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Abstract. We provide a comprehensive presentation of the programme of uniform decomposition of proof sys-
tems for nonclassical logics into other logics, especially classical logic, by means of an algebra of constraints. That
is, one recovers a proof system for a complex logic by enriching a proof system for a simpler logic with an algebra of
constraints that act as correctness conditions on the latter to capture the former; for example, one may use Boolean
constraints in the consequent in a sequent calculus for classical logic to produce a sequent calculus for intuitionistic
logic. The idea behind such forms of reduction it to obtain a tool for uniform and modular treatment of proof theory,
and provide a bridge between semantics of more complex logics and their proof theory. The article discusses the
theoretic background of the project and provides several illustrations of its work, in particular in the field of intuition-
istic and modal logics. Some results include a uniform treatment of modular and cut-free proof systems for a large
class of propositional logic, a general criterion for a novel approach to soundness and completeness of a logic with
respect to a model-theoretic semantics, and a case-study deriving a model-theoretic semantics from a proof-theoretic
specification of a logic.

§1. Introduction. The general goal of this paper is to provide a unifying meta-level
perspective for studying arbitrary logics. Specifically, we introduce a framework in which
one can represent the reasoning in a logic, as captured by a concept of proof for that logic,
in terms of the reasoning within another logic by means of an algebra of constraints — as
a slogan,

Proof in L′ = Proof in L + Algebra of ConstraintsA

Such decompositions of L′ into L andA allow us to study the metatheory of the former by
analyzing the latter. The advantage is that the latter is typically simpler in some desirable
way — for example, it may relax the side-conditions on the use of certain rules — which
facilitates, in particular, the study of proof-search with the original logic of interest. There
are already examples of such relationships within the literature, discussed within, but the
framework herein provides a general view of the phenomena and provides an umbrella for
these, seemingly disparate, cases.

The decomposition above may be iterated in useful ways; that is, it is further possible to
decompose L in the slogan above. Each time we does such a decomposition the combina-
torics of the proof system becomes simpler as more and more is delegated to the algebraic
constraint. Eventually, the combinatorics become as simple as possible, and one recovers
something with all the flexibility of the proof theory for classical logic. Thus, we advance
the view that, in general, classical logic forms a combinatorial core of syntactic reasoning,
since its proof theory is comparatively relaxed — that is, possibly after iterating decompo-
sitions of the kind above, one eventually witnesses the following:

Proof in L = Classical Proof + Algebra of ConstraintsA

The view of classical logic as the core of logic has, of course, been advanced before — see,
for example, Gabbay [11].

Using techniques from universal algebra, we define the algebraic constraints by a theory
of first-order classical logic; for example, we may define Boolean algebra by its axioma-
tization — see Section 2. We then enrich rules of a system L with expressions from A to
express rules of another system L′ — for example, by using Boolean constraints, we may
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express the single-conclusioned ∨R-rule from Gentzen’s LJ [15] with the combinatorics of
the multiple-conclusioned ∨R-rule from Gentzen’s LK [15],

Γ ` φ · x, ψ · x̄
Γ ` φ ∨ ψ

One recover the single-conclusioned condition by assigning the variable x either to 0 or 1
in the Boolean algebra and evaluating formula accordingly — that is, one keeps formulas
which carry a 1, and deletes formulas which carry 0. A system composed of rules enriched
in this way is called a constraint systems. Detailed examples are within.

We consider two kinds of relationships the constraint systems may have with the logic
of interest. A constraint system is sound and complete when the evaluation of construction
from the constraints system concludes a sequent iff that sequent is valid in the logic. The
stronger relationship is faithfulness and adequacy:

- (Faithful) The evaluation of a construction from the constraint system is a proof in
the logical system of interest.

- (Adequate) Every proof in the logical system of interest is the evaluation of some
construction from the constraint system.

Both relationships are important as illustrated by examples within.
The point of constraint systems is that they allow us to study the metatheory of the logic

of interest. There are two principal such activities: first, one may use constraint systems
to study questions of proof-search (i.e., how one constructs proofs) in the logic of interest;
second, they may be used to bridge the gap between the proof theory and model theory of a
logic. We illustrate both uses within the paper. On the latter use, constraint systems allow a
novel approach to soundness and completeness proofs which bypasses truth-in-a-model and
term-model constructors; and, furthermore, give a principled way of generating a correct-
by-design model-theoretic semantics for the logic of interest by analyzing a proof system
for it, making essential use of algebraic constraints and the aforementioned decomposition
to classical logic.

The notion of constraint system is closely related to Gabbay’s Labelled Deductive Sys-
tems (LDSs) [12], Negri’s relational calculi [35]. The paper deviates from the established
theory of LDSs in two essential ways: first, one may choose any syntactic structure in
the grammar of the object-logic (e.g., data composed of formulas, such as sets, multisets,
bunches), not just formulas, to annotate; second, the labels do not only express additional
information, but have an action on the structure. Consequently, more subtle examples are
also available, not otherwise captured by LDSs. The relational calculi, studied in generality
in Section 5, where we extend the established theory to a general family of propositional
logics.

