever
o;(I*(¢)) = 0. Hence there exists ;u € R’, such that \; = 0;(/*(¢))p, ¢ € N;, and y; = 0 when-
ever o;(I*(¢)) = 0. Thus, ||I*(&)||,W = U S(I*(¢)) VTV Diag(u)V T and the corollary follows

by selecting R = V Diag(u)V'". [

(@)l

Note that, in the above theorem, the eigenvectors of R need not correspond to right singular
vectors of 1*(¢) according to a simultaneous ordering of the eigenvalues / singular values.

We may also state a converse of Theorem 16, that is, the only OI-norms which satisfy property
(4.3) are admissible.

Theorem 17 1f || - || is orthogonally invariant and condition (4.3) holds (without any conditions
on R € M,,), for every linear operator I : M,,, — R™, y € R(I) \ {0}, every solution W of
(3.1) and every solution ¢ of (3.3), then the norm || - || is admissible orthogonally invariant.

Proof Let f be the SG-function corresponding to || - ||. Let arbitrary x € R"\ {0} and w € Zf(x).
Define 7,w € R, to be the vectors with elements the absolute values of x,w, respectively, in
descending order. By Lemma 10, we obtain that w € % f(Z). Define also X = Diag(Z) € M,
and W = Diag(w) € My,. By Lemma 8, we obtain that W € 2]||X||. Now, consider the
problem min {||Z|| : Z € My, (Z,X) = || X||»}, whose set of solutions is Z||X||. By hypothe-
sis, W = cXR for some R € M, and for ¢ = m (the only solution of the dual problem).
Therefore, Diag(w) = ¢ Diag(Z) R and hence T}, = 0 implies w;, = 0, for all £ € N,.. By Lemma
10, this implies in turn that wy, = 0 if ;, = 0, for all £ € N,. Combining with Lemma 14, we
deduce that f is admissible, as required. [ |
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We remark that there exist norms on M, which are not orthogonally invariant and satisfy
condition (4.3). In fact, given two non-singular matrices () € M4 and M € M, ,, the norm
W — ||QW M]|, is not orthogonally invariant, but the representer theorem is easility seen to be

=@ Q) ' I"(@)(MM")™

Furthermore, concerning the converse of Theorem 16, it can be shown that if we restrict the
eigenvectors of R to be right singular vectors of /*(¢), then || - || has to be orthogonally invariant.

Moreover, If the norm || - || is not admissible, then it can be shown that for every solution ¢ of
the dual problem there exists a solution of the primal satisfying (4.3). As an example, see Corollary
20 below (spectral norm). For a characterization of functions yielding such representer theorems,
see (Argyriou et al., 2009).

Returning to Theorem 12, for the Schatten p-norms we have the following corollary. To state
it, we use the notation A9~! as a shorthand for the matrix U Diag(o;(A)?!);en, V" when A =
UX(A)VT.

Corollary 18 If the matrix W e Mg, \ {0} is a solution of (3.1) for the Schatten p—norm, with
p € (1, 00), then there exists a vector ¢ € R™ such that

N
V=Tron >|r

1 1 _
WMW5+5—L

Proof The corollary follows directly from Theorem 12 and the description of Z|| - ||, in Section
4.2. |

The above corollary does not cover the cases that p = 1 or p = co. We state them separately.

Corollary 19 If W € M,,, \ {0} is a solution of (3.1) for the trace norm, ¢ € R™ a solution of
(3.3)and I*(¢) = >y, oi(I*(¢))uv; is asingular value decomposition, then

W 0'1]* ZAU@Z’

IENTVVL(L‘L

where ., is the multiplicity of the largest singular value o (1*(¢)) and for some \; > 07 € N
such that > A; = 1. Moreover, W = I*(¢) R, where

R= Zvl

ZENTmaI

Tmax

€N g

Proof The corollary follows from Theorem 12 and the description of Z|| - ||;. From the definition,
it is easy to obtain that forevery v € R", Z||z|y = {y € R} 1 y; = 0, if 2y < ||2]|oo, Dien, ¥i =
1}. Thus, oy (I*(E)W = ||I*(&)||W = UAVT, for A = Diag(\) and A; = 0 for i > g,

1
Ai = 1. Since A = ———%(I*(¢))A, R can be selected as ——— VAV, |
»y @) A1)

15



ARGYRIOU, MICCHELLI, AND PONTIL

Corollary 20 If the matrix W e Mg, \ {0} is a solution of (3.1) for the spectral norm, ¢ € R™ a
solution of (3.3) and I*(¢) = >,y 0i(I*(¢))usv/ is asingular value decomposition, then

rank(I*(¢é)) r

. 1
W = TRl A Z uiv; + Z (67 Uﬂ);, (44)
=@l = i=rank(1*(&))+1
for some «; € [0, 1], ¢ = rank(/*(¢)) + 1,..., 7.

