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1 Introduction

Let X be a compact subset of Euclidean space IRY, Y a subset in IR and
INy :={1,...,¢} for any ¢ € IN. Let p be a fixed but unknown distribution
on Z := X x Y. The generalization (true) error for a function f: X — Y
is defined as

&)= [ (7o) - ) an(a) (11

The function minimizing the above error is called the regression function
which can be specified by

mezﬂy@@m, reX (1.2)

where p(-|x) is the conditional probability measure at x induced by p.

We consider the problem of approximating the regression function from
a finite set of training data drawn from p. In this paper, we restrict our
attention to online learning algorithms for computing an approximator in
a reproducing kernel Hilbert space (RKHS).

Let K : X x X — IR be a Mercer kernel, that is, a continuous, symmet-
ric and positive semi-definite kernel, see, for example, [11]. The RKHS
Hy associated with K is defined [1] to be the completion of the linear
span of the set of functions {K,(-) := K(x,-) : € X} with inner product
satisfying, for any = € X and g € Hg, the reproducing property

(Kz, 9)i = g(). (1.3)

Let z := {z = (z4,y) : t € Nz} be a set of random samples indepen-
dently distributed according to p. The online gradient descent algorithms
9, 18, 21, 27] provides an advantageous way to deal with large training
sets and is defined as f; = 0 and

fir1 = fi — Ut((ft(lﬁt) —y) Ky, + Aft), t € Ny (1.4)

where A > 0 is called the reqularization parameter. We call the sequence
{n: : t € Ny} the step sizes or learning rates and { f; : t € Ny} the learn-
ing sequence. We can use fryq, the last output of (1.4), to approximate
(learn) the regression function f,.

The class of learning algorithms displayed above is also referred to as
stochastic approximation algorithms in the setting of reproducing kernel
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Hilbert spaces. Such a stochastic approximation procedure dates back to
[20]. Ome can see [21, 27, 31, 35] and references therein for more back-
ground material.

When the parameter A > 0, we call (1.4) the online regularized al-
gorithm which is well studied in the recent literature, see, for example,
[19, 21, 32]. In this paper, we are mainly concerned with the online gra-
dient descent algorithm without explicit regularization given by (1.4) with
A =0, that is, f; =0 and

fern = fo = ne(fe(we) — ye) Koy, t € Ny (1.5)

Since the last output f7.; is used to approximate the regression func-
tion f,, the efficiency of the algorithm (1.5) can be measured by the dif-
ference between fri; and f,. The nature of the least-square loss leads
to the measurement in the metric of £2  defined as || fll, = || /] 2, =

([ |f(x)|2dpx)1/2, where px is the marginal distribution of p on X. A
direct computation yields that

1fre1 = follp = E(fra) — (), (1.6)

see, for example, [11] for a proof. Our primary goal is to estimate the error
(1.6) for the least-square online algorithm (1.5) by means of properties of
p and K. We shall show how the choice of the step sizes in the algorithm
affects the error rates. We mainly focus on two different types of step
sizes: {m : t € INp} being a subset of a universal sequence {n; : t € IN}
which is independent of the sample number T  or {n, = n :t € Ny} with
n = n(T') depending on T'. In particular, we shall show, by choosing the
step sizes appropriately, that the error rates of (1.5) are competitive with
those of offline and online regularized learning algorithms in the literature.

The rest of the paper is organized as follows. The next section summa-
rizes our main results and presents some comparisons with previous work.
To formulate our basic ideas, in Section 3 we provide a novel approach
to the error analysis of the online algorithms (1.4) under some conditions
on the step sizes which we verify in Section 4 in the case of commonly
used step sizes. In Section 5 we develop error bounds and convergence
results for the online algorithm (1.5) without regularization. Finally, Sec-
tion 6 establishes explicit error rates for the online algorithm (1.5) and,
as a byproduct, improves the preceding rates for the online regularized
algorithm given by (1.4) with A > 0.
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2 Main results

We begin with some background material and notations for subsequent
use. Let C(X) be the space of continuous functions on X with the norm

| |locs & := sup,ex v/ K (x, ) and note, by the reproducing property (1.3),
for every f € Hp, that

[ flloe < &l fllx- (2.1)
Throughout this paper, we always assume that |, P y*dp(z) < oo which

implies that the quantity E(f,) + || f,||> is finite. Finally, we define, for
any 6 € (0,1), the quantity

" 1248(1 + k)* if 0 =1/2, 22)
H = 208(1+k)* . .
T—20-Ty26—1] ( ln(%) + m) otherwise.

2.1 Main theorems
We are now ready to state our main results. The first result deals with
error bounds for the online gradient descent algorithm (1.5).

Theorem 1. Let § € (0,1) and {n, = it‘e :t € IN} with some constant
w > p(0). Define {fi:t € Npy1} by (1.5). Then we have that

Baczr [l fror = fl3) < i {1fy = Fllo + bov/m T2 £}

CpCo r— min{0,1—0} 8T
T ) In(——
+ i n(l — 9)

where ¢, := 4(141)* (20| f,||243E(f,)) . bo := 2(1+k)y/ T5er and cy = 13

if 0 =1/2 and m otherwise.

(2.3)

We note that the earlier versions of error bounds usually rely on the
capacity of the space Hx measured by the entropy and covering numbers,
see, for example, [11, 12, 30]. Our upper bound on the right-hand side of
the equality (2.3) is capacity (kernel) independent.

The first term on the right-hand side of the inequality (2.3) concerns
the approximation of the function f, in the £ZX space by functions from
the space Hy. We observe that it can be specifically represented by the
square norm of the K-functional which is defined as

K(s,fp) = inof {If, = fllo+slfllct, s>0. (2.4)
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The K-functional plays a central role in interpolation theory, see, for ex-
ample, [4, Chapter 3]. Therefore, the first term on the right-hand side
of (2.3) can be characterized by requiring that f, lies in the interpolation
space (L2, Hk )00 defined as

(ﬁix’HK)ﬁ,OO = {f S Eix : ”fH@OO = SliIgS*ﬁ]C(S,f) < OO}, (25)

where 3 € [0, 1]. Indeed, it is easy to see that, for some ¢ > 0, K(s, f,) <
cs’ for any s > 0 if and only if f, € (L2, Hk)poo- Intuitively, we can
regard the interpolation space (£2_,
tween the metric space C,QJX and the much smaller approximation space

Hk)p.00 as an intermediate space be-

Hg. Similar ideas of using the K-functional to characterize the approxi-
mation property of the space Hx can be found in [10, 11, 22].

In general, we have that lim, .o KC(s, f,) = infrep, || f — f,l|,- This
gives rise to convergence of the online gradient descent algorithm (1.5).

Theorem 2. Let 0 € (0,1) and u(6) be given by (2.2). Define {f; : t €
IN7ro1} by (1.5). If the step sizes satisfy n, = it*O for t € IN with some
constant > (@) then we have that

: 2 : 2
Jim Byepr ([l = Sl = it If = £l5 (2.6)

We will give the proofs of Theorems 1 and 2 in Section 5.

If the space Hx has a good approximation property then the limit in
(2.6) equals zero. To see this, we say that Hy is dense in L3 if

: _ 2

fler%ifK |f—gll,=0, forall ge L . (2.7)
We note that, in [25], a kernel is called universal if inf e, ||f — gllcc =
0, forall g € C(X). For example, the Gaussian kernel K,(z,z’) =

_\x—x/|2

e~ 22 is universal for every o > 0. Universal kernels are sufficient to
ensure our density condition (2.7), since || f]|, < || f]loc and C(X) is dense

in EiX. Note that f, € E%X. Therefore, an immediate consequence of
Theorem 2 is the following corollary.

Corollary 1. Suppose the assumptions in Theorem 2 hold true. Moreover,
if Hi is dense in EiX then we have that

Jim e[| frar — fl12] = 0. (23)



By choosing 6 appropriately, we can get explicit error rates if the re-
gression function f, lies in a certain hypothesis space. In the following,
we concentrate on the hypothesis space L%(/J?)X) (see below) since this
facilitates a comparison of our results with those in the related literature
6, 24, 26, 31, 32, 33]. One can similarly derive error rates from (2.3) when
[, belongs to the interpolation space (2.5).

To define the space L*f( (Eix), we introduce the integral operator L :
L2 — L2 defined as

Lif(x /K:Uyc «')dpx(z'), forany x € X and f € L

Since K is a Mercer kernel, Ly is compact and self-adjoint. Therefore, the
fractional power operator Lf( is well-defined for any 3 > 0. We indicate
its range space by

Ly (£2 = { Z)‘ﬁajqu (o ﬁpr ia? < 00}7 (2.9)
j=1

where {\; : j € IN} are the positive eigenvalues of the operator Lx and
{¢; : j € IN} are the corresponding orthonormal eigenfunctions. Thus,
the smaller [ is, the bigger the range space Lg{(ﬁzx) will be. In particular,
we know [24] that Lf((ﬁf,x) C Hg for § > 1/2 and L}(ﬂ(ﬁzx) = Hg with
the norm satisfying

lgllx = IILx%gll,, Vg € Hx. (2.10)

One can find more details in [11, 24].