The literature on labelled tableaux is particularly significant. Fitting [9] introduced la-
beled tableaux as a proof theory for normal modal logics, using the labels to explicitly relate
proof-theoretic information to model-theoretic ones; this was motivated by earlier work by
Fitch [8] that incorporated part of the model theory within the language of the proof system.
The approach has subsequently been applied to various logics in which the relationship be-
tween proof theory and model theory is complex — see Governatori [20] for a summary.
What is most remarkable about the method is that its uniformity and modularity — see,
for example, Fitting and Mendelsohn [9] and Docherty and Pym [5, 4] . Galmiche and
Mèry [14, 13] have used labelled tableaux as an intermediary step to approach a long-open
problem in the semantics of BI; essentially, one relates sequent calculi proof to tableaux
proofs via proof transformation and tableaux proof to model theory via counter model con-
struction, rather than to try to go directly between proof theory and model theory. This
literature in which labelled calculi bridge the gap between model theory and proof theory
is the background that informs the application of constraint systems to study semantics in
this paper.

In summary, there are two main ideas developed in this paper: a meta-logic for studying
object-logics and the use of algebraic constraints to study the metatheory of a logic. Both
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ideas are present elsewhere in the literature and have been studied for different logics but
not in a formalized and uniformed way. The goal of this paper is to provide a general and
uniform framework in order to analyze and understand the proof theory of logics.

The paper begins in Section 2 with an example of a cosntraint system already present
in the literature. It continues in Section 3 with the background and notation required for
the general treatment throughout the rest of the paper. Constraint systems are defined in
general in Section 4, where the correctness properties of soundness and completeness, and
faithfulness and adequacy are also discussed. In Section 5, we study relational calculi as
a general class of constraint systems, and use the setup to study an approach to proving
soundness and completeness which works with validity directly. We illustrate this work
in Section 6 by a detailed case-analysis of IPL in which, by using constraint systems,
we derive the model-theoretic semantics given by Kripke [27] from LJ. In Section 7, we
consider the treatment of first-order logics with constraints, the rest of the paper being
restricted to propositional logics. The paper concludes in Section 8 with a summary and a
discussion of future works.

§2. Example: Resource-distribution via Boolean Constraints. In this section, we
summarize the resource-distribution via Boolean constraints (RDvBC) mechanism, which
was introduced by Harland and Pym [21, 37] as a tool for reasoning about the context-
management problem during proof-search in logics with multiplicative connectives, such
as Linear Logic (LL) and the logic of Bunched Implications (BI). It is the original example
of a decomposition of proof system in the sense of this paper. We present RDvBC to
motivates the abstract technical work in Section 4 for the general approach. We concentrate
on the case of BI to indicate the scope of the approach and and subtleties involved setting
it up.

2.1. The Logic of Bunched Implications. One may regard BI as the free combina-
tion (i.e., the fibration — see Gabbay [11]) of (additive) intuitionistic propositional logic
(IPL), with connectives ∧,∨,→,>,⊥, and multiplicative intuitionistic propositional logic
(MILL), with connectives ∗,−∗,>∗. Let A be a set of atomic propositions. The formulas of
BI are generated by the following grammar:

φ ::= p ∈ A | > | ⊥ | >∗ | φ ∧ ψ | φ ∨ ψ | φ→ φ | φ ∗ φ | φ −∗φ

A distinguishing feature of BI is that it has two primitive implications, → and −∗, each
corresponding to a different context-former, # and ,, representing the two conjunctions ∧
and ∗, respectively. As these context-formers do not commute with each other, though
individually they behave as usual, contexts in BI are not one of the familiar structures of
lists, multisets, or sets. Instead, its contexts are bunches — a term that derives from the
relevance logic literature (see, for example, Read [38]).

Let FORM be the set of formulas of BI. The set of bunches BUNCH is defined by the
following grammar:

Γ ::= φ ∈ FORM | ∅+ | ∅× | Γ # Γ | Γ , Γ

Let ∆ / Γ denote that ∆ is a proper sub-tree of Γ, and let ∆ E Γ denote that either ∆ / Γ or
∆ = Γ, in which case ∆ is called a sub-bunch of Γ. One may write Γ(∆) to mean that ∆ is
a sub-bunch of Γ. The operation Γ[∆ 7→ ∆′] — abbreviated to Γ(∆′) where no confusion
arises — is the result of replacing the occurrence of ∆ by ∆′.