Proof The corollary follows from Theorem 12 and the fact that, for every z € R”, Z||z| =
{ye[-1,1) 1y = 1, if 2; > O} n

The above corollary also confirms that representation (4.3) does not apply to the spectral norm
(which is not admissible orthogonally invariant). Indeed, from (4.4) it is clear that the range of W
can be a superset of the range of 1*(¢).

To recapitulate the results presented in this section, Theorem 12 allows one to obtain the solu-
tions of the primal minimum norm interpolation problem (3.1) from those of its dual problem (3.3),
which involves m variables. This is true for all Ol-norms, even though the representer theorem in
the form (4.3) applies only to admissible OI-norms. Part of the appeal of OI-norms is that com-
puting primal solutions from dual ones reduces to a vector norm optimization problem. Indeed,
given a solution of the dual problem, one just needs to compute the singular value decomposition
of the matrix /*(¢) and the peak set of the SG-function f at the singular values. The associated
primal solutions are then easily obtained by keeping the same row and column spaces and using
elements of the peak set in place of the singular values. In fact, in many cases, the latter problem
of computing the peak set of f may be straightforward. For example, if f,, is differentiable (except
at zero), each dual solution is associated with a single primal one, which equals a multiple of the
gradient of f,, at the dual solution.

4.4 Related Work

The results of Section 4 are related to other prior work, besides the already mentioned literature
on representer theorems for the case of the vector L, norm (that is, for n = 1). In particular, the
representer theorem for the trace norm (Corollary 19) has been stated in (Srebro et al., 2005). Also,
the representation (4.3) in Theorem 16 relates to the representer theorems proven in (Abernethy
et al., 2009; Argyriou et al., 2009). The results in (Abernethy et al., 2009) apply to the case of
the trace norm and when the X; are rank one matrices. The results in (Argyriou et al., 2009)
give representer theorems for a broad class of functions, of which differentiable OI-norms are
members. However, as mentioned before, Theorem 16 requires additional conditions on matrix
R. In particular, the requirement on the eigenvectors of this matrix holds only for admissible
OI-norms.

Appendix A.

Here, we describe two results which we have used in the paper. Recall that for every linear op-
erator J : My, — R*, the linear spaces R(.J) and N/(J) denote the range and the kernel of J,
respectively.

16



ON SPECTRAL LEARNING

Lemma 21 Let W be a nonempty, convex and compact subset of M, let J : M, — R¥ be a
linear operator. The set R(.J*) intersects W if and only if, for every X € N(J) the following
inequality holds

max{(X, W) : W € W} > 0. (A.1)

Proof Suppose that there exist 2 € R¥ and T' € W such that J*(z) = T'. Then for any X € M,
with J(X') = 0 we have that (X, 7) = 0 and, so, inequality (A.1) holds true.

Now, suppose that R(J*) N W = (). Then, there is a hyperplane which strictly separates R(J*)
from )V — see, for example, (Rockafellar, 1970, Cor. 11.4.2). That is, there exist W, € M, ,, and
1 € R such that, for all z € R¥,

(Wo, J*(2)) + . 20,

while, forall W € W,
(Wo, W) + p < 0.

The first inequality implies that J (/) = 0. To see this, we choose any z, € R* and A € R
and let z = Az in the first inequality. Now, we allow A — oo, to obtain that (W, J*(2)) = 0.
Therefore, the first inequality simplifies to the statement that p > 0.

The second inequality implies that

max{(Wy, W) : W e W} < —u <0,
which contradicts (A.1) and proves the result. |
Next, we state an important rule for taking directional derivatives of a convex function ex-

pressed as a maximum of a family of convex functions. For this purpose, recall that the right
directional derivative of a function g : YW — R in the direction A at W € WV is defined as

, C g(W+MA) — g(W
07 ) = s VXN —g01)

Theorem 22 Let W be a convex subset and X" a compact subset of M,,, and f : W x X — R.
If, for every W € W, the function X — f(W, X) is continuous on X" and, for every X € X the
function W +— f(W, X)) is convex on W, then the convex function g : YW — R defined at W € W
as

gW) :=max{f(W, X): X € X}

has a right directional derivative at IV in the direction A € M, given as
gy (W5 A) = max{f' (W, X;A) : X € M(W)}, (A.2)

where M(W) ={X : X e X, f(W, X) = g(W)}.
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