We now can state the following capacity independent rates. Hereafter,
the expression ar = O(br) means that there exists a constant ¢ such that
ar < cby for all T' € IN.

Theorem 3. Let 0 € (0,1) and u(8) be given by (2.2). Define {f: :
t € Np} by (1.5). If f, € L}B((EE,X) with some 0 < B < 1/2 then, by

selecting ny = " 1 )t_% fort € IN, there holds

23+1

E,ezr || fria — f,]2] = O(T" %7 nT). (2.11)

In Section 6.1, we will derive the error rate (2.11) from some modified
error bounds similar to (2.3). Since the best rate of the second term on the
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right-hand side of (2.3) is O(T~"/2InT), the consequent error rate (2.11)
is never faster than the rate O(T~'/?InT) achieved at 3 = 1/2. This
means, under the hypothesis that f, € Lf((ﬁix) with 4 > 0, that we can
not expect better rates outside the range 3 € (0, 1/2]. Hence, without loss
of generality we only consider the case 3 € (0,1/2] in Theorem 3.

We now turn our attention to the case that the step sizes of (1.5) are
in the form of {n, = n(T") : t € INr}, that is, they equal to a constant
depending on the sample number. In this scenario, the error bounds for
the online algorithm (1.5) read as follows.

Theorem 4. Let {n;, =n:t € Nr} and {f; : t € Npr1} be defined by
(1.5). If 16(k + 1)*In(8T)n < 1 then E,ezr ||| fre1 — fol12] is bounded by

—-1/2

At {IF = foll+ 204+ ) ()" fllie} + enin(8T). (212)

In addition to the error || fr41—f,||,, there are other interesting relevant
quantities such as the error || fri1 — follx (if f, € Hik). Observe that the
global error || fr11 — f,l|l, can not wholly describe the local properties of
fry1 which is usually measured by |fri1(xo) — fo(20)| for any zo € X.
However, if f, € Hk, for every xy € X we have that | fr1(zo) — f,(x0)] <
k|l fr+1 — follx. In this case, the convergence and the error rate in Hx
reflect the local performance of the predictor fr,,. Indeed, it was further
pointed out in [24] that the convergence in Hy yields convergence in C*(X)
under some conditions on K, where C* denotes the space of all functions
whose derivatives up to order k are continuous.

When the step sizes of (1.5) are of the form {n, = n(T") : t € Nr}, we
can get convergence results in EZX as well as in Hg.

Theorem 5. Let the step sizes {ny =n(T) :t € N} and {f; : t € Npyq}
be defined by (1.5). Then the following statements hold true.

(1) If the step size satisfies

Tlim Tn(T) = oo, Tlim n(T)InT =0 (2.13)
then there holds
. 21 . 2
Jim Bycpr (s = 2] = inf [f = FI2, (2.14)



(2) If f, € Hi and the step size satisfies

Jim Tn(T) = oo, lim n(T)T =0 (2.15)

T—o0

then we have that

Tim e[| frer — fylli] = 0. (2.16)

Note that, if the step size decays in the form of n(T) = O(T~%), T —
oo with # > 0 then the hypothesis (2.13) allows the choice 6 € (0, 1) while
(2.15) requires 6 € (1/2,1).

We will prove Theorems 4 and 5 in Section 5. In Section 6.1, we shall
establish the following error rates in Eix as well as in Hyx when the step
sizes are of the form {n, = n(T) : t € Ny }.

Theorem 6. Let {n, = n :t € INp} and {fy : t € Ny} be de-
fined by (1.5). If f, € L%(E%X) for some 3 > 0 then, by choosing
2,

5
n = WT_W, we have that

Eyerr [llfri1 = £l = O(T" 57 7). (2.17)

Moreover, if 3 > 1/2 then there holds

Eyerr (llfria = fol] = O(T755). (2.18)

As the last contribution of this paper, we further improve the preceding
error rate [32] for the online regularized algorithm (1.4) with A > 0. The
proof will be given in Section 6.2.

Theorem 7. Let A > 0, 0 € (0,1) and u(8) be given by (2.2). Define
{fi:t € Npp1} by (1.4). Assume that f, € L’%(ﬁ%x) with some 0 < § <

1 __28 _L_A'_L
——5——t 2P and A\ =T B+,
)+1

1. For any 0 < e < =25 choose n, =
M5t

28+17
Then there holds

Eyerr [ i1 — 2] = O(T"777°). (2.19)

The preceding error rates of the online regularized algorithm (1.4) with
A > 0 were established in [32] under the assumption of f, € Lf((ﬁf,x) with



some # € (0,1]. Namely, for any arbitrarily small ¢ > 0, by choosing
A := A\(T) appropriately, there holds

Eyerr [ 11— folls) = O(T7700%) (2.20)

and, for 1/2 < 8 < 1, we further have that

E,crr (| fron — flli] = O(T1572+). (2.21)

By Cauchy-Schwarz inequality, we see from (2.19) that, for any arbitrarily
small € > 0, there holds

1/2 B .,
Eyezr [Ifrr1 = flly) < (Baczr [Ifrra = £I2]) = O(T7577).
Therefore, the rate (2.19) is much better than (2.20).

We remark that the error rates obtained here for the online algorithm
(1.5) are capacity (kernel) independent except the prior requirement that
f» € L’f((ﬁix) with some 3 > 0. It is an open problem to improve error
bounds when some additional information is known such as the regularity
of K or some polynomial decay of the eigenvalues of Ly [6, 11, 30]. In
addition, it is noteworthy that all the rates are proved with respect to
expectation norm and we do not know how to convert them into similar
probabilistic bounds as [24, 31].

2.2 Comparisons and discussions

There is a large body of literature on online learning algorithms. Let us
discuss some work relating to this paper.

The mistake (regret) bounds for the cumulative loss 1/T Zthl(yt —
fi(x;))? for general online algorithms have been well studied in the lit-
erature. See, for example, [2, 7, 8, 9, 16, 17, 18, 28, 35| and references
therein. Specifically, mistake bounds were derived for the online density
estimation in [2]. Section 6 in [16] showed, for a learning algorithm differ-
ent from (1.5), the upper bounds for the relative expected instantaneous
loss, measuring the predicting ability of the last output in the linear regres-
sion problem. The online algorithm studied in [9] in the linear regression
setting is closest to our algorithm (1.5). This paper discussed how the
choice of the learning rate affects the bound for the cumulative loss. Re-
lated mistake bounds in this setting can also be found in [35]. In [18], the
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authors proposed general online regularized algorithms with kernels and
presented their cumulative loss bounds.

For a more detailed review of mistake bounds in this direction, one can
refer to [28, Section 5]. There, generalization bounds for the average pre-
diction were also derived from the cumulative loss bounds in reproducing
kernel Hilbert spaces. More precisely, for each t € IN, let H; : X — R
be the function produced by a prediction algorithm when fed with the
independent data {(z;,y;) : j € IN;_;}. Consider the average prediction
Hri = 745 3 Hy and let D € Hy with D(z) € YV == [-M, M] for
all x € X. It was shown [28, Corollary 2| that there exists a prediction
algorithm such that, for any 6 > 0 and 7" € IN, with probability at least

1 — 6, there holds

2M
VI +1

The main difference of our generalization bounds (2.3) and (2.12) from

E(Hr) < E(D) + (VAT AP (IDllx +1) + 20y 21n %)

the above one is that we have no assumption on the functions in the given
upper bounds.

Although deriving cumulative loss bounds of the online gradient de-
scent algorithm (1.4) is very useful, it is also important to further under-
stand the statistical behavior of its last output fri;. In [21], the authors
studied the performance of fr,; in the Hx norm where fr.; is given by
the online regularized algorithm (1.4) with A > 0. More general online
regularized schemes (1.4) involving commonly used loss functions in clas-
sification and regression were discussed in [19, 32]. Using quite different
methods from ours, [35] obtained similar generalization bounds as (2.12)
for the online gradient descent algorithm associated with uniformly Lips-
chitz loss functions, linear kernels and constant step sizes (learning rates).

In this paper, we study the least-square online algorithm (1.5) without
regularization terms in Hy and conclude that it performs competitively in
contrast to the commonly used least-square learning schemes. To explain
this, in what follows we compare our capacity independent rates for the
online algorithm (1.5) with the state-of-art ones for other least-square
learning algorithms under the same hypothesis that f, € L%(L?,X) with
£ > 0. In particular, it can be shown that our rates are almost optimal in
a certain sense.

First, let us begin with the comparison with the rates for the online
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regularized algorithms. In this discussion, we note that the rates (2.11),
(2.17) and (2.18) of the online algorithm (1.5) are comparable to the cor-
responding rates (2.19), (2.21) of the online regularized algorithm (1.4)
with A > 0.

Second, under the same assumption that f, € Lf{(ﬁix) with § €
(0,1/2], we present another comparison with the rates of averaged stochas-
tic gradient descent algorithms introduced in [35]. This class of online
algorithms and the derived error bounds are stated in the linear kernel
setting. However, we can easily extend them to the general kernel setting
as follows. Assume 2x%n; < 1 for t € IN7. In addition, let r; = 0, fl =0
and {f; : t € INyy1} be defined by (1.5). For any ¢ € INy, we update
Fegr = 1041 — 26202 and fiyy = 2 f, + ", Then, the general-

Tt+1 Tt+1

ization bound [35, Theorem 5.2] for the average output fT+1 in the kernel
setting can be cast as

1 2

) 2 2
o le(ra)] < inf {1+ e+ IR} 222
€ T+1

where 07.,, = Y., n7- Note that E(f) — E(f,) = IIf — f,l2 for any
fe Eix. If we denote the reqularization error as

D(A) = fielgifK{llf — ol + A (2.23)

then the bound (2.22) tells us that BEyr (|| fro1 — f,|?] is bounded by

2Kk20% 1 2Kk20%
(1+=")p( ) () (224)
TT41 2(rry1 + 26207 ,) TT41
When the step sizes are of the form 7, = Mt_g with 6 € (0,1),

0'2 H
it is not hard to observe that rp = O(T'7?), X2 = Q(T—min{f1-0})

7orT4
for & # 1/2 and % = O(TY2InT) for § = 1/2. Furthermore, if
fo € Lf((ﬁzx) with some 3 € (0,1/2] then we know from [24, Lemma 3]
that

D) < NPIL 112, (2.25)
which implies that
1
D( ) — O(T2°0-0)y, 2.9
2(rpp1 + 2/120%+1> o ) (2.26)
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Therefore, if f, € Lf{(ﬁzx) with 5 € (0,1/2], choosing 6 = % and

0'2 . .
putting the above observations for 74y, 7= and (2.26) into (2.24) yields
that

O(T~'2InT) for 3=1/2,

O(T—zr%) for 5 € (0,1/2). (2.27)

Eyr[llfre1 = foll}] = {

Similarly, if f, € Lf{(ﬁix) with 3 € (0,1/2] and the step sizes have

the form {n, = n : t € Ny} then, by choosing n = MTf%il, we see
from (2.24) and (2.25) that
5 _ 28
Bz (|l fr = foll,) = O~ 7). (2.28)

We conclude that the rates (2.11) and (2.17) for the online algorithm
(1.5) are almost the same as the corresponding rates (2.27) and (2.28) for
the averaged stochastic gradient descent algorithm.

Third, we compare our rates with the offline regularization algorithm
which is defined by

for=arg it {2 S (@) —wP MR} 229)

teNp

This offline algorithm is often referred to as a Tikhonov regularization
scheme for learning, see, for example, [15].

The capacity independent generalization bounds in [33, 34| can be
expressed as

2\ 2
Eacrrl(n)] < (1455 ) ut {ewn + s}

In terms of the regularization error D(\), it can be equivalently stated as

IEZGZT[HfZ,A—pri] <D(\) + (8(f,,)+D(A)){4T—'f+ (?—’i) } (2.30)

But, if f, € Lf((ﬁf,x) with 8 € (0,1/2] we know from (2.25) that D(\) <
)\QﬂHL;(ﬁfpﬂi. Putting this into (2.30) and trading off 7" and A, for f, €
L%(ﬁzx) with some [ € (0, 1/2], the choice A = T gives the rate

Eyerr | for = L[] = O(T 7). (231)
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When f, € L%(Eix) with 8 € (1/2, 1], it was improved in [24], by choosing
A = \(T) appropriately, that!

E,crr [ for — fl2] = O(T551) (2.32)

and ,
Egezr [ far — ol %] = O(T2#%). (2.33)
Under the same assumptions, the rates (2.11), (2.17) and (2.18) of the

online algorithm (1.5) are almost the same as the corresponding offline
rates (2.31), (2.32) and (2.33).

We remark that the generalization bounds associated with D(\) such
as (2.30) for the regularization algorithms are neat and interesting, but
it tends to suffer a saturation phenomenon with restricted [, since the
regularization error D(A) decays at most linearly as A — 0 + .

To see why this is true, by (2.1), we know that D(\) = inf repy, {|| f —

2
follo + AlLfII% ;= inf per, {”f— fp\|,2;+>\%}. Since || f — foll, > Il f]l —
| follpl; by letting ¢t = || f||,, we have that

A

m”ﬁ“i (2.34)

. , A2
D) = inf { (= 150)° + 25 | =

te

If f, is not identically zero (i.e., || f,||, > 0), the inequality (2.34) implies
that the optimal decay of D()) is O(A), A — 0+ which, by (2.25), is
achieved when f, € L%Z(E%X) = Hg. Equivalently speaking, the rate of
D(A) is never faster than O(X), A — 0+ even if f, lies in any smaller space
L[[’((L%X) with § > 1/2 than Hy. Therefore, in this case the consequent
trade-off rate (2.31) derived from (2.30) is at most O(T~Y/2), T — oo,
which is achieved at § = 1/2 and can not be improved beyond the range
B € (0,1/2]. This is the so-called saturation phenomenon in the context
of inverse problems [14].

For similar reasons, the rates (2.27) and (2.28) derived from (2.24) for
the averaged stochastic gradient descent algorithm have the same problem.
In contrast, our analysis shows that the capacity independent rate (2.17)
for the un-regularized online algorithm (1.5) does not suffer this drawback
and is arbitrarily close to 77! as 3 — oo.

Finally, we explain in two folds that the error rates for the online
algorithm (1.5) are actually almost optimal in the capacity independent

'The rates are originally stated in the form of probability inequalities. We employ
their expectation versions for consistency with other bounds throughout this paper.
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sense. We initially illustrate this by citing the lower bounds in [6] when
f» € Lf{([,%x) with # € (1/2,1]. Second, we demonstrate a specific exam-
ple to contrast our rates with the best possible rate in the non-parametric
statistical literature (see, for example, [5, 26]).

We begin with the citation of the lower bound in [6]. Consider f, €
L%(ﬁ%x) with 8 € (1/2,1] and the eigenvalues (arranged in decreasing
order) of Lg have the decay \; = O(i7?) with b > 1. Then it was proved
in [6] that the rate T2 in L>  is optimal, see [6] for a precise definition
of optimal rates. Since K(z,2") = > ..y Ni¢i(z)pi(z’) for any z,2" €
X and [ ¢?(z)dpx(x) = 1 for any i € IN, it follows that > 7, \; =
Jx K(x,x)dpx () < k?, see, for example, [11]. Therefore, for any i € IN
we have that i\; < 3. A; < # which implies that \; = O(i™") for
all kernels. Since our capacity independent raQtﬁelz)s are independent of the
eigenvalues of Lg, taking b — 12 Bof the rate T 265+1 leads to the eigenvalue-
independent optimal rate T 23+7 (see also [31] for a discussion). In this
sense, our rates (2.17) and (2.19) are almost optimal for the capacity
independent case under the condition that f, € L) (£2.) with 8 € (1/2,1].

Now, we illustrate by a specific example that our rates for the on-
line algorithm (1.5) are comparable to the optimal rate in non-parametric
statistics. For simplicity, we only consider smooth splines [29] in one di-
mension.

Let X = [0,1], dpx = dz. For smooth splines, the reproducing kernel
space can be regarded as a fractional Sobolev space H*[0, 1] with s > 1/2
which is defined by Fourier coefficients

H?[0,1] := {f =ap+ Z\/ﬁk’_s(ak sin(2rkx) + by, cos(2mkx))

keIN
A2 = af + ) (af +87) < oo}. (2.35)
kEIN
It is easy to see, for any z,2’ € X, that the reproducing kernel of the
space H*®[0,1] can be represented by
Ky(z,2') =1+ Z 2k~ (sin(2mkz) sin(2rka’) + cos(2mkx) cos(2mka’)).
keN

In addition, Ay = 1, Ayj = Agjp1 = j~ 2 for j € IN and the orthonor-
mal eigenvalues are ¢;(z) = 1, ¢oj(z) = V/2sin(27jz) and ¢oj1(z) =
V2 cos(2mjz) for j € IN. Therefore, in this case, the range space L’%S (£2)
with 8 > 0 defined by (2.9) is identical to the Sobolev space H?%[0, 1].

14



It is well known (for example, [26]) in non-parametric statistics that the
rate O(T~ 1) is optimal if f, € L (£2,) = H?%[0,1] with 8 > 1/2.
Therefore, if we assume dpx = dz, f, € L%S (£2,) with 8 > 1/2 and
consider the online algorithm (1.5) with Hx, = H*[0, 1] with s > 1/2 then
our capacity independent rate O(T_Qé% InT) such as (2.17) is suboptimal.
But it is arbitrarily close to the best one O(Tﬁﬁ) as s — 1/2+.

3 Error decomposition and basic estimates

In this section, we formulate our basic ideas by providing a novel approach
to the error analysis of online gradient descent algorithms in EiX. As
mentioned in the introduction, the main purpose of this paper is to analyze
the online algorithm (1.5). However, we would like to state a unified
approach for the general online algorithm (1.4) for any A > 0 since this
will also, as a byproduct, allow us to improve the preceding error rate in
[32] for the algorithm (1.4) with A > 0 as shown in Section 6.2 below.

We first establish some useful observations used later. For A > 0,
define the reqularizing function by

_ ~ 2
fr=arg inf {£(F) +AlfIlk }- (3.1)
With a slight abuse of notation, we indicate f, by fo.
Lemma 1. Let A > 0 and f\ be defined as above. Then we have that

LK(f)\ — fp) + /\f)\ =0 (32)
and

Hf/\_prp < pr”p' (3-3)

Proof. We introduce the functional Q : Hx — IR defined as Q(f) :=
E(f) + M| fll% for any f € Hyx. We know that Q is differentiable and
strictly convex. Therefore, it has a unique minimizer which we have called
fr. Moreover, f) is determined by the fact that the gradient of Q at f) is
zero. Indeed, it can be verified for any f,g € Hx that

g SEERD =) ([ (40) = )16, 4 AF, ()

h—0 h

.y /X (F(2) = £,(2)) Kadpx () + M. g
= <LK(f_fp) +)‘f>g>K

15



This proves the equality (3.2).

For the inequality (3.3), we first recall the property [11] of the least-
square loss:

Ef)—ES) = If = Foll;, Vel (3-4)
Therefore, (3.1) is equivalent to

_ : 2 2
fr=arg inf {IF = £l + A - (3.5)
By taking f = 0, the above definition of fy yields that || fx— f,[2 < [ f,II2.
This completes the proof. O

With (3.2) at hand, we can interpret the online algorithm (1.4) with
A > 0 as the following useful form.

Lemma 2. Let A > 0 and {f; : t € Ny} be defined as (1.4). Then, for
any t € Ny we have that

frrn = =T =m(Lr + AD)(fe — ) +mB(fi, 21) (3.6)

where I s the identity operator and the vector-valued random variable
B(fi, ) is defined by

B(fi,2) = Lx(fi — fp) + (Y — fir(we)) Ko, (3.7)

Proof. The equality (3.6) for the case A = 0 is easily verified since we
have set fo = f,.

For the case A > 0, we use the property (3.2) of the regularizing
function f) in Lemma 1. By the definition of f;,1 given by (1.4) with
A > 0, we know that

fror = o= fi = o= me(fe(ze) — ye) Koy — e fi
= (I = me(Lx + AD))(fe = fr) + neLr(fi — f2)
— M (e — fi(@e)) K, (3.8)

But the equality (3.2) tells us that —Af\ = Lx(fy — f,). Hence, putting
this back into (3.8) and arranging it yield the desired equality (3.6). [J

With the help of the formula (3.6), we can describe our approach by
three steps in which the first step is referred to as error decomposition.

16



3.1 Error decomposition

For A > 0 and ¢ € IN, set the operator wi(Lx + AI) := Hz.:k(f —nj(Li +
M) for k € IN; and w},(Lx + M) := I. Applying induction to the
equality (3.6) and noting that f; = 0, for any ¢t € IN; we have that

frrr = o= —wi(Li + M) fr+ Z N (Lr + ADB(f;,2). (3.9)

JEN

Applying (3.9) with ¢t = T, we get the following error decomposition

frov—fr=—wi (L + M) fr + Z iy (Lic + M)B(fi, ). (3.10)

teINp

The above error decomposition technique is well-known in statistical
learning theory in order to realize the error analysis for least-square related
learning algorithms, see, for example, [21, 31, 32]. One can find similar
ideas used for different learning schemes, see, for example, [3, 11, 13, 23,
24, 33] and references therein.

We will use the error decomposition (3.10) to estimate the expectation
of || fr41 — f,ll5. To this end, we introduce some useful notations. Let L
be a linear operator from L2  to itself, we use || L|| to denote its operator
norm, that is, |[L|| := supy s, =1 [|L(f)ll,- In addition, we always denote

the expectation IE,, ., as IEz for ¢ € INy and adopt the convention

77777

Ezo [ﬂ = ¢ for any random variable &.

Now we can present the upper bound for the expectation of the error
| fr+1 — f, |5 which is the foundation of our novel approach introduced in
this paper.

Proposition 1. Let A > 0 and {f; : t € INp41} be defined as (1.4). Then
Bz || fre1 — foll2] is bounded by

1fx = Foll5 + lwi (Lie + AN AS + 2llwi (L + A Al fx = Follo
+ 623 el (L + AD L2 P By [E()]. (3.11)

teINp
Proof. Since fry1 — f, = fre1 — fx + fx — f,, we know that

Bz [l fre1 — foll2] = Ezr [l frea — HIZ] + 12 = Foll2
+ 2B g7 [(frs1 — Fro Fx = fo)p)- (3.12)

17



Hence, to prove (3.11), we need to estimate the first term and the last
term on the right-hand side of (3.12).

For the first term on the right-hand side of (3.12), we first use the
equality (3.10) to get that

Ezr (|| fri1 — A7) = i (Lx + MDA
+ e [|| Y mwiiy (L + ADB(fi, 2)|7)]

teNp

— 2B [( Y mwliy(Lic + ADB(fi, 1), 0] (Lic + M) fr),. (3.13)

teINp
Then, we estimate the last two terms on the right-hand side of (3.13)

separately.

For the second term on the right-hand side of (3.13), we write it as
Z Z neneIEzr [(WtT'H(LK +ADB(fv, Zt’)athJr1<LK + ADB(f:, Zt)>p]'
teINp t'/€eINp

Observe that the data z = {z; : t € INy} is independently distributed
according to p and f; is only dependent on {z1,..., 21}, not on z,. More-
over, recall the definition of the regression function: f,(z) = [, ydp(y|z).
Thus, B(f:, z;) has a nice vanishing property

IE., [B(f;,z)] =0, VteNp. (3.14)
Therefore, for t > t’ we have that
IEz: <WtT'+1(LK + ADB(fv, Zt’)7wza1(LK + ADB(fi, 2t))p

=EyE,, (Wl (L + AN)wpr i (L + ADB(fi, 20), B(fi,21))
=Ez-1 () (L + N)wp i (L + M)B(fv, 20), IE., [B(fi, 2)]), = 0.

By the symmetry of ¢,¢, the above equality also holds true for t' > t.
Consequently, it follows that

Ezr (|| Y mefir(Lx + ADB(fi, 2)17]

telNp
=Y Bz [|lwiiy (L + ADB(fi, 20)|2)]
teINp
< el (L + AL PE 2 [ L 2B fr 20) 1)
telNp
= > Wllwfiy (Lic + AL PR || B, 20) %] (3.15)
teINp

18



where we have used the fact (2.10) in the last equality.

To estimate Bz [||B(fi, 2)||%], note that the equality (3.14) implies
that

E., [(fi(z:) — y)Ks,] = L(fe — [,).
Hence, we can rewrite IE,, [|[B(f:, 2)|| ] as
., [||(fi(z:) — yt)Kthi{] — || ., [(fi(ze) — ye) K, ”; (3.16)
Also, for any 2,2’ € X there holds
K(w,2') = (K, Ko < || Kell k| Kol < w2 (3.17)
Therefore,

By [ B 2)|3] = By B (1B 23]
= Bz B, [||(filer) — v) K O] ]

—IE - 1HIEZt[ fe(@e) — ye) Ko, (- H|K
< Ep I, [||(fulae) — 90) K, ()] 3]
<k IEthl[ [(ft () )ZH

Putting this into (3.15), we have that

Ezr || Z w1 (Lic + M)B(fi, 20)[I7]

K Eze-1 [E(f)]. (3.18)

teﬂ\IT
< w2 Y nfllwi (L + AD L Eger [E(f)]. (3.19)
teINp

For the last term on the right-hand side of (3.13), we use (3.14) to get
that

Eyr[( D mefin (L +ADB(frs ), wi (L + A1) f2),

telNp

= /iy (L + M) EzIE. [B(fi, 20)] wi (Lic + M) f2), =

teINp

Substituting this and (3.19) into (3.13) yields the following estimation for
the first term on the right-hand side of (3.12)

By || fre1 — AAl7] < llwf (Lx + AD £l
+ 62 ol (L + AD L2 P By [E(f)]. (3.20)

teINp
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Now, it remains to estimate the last term on the right-hand side of
(3.12). To do this, we apply (3.14) to the equality (3.10) and know that
Eyr [fT+1 - f,\] = —w! (Lg + M) fy. Therefore,

IEZT<fT+1 - f)\a fA - fp>p = <IEZT [fTJrl - f)\}mf/\ - fp)p
<t (L + A Al fx = follp-

Putting this and (3.20) back into (3.12) yields the upper bound (3.11). [

Now the error decomposition and Proposition 1 help us reduce the goal
of our error analysis to the estimation of the four terms in (3.11). The
first three terms of (3.11) are frequently referred to as the approzimation
error [23, 24]. The second term of (3.11) is called the sample error. We
present their basic estimates separately in the following two subsections
which constitute the second and last step of our approach.

3.2 Estimates for the approximation error

Here we establish some basic estimates for the deterministic approximation
errors involving || fx — f,||, and ||w{ (Lx + AI) fx|| which is the second step
of our approach.

Since fo = f,, to estimate the term || f\— f,||,, we only need to consider
the case A > 0. Recall Lemma 3 in [24].

Lemma 3. Let A > 0 and fy be defined by (3.1). If f, € Ly (L2 ) with
0 < B <1 then there holds

||f/\ - fp”p < )‘BHLI_(ﬁprp- (3-21)
Moreover, if 1/2 < 3 <1 there holds
s = Folle < NNLE L (3.22)

To bound the quantity ||w] (Lx+AI)fx|l, in (3.11), we need the follow-
ing technical lemma which forms the essential estimates of our approach.

Lemma 4. Let A > 0,8 > 0 and ny(k* + \) < 1 for any integer t € [j, k|.
Then there holds

(81 =)
exp{ A 5, m(Zh,m) ™ +1)

lwh (L + ALY < (3.23)
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Proof. By the definition of L and Schwarz inequality, for any f € EiX
there holds

\Lacf]2 = / | / K (e, 2') f (@) dpx () dpx (x)

//\Km|dpx /}f )[dpx (2 >dpx()

— £ /X /X K (2,2!)Pdpx () dpx (x) < &Y FI2 (3.24)

where we used (3.17) and the fact px(X) = 1. Hence, ||Lg|| < x?. Since
{\¢ : £ € IN} are the eigenvalues of L, it follows that sup, A\, < x* and

L5 = sup N < w22, (3.25)
leIN

Moreover, for any x < 2 + ), there holds

Il —x(Lg + A)|| :==sup(l —xz(Ae+A)) <1 -z (3.26)
teN

Applying (3.26) with x = 7, iteratively for ¢ € [j, k] and (3.25), we have
that

k
oo (Lic + ADLill < TT I = e Lie + AD L]

t=j
< /@251_[ (1—n) < eXp{ )\Zm} 26 (3.27)
t=j
where the elementary inequality 1 — p\ < e~ for any t € [j, k] is used
in the last inequality.
Also,

k
lwk (i + ML) - —iupH L= (A + A)A/

t=j

<supexp{ (A4 No) Z:nt}/\/6

€N t—j

< exp{ /\Zm}supexp{ —$Znt}

x>0

:exp{_gm}@ﬁ(im) e

t=yj
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Consequently, it follows from (3.27) and (3.28) that ||w! (Lx + )L |2
is bounded by

exp{ - )\gﬁt}(<§)ﬁ+ﬁ25>2min{l, (tz:nt)_%}.

Combining this with the elementary inequality that min{a™', 67"} < - +b
for any a > 0,b > 0 finishes the lemma. O

Using the above lemma, we can estimate the quantity |jw!(Lx +
M) frll, as follows.

Lemma 5. Let X > 0 and n:(x* + \) < 1 for each t € Np. Then the
following statements hold true.

(a) For A =0, ||w{ (Lk)f,|, is bounded by

it {7 =l +20em( Xn) Ik} 3:29)

eH
fehx telNp

(b) For A\ > 0, there holds

lwi (Lic + AN fallp < 2exp{=A > e}l (3.30)

telNp

Proof. We first prove (3.29) in property (a). Since nx? < 1 for ¢t € INp,
using (3.26) with A = 0 and x = n, for t € INy iteratively implies that
lwi (L)l < Tlien, 1 = mLkll < 1. Thus, for any f € Hg there holds

ot (L) follp < Mot (L) (f = So)llp + ot (L) fl
<N = Loll + I (L) LI L 1l
= (11 = Follo + Il (L) LN (3.31)
where (2.10) is used in the last equality. Applying (3.23) with A =
0,6 =1/2,j = 1 and k = T yields the inequality [w?(Lx)L}| <
2(1+k) ( Z nt) . Substituting this into the right-hand side of (3.31),

teNp
because f € H is arbitrary, yields that

L)l < mf (15 = 2l +20040) (X m) " Il). (332

teINp
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Turn to the proof of property (b), note that n,(x* + \) < 1 for any
t € INy. Thus, applying (3.26) again with x = 7, for t € INy implies that

lof (L + AD Al < TT @ =Ml

teINp

< exp{—)\ Z 77t}||f>\||p'

teINp

But, by (3.3), [[/all, < 2|/ f,ll,- This finishes the inequality (3.30). O

The last step of our approach is to estimate the sample error.

3.3 Estimates for the sample error

We now move on to the estimate of the last term of the bound (3.11): the

t = ( for any ¢t € IN.

sample error. Later we adopt the convention imt1

Lemma 6. Let A >0 and {f; : t € Npy1} be defined by (1.4). If the step
sizes satisfy n;(k* + \) < 1 for any t € Ny then there holds

> nllwfiy (L + ML |? B [E(f)]

teINp
77t2 eXP{ —A Z‘thﬂ nj}
<21+ k)*( sup Ez-i[E(f)]) ] . (3.33)
teNTr+1 t tez]N:T Z?:t+1 nj+1

Proof. Applying (3.23) with 5 =1/2,k =T, and j =t + 1 implies that

2(1+x)°
exp{/\ Z]T:t-s-l 77]‘} (er:t-i-l nj + 1)

where the convention ZtT:T 41 M = 0 is used. This immediately yields the
inequality (3.33). O

Ly (Lic + AL <

We would expect that the term on the right-hand side of the inequality
(3.33) tends to zero as T" — oo under some conditions on the step sizes.
Below, we roughly explain how to realize this expectation.

First, we uniformly bound the leaning sequence, for example,

sup Bz [E(fe)] < 20,112 4 3E(f,). (3.34)

telN7 4
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This uniform bound is intuitively reasonable since we expect that the
learning sequence {f; : t € Ny} approximates the regression function
fo. Actually, in the next section we will show that the expected bound
(3.34) holds true as long as we enforce the following condition on the step

sizes:
t ¢ 1
Z 77]2-6Xp{—)\ Z nk}/( Z Mk + 1) < m, Vt € INp. (3.35)
JEN: k=j+1 k=j+1

Once the learning sequence is uniformly bounded, the term on the
right-hand side of the inequality (3.33) tends to zero as T tends to infinity
as long as

lim > prexp{-A >} /(D m+1)=0. (3.36)

e teNT Jj=t+1 j=t+1
In the next section, we will discuss how the hypothesis (3.35) implies the
uniform bound (3.34). In particular, we will prove that the commonly
used step sizes {n; = O(t7?) : t € N} and {n; = O(T?) : t € Ny} with
0 € (0,1) satisfy (3.35) as well as (3.36).

4 Learning sequence and step sizes

We first prove that the uniform bound (3.34) for the learning sequence
{fi : t € Np11} holds true when the step sizes satisfy the condition (3.35).

Proposition 2. Let A > 0 and {f; : t € Ny} be defined as (1.4).
Moreover, if the step sizes satisfy (x> + X) < 1 for t € N¢ and the
hypothesis (3.35) then we have that

Sup Bz [|Ifi = Ll12] <L+ E(f) (4.1)
and
sup B [E(f1)] < 20[1f,112 + 3E(S,). (4.2)

Proof. First recall from (3.4) that
Ef) =€) +1f = foll; VfeL,. (4.3)
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Also, by (3.3), we know that ||f — fp||f, < 2|f - f>\||/2) +2||fr — fP”/z) <
2| f = £allZ + 2] f,l|2. Combining this with (4.3) yields that

E(f) < E(fp) +20f = fall; + 211515 (4.4)
Hence, the second inequality (4.2) follows from the first estimate (4.1).

Now, it is sufficient to estimate the first inequality (4.1) by induction.
Since ||fall, < 2| f,ll, from (3.3) and fi = 0 for £ = 1, we have that
LA = AlI3 = [AAN5 < 4l1£[13- It means that

IEZ’C*1 [ka - fA”/ﬂ < 9pr||;2; + 5(fp)

holds true for £ = 1. As the induction assumption, we suppose the above
inequality holds true for £ € IN;. To advance the induction, we need to

estimate Bz [|| fr41 — f,\Hi].
To see that, the formula (3.9) tells us that
[ fovr = Al = llwi (L + A A7 + |l Z Wi (Li + ADB(f, %)
JEN;

= 2wl (Li + A fr, Y mjwhy (Lic + ADB(f, ), (4.5)

jEINy
We estimate the expectations of the three terms on the right-hand side of
(4.5) as follows.

Since n;(k? + A) < 1 for t € Ny, by (3.26) we know that ||w!(Lx +
M| < Tljew, I —nj(Lx + AI)|| < 1, Hence, combining this with (3.3)
implies that

i (L + AD A5 < lwi (L + ADIPIAE < A < 41£05- (4.6)
To estimate the expectation of the second term on the right-hand side

of (4.5), we argue similarly as in the proof of the inequality (3.15) to get
that

Ez: [” Z 77jw§+1(LK + A)B(f;, Z])”i}

J€IN
<N pllwt s (L + AD LIPS (1B, ) 13- (4.7)
JENy

Now, applying (3.23) with = 1/2 yields that

2eXp{_)\ Eizm nk}
Zizjﬂ Mk +1

oty (L + ADLLP|? < 2(1 + k) (4.8)
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Also, for any & € IN;, using (3.18), (4.4) with f = fi, we see from the
induction assumption that

B [[|B(fe, z) ] < 2Bz [E(fr)]
< K (E(fy) + 2BEp [|1 fi — f,\HZ] +28(f,))
< K200 £, 012 + 3E(f,)). (4.9)

Thus, putting (4.8) and (4.9) into (4.7), we know from the hypothesis
(3.35) that

Eze (|| Y mwhyy (Li + M) (B(f5, 2))|17]
JE€IN
2eXP{_)‘ZZ=J‘+1 M }

2 2 2

< (2011112 +3€(£,)) /4 (4.10)

For the last term on the right-hand side of (4.5), using (3.14) and the
property that f; is independent of z;, we have the following equality

Bz (wi(Lk + M) fr, Z njwi (L) B(f5, %))
= (Wi (L + A1) fa, D> mjwh o (Lic + AD(Ez [B(f5,2)])), = 0. (4.11)

JjeNy

Putting this, (4.6), (4.7), (4.10), and (4.11) together, we get from (4.5)
that By [|| fra1 — fAH;ﬂ is bounded by

ASI2+ (20052 4+ 3E(S) ) /4 = Ol 2+ E()

which advances the induction and completes the proof. O

According to the discussion at the end of the last section, the key of
our approach is to verify the hypotheses (3.35) and (3.36). The following
lemma ensures that they hold true for commonly used step sizes.

Lemma 7. Let A > 0, 6 € [0,1) and p > max{\, 1} + &2. If the step
sizes are in the form of {n; = /%t_a :t € Ny} then, for any £ € Ny, the
summation Y, n; exp{—A\ Zi:jﬂ nk}/(Zf;:jH M+ 1) is bounded by

8¢
1-46

%(exp{—)\dgﬁle Jp - min01-0} 4 N) In(——), (4.12)
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where

1 if 0 =0,

and cg= (13 if 0 =1/2,

13
A—20-1)126—1]

1_2971
10

QL
5
|

otherwise.

When the step sizes have the form of {n, = %t‘e :t € Np} with 0 €
(0,1) and g > max{\, 1} + x?, applying (4.12) with £ = T directly verifies
the hypothesis (3.36). At the same time, the following straightforward
corollary of Lemma 7 tells us that the hypothesis (3.35) is satisfied by
choosing the constant p appropriately.

Corollary 2. Let A > 0, 0 € [0,1) and n, = it*G for t € g with
w > K%+ X Then, the hypothesis (3.35) holds true if i — X is larger than
the quantity

16(1 + £)*In(87) if 0 =0,

w(f) = < 1248(1 4 k)* if0=1/2,  (4.13)

208(1++)" 8 ] ‘
A=2P-T)20=1]} < In(:%5) + m) otherwise.

Proof. For any ¢ € INy and A > 0, the quality (4.12) is bounded by
2%6* min{f,1=0} In (-82). Thus, the hypothesis (3.35) holds true as long as
p > k? 4+ max{\, 1} and

Vt € IN7.

— I

4
L 1—-4

When 6 = 0, by the definition of ¢, the above inequality is virtually
identical to p > 16(1 + x)*In(87).

For 6 € (0,1), note that Int =
Therefore, the inequality

In (tmin{Q,lfe}) < gmin{0,1-0}

1
min{6,1-6} — min{6,1-6}"

4
16(1 + K’) Cot— min{0,1-0} In ( 8t >

1 1—-6
16(1 + )* 1
< 2T (0 )<1
=T, C"( n(1—0)+min{0,1—9} =
and the definition of ¢y given in Lemma 7 yield the desired result. OJ
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5 Error bounds and convergence

In this section, we develop error bounds and convergence results for the
online algorithm (1.5). In this case, A = 0 and f; = f,. Consequently, the
error decomposition formula (3.10) can be interpreted as

Jrov—= Ty ==l (L) fy + Y mwia(Li)B(fi ) (5.1)

teNp

and the prior error bound (3.11) given in Proposition 1 becomes

Ezr (| fre — foll3] < llwi (L) S5
+ 152y llwl (L)L B [E()]. (5.2)

teNp

5.1 Proofs of error bounds
This subsection proves error bounds stated in Theorems 1 and 4. The
essential estimates will also be used to derive error rates in Section 6.

Let us first establish the following useful lemma. One can find a mod-
ified form in [31].

Lemma 8. If f € L%(/J%X) with some 3 > 0 then

et worl, <2((2) i, (Sw) " 69

e
teINp

In addition, if 8> 1/2 then |w! (Lk)f|lx is bounded by

2((25 S Ffﬂ—l) () e

teINp

Proof. Applying Lemma 4 with A = 0,5 = 1, and & = T, the desired
estimates (5.3) and (5.4) follow immediately from the following observa-
tions

ot (L) fllp < Moot (L) L IR S

and

oot (L) flie = loof (L) L2 F Nl < lod (L) L 1 LEE £

This completes our lemma. O
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Recall the definitions of u(#) in Corollary 2 and ¢y in Lemma 7, our
error bounds read as follows.

Proposition 3. Let A\ =0, 6 € [0,1) and n, = it‘e fort € Ny with some
constant p > (). Define {f; :t € N1} by (1.5). Then we have that

CoCO e mind 61— 8T
]EZT[||fT+1 - pr?;] < ||W1T(LK)fp||,2) + pT T {0,1-6} ln(ﬁ) (5.5)

where ¢, :=4(1 + £)* (20| f, |12 + 3E(f,))-

Proof. We use the bound (5.2) to obtain the inequality (5.5). First, note
that

> i lwly (L) LN B [E(f2)]

teINp

< ((sp B [£(F0]) 3 wlln L)L (58)

teINp teNy

Since 1; = it*‘? with g > u(0) for any t € IN7, by Corollary 2 we know
that the hypothesis (3.35) on the step sizes holds true for any ¢ € INy.
Hence, by Proposition 2, we know that

sup Bys[£(£)] < 20]15, |12+ 3E(1,). (5.7)

telN7 4

Also, using (3.23) with j = 1 and k = T for the case A = 0 yields that

2
1/2 Ui
D i lwl (DL P < 2004 1) D0
teNr reng 2jetr1 T

Therefore, applying (4.12) with A = 0 and ¢ = T' to the right-hand side of
the above inequality implies that

40 +k QC — min — 8T

Z 771?”“&1([11()[/}(/2”2 < MT {0.1=0} 1y <—)
1 1—4

teINp

Putting the above estimate, (5.6) and (5.7) together, the desired bound
(5.5) follows from (5.2). O

To apply the error bound (5.5) to prove Theorem 1, we need to estimate
the summation EteINT 1; which leads to the following lemma.
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Lemma 9. If0 < 0 < 1 then, for any t € Ny, we have that

tl*@

T
_ (T + 1)1—9 o
Z] o> - : (5.8)
j=t

T+1
Proof. The result is directly from the inequality Z?:t §70 > / z0dax.
t
L]

We now establish Theorem 1 stated in Section 2.1.

Proof of Theorem 1. Recall that n;, = ﬁt*H for 8 € (0,1). Therefore, by

T
_ 29 1
(5.8) we have that Z n > WTI % Putting this with the estimate
t=1
(3.29) for ||w! (L) f,||, together, the bound (2.3) immediately follows from
the bound (5.5) for the case 6 € (0,1). O

It still remains a question whether we can estimate the stronger error
| fr+1 — f,|lx when the step sizes have the form {n, = O(t7%) : t € N}
with 6 € (0,1) and f, € L7(£2 ) with 3 > 1/2.

We now turn our attention to the case when the step sizes are in the
form of {n, = n :t € Ny} with n = n(T") depending on T'. In this case,
we can deal with the expectation of the error || fry1 — foll% if f, € Hk.

Lemma 10. Let f, € Hg, n: =1 fort € Ny with nx* <1 and {f; : t €
IN741} be defined as (1.5). Then we have that

Ezr (|l fraa = folli] < ot (L) follie + &°0° D Bz [E(F)]. (5.9)
teINp
Proof. The argument here is similar to the proof of Proposition 1.

From the error decomposition (5.1), we know that

Eyr [||fT+1 - fp”%{} = ||W1T(LK)fp||§<
By [ whi (L) B(fe 20 |I%]

teINp

=20 Y (Wl (L) fos Bgr [wfy (Li) B(fi 20)] ) - (5.10)

teINp
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To estimate the second term on right-hand side of the above inequality,
we write its expectation part as

Z Z Ezr [(%T'H(LK)B(ftu Zt’)a W;‘,JA(LK)B(ft, Zt)>K] .
teINp t'€INp

By the vanishing property (3.14) of B(f;, z;), for t > t' we have that

]EZf<WtT+1(LK)B(ft,Zt)7WtT'+1(LK)B(ft’7Zt’)>K
= Ezi1IE,, (B(fi, 1), wgl(LK)w$+1(LK)B<ft/vZt'>>K
= By (B, [B(fi, )], Wit (L )wir (L) B(fir, z0)) ik = 0.

Using the symmetry of ¢ and ', the above equality also holds true for
t' > t. Consequently, combining this with the property (2.10) implies that

By (| Y ol (L) B(fe 20)IIk] = > B [lwfyy (L) LB e 20)12]

teINp telNt

< wf (L) IPEz (|| L 2B, 2)|12]

telNp

= > |l L) IPE [IB(fi 20) ] (5.11)

telNp

To estimate Bz [[|B(fi, 2)||% ], we use (3.18) to get that

Ez [||B(fi 20)|[5.] < KBz [E(f)]- (5.12)

Also, since nx? < 1, the estimate (3.26) yields that, for any ¢t € IN7 there
holds ||wi,(Lk)| < 1. Putting these estimates back into (5.11), we have
that

Eyr [l Y ol (Li)B(fe2)llk] < 5 lewm L) |* Bzer [E(f2)]

teINp

< K2 Z Ez-1 [E(f)]. (5.13)

For the last term on the right-hand side of (5.10), we see from (3.14)
that

Z <w1T(LK)fp7 l10P%) [W;‘Crl(LK)B(ft, Zt)DK = 0.

teNp
Cascading this equality, (5.10) and (5.13) yields the desired estimate. [

We now present error bounds in ﬁzx as well as in Hyx when the step
sizes are in the form of {n; =n :t € Ny} with n = n(T) depending on 7.
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Proposition 4. Let n, =n fort € Ny and {f; : t € Npy1} be defined as
(1.5). If 16(k 4+ 1)*In(8T)n < 1 then there holds

Ezr [l fr = follp] < llot (Lx) foll; + conIn(8T). (5.14)

In addition, if f, € Hg then we have that

Ezr (|l fra1 = follic] < Nt (Li) follic + con’T. (5.15)

Proof. We regard 7 as i Then, the inequality 16(x + 1)*In(87)n < 1
means that 1 > 16(1 + x)* In(87). By Corollary 2, the hypothesis (3.35)
on the step sizes is satisfied. Hence, the estimate (4.2) in Proposition 2
holds true.

The first estimate (5.14) follows from Proposition 3 for the case § = 0.

The bound (5.9) in Lemma 10 and (4.2) yield the estimate (5.15) in
the H g norm. O

From the above proposition, we can prove Theorem 4 stated in the
Section 2.1.

Proof of Theorem 4. The error bound (2.12) is derived from (5.14) and
the estimate (3.29) for ||wi (L) f,ll,- O

5.2 Proofs of convergence results

We are in a position to apply the general bounds (2.3) and (2.12) in
Theorems 1 and 4 to prove Theorems 2 and 5 while the bounds (5.5) and
(5.14) will be used to derive the explicit rates in the next section.

For the proof of Theorem 2, we need the following well-known property
of the K-functional, see [4]. We include its proof for completeness.

Lemma 11. Let s > 0 and K(s, f,) be defined by (2.4). Then there holds

lim K(s, f,) = fieI%ifK 1f = follp- (5.16)

s—0+
Proof. By the definition (2.4) of K, it is straightforward that
li > inf — )
lim, o, K(s, f,) = fler%ik 1f = foll,
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Hence, we only need to prove

I, /(s ) < inf (1S = Syl (5.17)

To this end, for any ¢ > 0 we know that there exists f. € Hg such
that

- < i — £l
|| f- fp!\p_8+f1€I;fK|!f prp

Therefore, by letting f = f., we know, for any s > 0, that K(s, f,) :=
inffeHK{Hf — follp + S||f||K} is bounded by

inf — .
e+ i If = Syl sl el

Letting s — 0+ yields (5.17), and hence (5.16). O

We now prove Theorem 2 by Lemma 11 and Theorem 1.

Proof of Theorem 2. Since 6 € (0,1) and 7, = % for any ¢ € IN with
p > 1(6), Theorem 1 holds true. Applying (5.16) with s = bg\/1t T-01-0)/2
to (2.3) yields that

s Br [ frs1 = SlE] < int 1S = 412

On the other hand, since fr,; € Hg, for any T' € IN and any sample
z = {2 :t € Ny}, we know that

. . 2 ~ _ 2
f1€I71‘(fK ||f fp” = ||fT+1 fp”p?

which leads to
. 2 . 2
h—mTﬂoo]EZT |:||fT+1 _fPHp] > inf ||f_fp||p
feEHK

This completes Theorem 2. O

Turn to the proof of Theorem 5 which is involving convergence in Hp,
we further need the following observation.

Lemma 12. Let f, € Hg, the step sizes {qy = n(T) : t € INp} satisfy
n(T)x* <1 for any T € N and limr_o, n(T)T = co. Then we have that

Jim ol (L) follc = 0. (5.18)
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Proof. Recall the definition of L%(E%X) with 6 > 0 and the fact Hx =

L}{/Q(E%X) mentioned at the beginning of Section 2. Hence, if f, € Hg
then

fo= Z)\;/Qaj@, for some {a;:j € N} € (%
j=1
To prove (5.18), in what follows we construct functions in L (L2 ) to

approximate f, arbitrarily in Hx while for functions in Lz (L2 ), we apply
(5.4) in Lemma 8 with § =1 to deal with it.

) . N 1/2 1/2
To this end, write f, = Z,\j>0,j:1 )\j/ a;p; + Z§j>0,j:N+1 >\j/ a;p;.

N
Then fy = Z A;(A;l/zaj)gbj € L}((ﬁix) for any N € IN because
Aj>0,j=1

N
ILZ = Y (0 %a)? < oo

)\j>0,j:1

On the other hand, since Z;’il a? < 00, then, for any € > 0, there exists
N(e) € N such that

oo
Z ai <€
j=N(e)+1

This implies that

1= fvolik =1 Y. Nlaslk= Y <&t (5.19)
j:N(6)+1

j=N(e)+1

Also , if we indicate the function K(z,-) by K,(-) then the operator
Lk can be reinterpreted as / K, ® K,dpx(z) : Hx — Hg defined as
X

(/X K; ® depx(x))f = /Xf(w)szpX(:L’), for f € Hg. (5.20)

By (2.10), we have that ||(1 = n(T)Li)f|lx = I(I = n(T) Lic) L 1, <
17 = (T Lic|ILE Fllp = 1T = n(T) Lic|| | fllsc. Also, since n(T)r? < 1,
applying (3.26) with « = n implies that ||({ — n(T)Lk)| < 1. Hence, for
any f € Hpg there holds

I(E = n(T) L) flle < NSl

34



Consequently, applying the above inequality with f = f, — fy() and

(5.19) tells us that
I =n(T)Li)" foll < 1L = n(T)Li)" fveo) I
+ (I =n(T) L) (fo — fve)llx

<N =n(T) L) fyelle + 1 fo — e llx
< || =n(T)Li)" freolli +e. (5.21)
To estimate |[(I — n(T)Lk)" fn)llx, applying (5.4) with n, = n(T') for
any t € Ny, f = fn(), and 8 =1 yields that

(I =n(T)Li)" fnellx <2(1+ k) ||L;(1fN(6)HP(TT}<T))_1/2'

Since limy_,, Tn(T") = oo, the above estimation implies that there exists
an integer T'(¢) > N(e) such that

(I =n(T)Lx) [yl < VT >T(e). (5.22)

Putting (5.21) and (5.22) together, we know that
lor (L) follxe = (I = (D) Lxc) " fyllc <26, VT = T(e).

Since € > 0 is arbitrary, we obtain the desired claim. O

We now move on to prove Theorem 5.

Proof of Theorem 5. Observe that we have assumed n = n(7T) de-
pending on the sample number 7T'.

Since either limy . n(T)InT = 0 or limz_., Tn*(T) = 0, there exists
Ti(e) € IN such that 16(xk + 1)*n(T)InT < 1 for all T > Ty(e). The
hypotheses in Lemma 10 and Theorem 4 are satisfied for any 7" > Tj(e).
Therefore, (2.12) holds true for any 7" > T} (e).

We first prove the convergence in £2 . Applying (5.16) with s = 2(1+

K) (77(T)T)_1/2 to (2.12), it follows from the hypothesis lims .., Tn(T) =
oo that

mT—>c>oIEZT [HfT—i-l _pri] < inf ||f_fﬂ||2
feEHK

On the other hand, since fry1 € Hg, infres, [1f = foll3 < Il frea — foll?
for any data z = {z; : t € INy} which leads to

fieglfK If - pri <lim; IEgr [”fT+1 — prz}-

35



This verifies the first part of Theorem 5.

The proof for the second part is similar. Since limg_o, Tn*(T) = 0,
combining (5.15) in Proposition 4 with (5.18) in Lemma 12 yields that

limy o Eyr || fre1 — foll%] <0 (5.23)

which completes Theorem 5. O

6 Explicit error rates

In this section we use the general bounds (5.5) and (5.14) given in Propo-
sitions 3 and 4 to derive explicit error rates for Ezr ||| frs1 — f,[|2] by
choosing the step sizes appropriately, when the regression function f, lies
in L5 (L2 ) with 8 > 0.

6.1 Rates for online learning without regularization

We first establish explicit error rates for the algorithm (1.5) stated in
Theorems 3 and 6.

Proof of Theorem 3. We use Proposition 3 with § € (0, 1) to prove our
theorem. Recall that p(6) is defined by (4.13) for 0 < 6 < 1. Therefore, if

= % then, by (5.5), we know that

Eyr [ fre1 = fol2) < Il (L) SI2 + O(T 201 W), (6.1)
Since f, € L%(EIQ)X), applying (5.3) with f = f, implies that ||w] (L) f,ll, =
O((ZtE]NT nt)_ﬁ). Hence, by (5.8) we have that

i (Lic) 2 = O (7720799,
Note that
O @10 ) —O(T" WT+T 0" 7).

Putting these estimates into (6.1) and noting the hypothesis 5 € (0,1/2],
we know that

Byt [ fren = folZ] = O(T20°9% mT 7" InT),
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Selecting 6 = 2;% in the above inequality completes the theorem. O

By Proposition 4, we can establish Theorem 6.

Proof of Theorem 6. In order to use Proposition 4, observe that

In(87") < @ < % for any 6 € (0,1). Hence, we know that the choice

8
of the step size n := WT ~34 for [ > 0 satisfies the hypothesis

16(x + 1)*In(87")n < 1 in Proposition 4.
Applying (5.3) with f = f,, we know that ||w{ (Lk)f,||, = O((nT)~").
This in connection with (5.14) in Proposition 4 implies that

Eyr (|| fre1 — fol12] < O(T) %) + cpnIn(8T).

Substituting n = WT %547 into the right-hand side of the above
inequality yields the rate (2.17).

Similarly, if f, € Lf{(ﬁix) with # > 1/2 then, applying (5.4) with
f = f, to (5.15) yields that

Ezr (|| fri1 = follk] < i (L) foll% + con®T
< O((Tn) _2(6_1/2)> + ¢,n*T.

Putting the choice n = WT_% back into the right-hand side
of the above inequality directly implies the rate (2.18). O

6.2 Improved rates for online regularized learning

Our analysis can also yield improved rates for the online regularized algo-
rithm given by (1.4) with A > 0 which is stated as Theorem 7.

Proof of Theorem 7. Note that if 0 < A < 1 then Corollary 2 tells us
that the choice of the step sizes {1, = Wtié :t € Ny} with 6 € (0,1)
satisfies the hypothesis (3.35). Consequently, by Proposition 2 we have

that
sup Bz [E(£)] < 20011, ]2+ 3E(f,). (6:2)

kEINT_;,_l

Also, observe that u := pu(0) +1 > k?+ X for A € (0,1]. Therefore, ap-

T T
plying Lemma 7 with ¢ = T tells us that Z n; exp{—A Z nit/( Z n;+

telNp j=t+1 j=t+1
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1) is bounded by

8T
)

% (exp{—)\deTl_e/,u}T_ min{0,1-0} 4 T_9> 111( (6.3)

where dy = 1;39;1. Putting (6.2) and (6.3) back into the term on the

right-hand side of (3.33) in Lemma 6, we have that

K23 i lwl (L + M) L2 PE - [E(f)]

teINp

8T
< Cpce(exp{ AT~ 0/#}T_mm{91 N T )ln(
W

1—0)’

where ¢, := 4(1 + £)*(20]| f,|12 4 3E(f,)).

Combining this with the bound (3.11) given by Proposition 1 for the
case A € (0,1], Egr [|| fr1 — f,]12] is bounded by

s = foll3 + Nl (L + AD LG + 20 fx = follollwt (Lic + A1) fall,

. 8T
2 a0 oY (0

Hence, it remains to estimate the first three terms of the above quantity
involving [|fx — folI7 and [|w] (Lx + A1) fall,-

To do that, we see from Lemma 3 that

1= Follo < NULE follpe W5 € (0,1]. (6.5)

Also, the estimate (3.30) implies that

||W1T(LK + )‘])f/\Hp < 26Xp{_)\ Z nt}pr”p'

teINp

This in connection with the inequality (5.8) with ¢ = 1 implies that

o (Lic + AD il < 2exp{ AT} Ifolls (66
Substituting the estimates (6.5) and (6.6) into (6.4), it follows that
B [|| fr+1 — f,||2] is bounded by

%T—G hmﬂ
i 1—-6

8T
+ (C’i" AL fl12) exp{—Adg T/} In(— (67

ML fllo+ )+ AL Fllo I folloA? exp{=Ado T~ /1}
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Note that, for all ¢ > 0,s > 0 and ¢ > 0 the asymptotic behavior holds
exp{—cIl*} = O(T™%). (6.8)

1 €
Therefore, for any 0 < € < 26%’ choosing A\ = T~ 25+1 1% and 6 = % in

(6.7) yields the desired error rate (2.19). O
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Appendix: Proof of Lemma 7

Recall the convention Zi:e +1 M = 0 which gives rise to the equality

> o exp{-A i e}/ ( i o+ 1)

FEIN, k=j+1 k=j+1
l L
1
ST 2exp{-A D /(Y] me+1) + (09
GEN,_4 k=j-+1 k=j+1

Let us first prove the case 6 # 0. The last term on the right-hand side
of (6.9) is easy: ﬁ < ﬁ since pu > 1+ k2

To estimate the first term on the right-hand side of (6.9), we divide it
into two terms:

Z n?exp{—)\Zf;:jHﬁk} _ Z U?GXP{_)‘ZL]‘H%}

l Y4
jEN,_q Zk:j+1 me+ 1 JEN Zk:j+1 e+ 1

j<izt

+ KZ 7]]2' exp{ —A Zi:ﬂ.l nk‘}
l
Zk:j.H e+ 1

. (6.10)

7> jElN

By (5.8), we know that Zf:jﬂ 70> 2 ((0+ 1) — (+ 1)), Then,
for any j < ¢ — 1, there holds

exp{—A Z e}/ ( Z e+ 1

_]+1 k=j+1

exp{ ((€ + 1)1 (G + 1)1_9)}

B u(l—e) ((€ + 1) —(j+ 1)1—0) 1 (6.11)

Below, using (6.11) we estimate the terms on the right-hand side of (6.10)
respectively.

For the first term, since j < &2, (04 1) — (j+1)" 77 > (1-20"1)(¢+
1)!=%. Thus, the inequality (6.11) implies that

> mfexp{-A Z e}/ ( Z e+ 1

JeN k=j+1 k=j+1
1o 1-46 91 AL =271 1-9 29
< (—7 _A-Te ) ,
_M(1_201>(€+1) exp{ = ((+1) }‘;1]
=T
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Also,

e % for 0 < 6 < 1/2,
d i<l +/ v %dr < { In(<) for 6 = 1/2,
.- 1
=5 s for 1/2 < 0 < 1.

Consequently, it follows that

> nfexp{-A Z e}/ ( Z e+ 1

JE]N k=j+1 k=j+1
it

Co ) inl0.1 A1 —20-1) _ el
< Zpmmin{0l-0 o 0" = J(p4 1) In(— 6.12
- W p{ (1 _ 9),“ ( ) } ( 2 ) ( )

_ {2 for § =1/2,
where ¢y = )
(1—29-1)]26—1] for 6 # 0,1/2.

We now turn to the second term on the right-hand side of (6.10). Since
exp{— 27 ((+ D0 = (+ 1))} < 1, from (6.11), we have that

el 3 mb/(3 met )

>S5t jeN k=j+1 k=j+1

/-1

J
" e - 9)((4‘1” D0 — (4 1)) +1

2
T 29

—0

1 -1 j
Byl .
2 2 s ((+ 1) — (+ 1)) +1

_] Zl]G]N'LL

Since j7? <3(1+z)%and ((+ 1) -G+ 1) > U+ 1)0—(x+1)17?
for any x € [j,j + 1] and j < ¢ — 1, we have that

-1 0

J

EM e (D) =G+ D)) +1

/—1 j+1 9
<3 Z / 1 (i:— D) - dx

Pt iy (C+ D0 — (z+1)10) + 1
£ -6

< 3/ : (x+1) "

sty (D)0 = (o + 1)10) + 1

=3uln <1 + (%)(5 + 1)170> < 3uln (2(1€j01)>
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where + < = < 1lis used in the last inequality. Therefore,
M +f<

/-1

S el Y ab/(Y ot <%g-@m(2““>).

1-0
i>5tjeN k=j+1 k=j+1

Putting this and (6.12) together into (6.9), we have, for # € (0,1), that

S onfexp{-A > m}/( > m+1)

jEIN, k=j+1 k=j+1
Co A(L—271) 1-07 y— min{0,1-0 - 8¢
<= -l +1 ¢~ min{0,1-0} 69)1 :
_M(exp{ = (+1)""} + n<1—9)
b 13 for 6 =1/2,
where ¢y =
o T for 6.€(0,1/2) U (1/2,1),
For the case # = 0, we know that
1 o~ _n )A =y
> exp{~ AZm}/ ZHH “ e +1)
JEINy k=j+1 k=j+1 ’u 7=1 K
1 1
— Z — n(ef)
u N, 7] u
This finishes the proof of Lemma 7. O
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