Bunches have analogous structural behaviour to the more familiar data-structures used
for contexts in logic (e.g., lists, multisets, sets, etc.). We define this behaviour explicitly
by means of an equivalence relation called coherent equivalence. Two bunches Γ,Γ′ ∈
BUNCH are coherently equivalent when Γ ≡ Γ′, where ≡ is the least relation satisfying:

- commutative monoid equations for # with unit ∅+

- commutative monoid equations for , with unit ∅×
- coherence; that is, if ∆ ≡ ∆′ then Γ(∆) ≡ Γ(∆′).
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Figure 1. Sequent Calculus LBI

A BI-sequent is a pair Γ.φ in which Γ is a bunch and φ is a formula; the empty pair is also
a sequent. We use : as pairing symbol defining sequents to distinguish it from the judgment
. that asserts that a sequent is a consequence of BI. We may characterize the consequence
judgment ` for BI, and in this paper define it, by provability in the sequent calculus LBI in
Figure 1 (see Pym [22]). That is, Γ ` φ iff there is an LBI-proof of Γ . φ.

As bunches are intended to be the syntactic trees of BUNCH modulo ≡, we may relax
the formal reading of the rules of LBI somewhat. The effect of coherent equivalence is,
essentially, to render bunches two-sorted nested multi-sets — see Gheorghiu and Marin
[17]. Therefore, we may suppress brackets for sections of the bunch with the same context-
former and apply a rules that are sensitive to context-formers (e.g., ∗R) accordingly. For
example, any context-former may be used in ∗R applied to p1 , p1 , p3 . q1 ∗ q2; the
possibilities are as follows:

p1 . q1 p1 , p3 . q2
p1 , p1 , p3 . q1 ∗ q2

∗R
p1 , p2 . q1 p3 . q2
p1 , p1 , p3 . q1 ∗ q2

∗R

This concludes the introduction of BI. In the next section, we give the RDvBC mechanism
for it.

2.2. Resource-distribution via Boolean Constraints. Proof-search in LBI is complex
because the presence of multiplicative connectives (i.e., ∗ and −∗) requires deciding how to
distribute the formulas, sometimes viewed as resources.

Example 2.1. The following proof-search attempts differ only in the choice of distribu-
tion, nonetheless one successfully produces a proof and the other fails:

p . p taut
q . q taut r . r taut

q , r . q ∗ r ∗R

p , q , r . p ∗ (q ∗ r)
∗R︸                                      ︷︷                                      ︸

succeeds

?
p , q . p

?
r . q ∗ r

p , q , r . p ⊗ (q ∗ r)
∗R︸                        ︷︷                        ︸

fails

How can we analyze the various distribution strategies?

There is a literature of intricate rules of inference in multiplicative logics which are used
to keep track of the relevant information to enable proof-search, but they generally tailored
for one particular distribution method — see, for example, Hodas and Miller [24, 23],
Winikoff and Harland [43], Cervasto [3], Lopez [29]. It is in this context that Harland and
Pym [21, 37] introduced the RDvBC mechanism. The idea is that rather than commitment
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to a particular strategy for managing the distribution, one uses Boolean expressions to
express that a resource distribution needs to be made and the conditions its needs to satisfy.

Essentially, in the RDvBC mechanism one assigns a Boolean expression to each of the
formulas which require distribution. Constraints on the possible values of this expression
are then generated during the proof-search and propagated up the search tree, resulting in
a set of Boolean equations. A successful proof-search in the enriched system will generate
a soluble set of equations that correspond to a distribution of formulas across the branches
of the structure. Instantiating that distribution results in an actual proof.

A Boolean algebra is a tuple B := 〈B, {+,×, ·̄}, {0, 1}〉 in which B is a set, + : B2 → B,
× : B2 → B, ·̄ : B→ B be operators on B, and 0, 1 ∈ B, satisfying the following conditions
for any a, b, c ∈ B:

a + (b + c) = (a + b) + c a × (b × c) = (a × b) × c a + b = b + c a × b = b × a
a + (a × b) = a a × (a + b) = a a + 0 = a a × 1 = a

a + (b × c) = (a + b) × (a + c) a × (b + c) = (a × b) + (a × c)
a + ā = 1 a × ā = 0

A presentation of the Boolean algebra is a first-order classical logic with equality for which
the Boolean algebra is a model. We use the following, in which X is a set of variables, e
are Boolean expressions, and φ are Boolean formulas:

e ::= x ∈ X | e + e | e × e | ē | 0 | 1 φ ::= (e = e) | φ & φ | φ` φ | ¬φ | ∀xφ | ∃xφ

We are overloading + and × to be both function-symbols in the term language and their
corresponding operators in the Boolean algebra; similarly, we are overloading 0 and 1 to be
both constants in the term language and the bottom and top element of the Boolean algebra.
This is to economize on notation. We may suppress the × when no confusion arises — that
is, t1 × t2 may be expressed t1t2. For a list of Boolean expressions V = [e1, . . . en], let
V̄ := [ē1, . . . ēn]; we may write V = e to denote that V is a list containing only e. The
symbols & and ` are used as classical conjunction and disjunction, respectively.

Let some presentation of Boolean algebra be fixed. An annotated BI-formula is a BI-
formula φ together with a Boolean expression e, denoted φ · e. The annotation of a bunch Γ

by a list of variables V is defined inductively as follows:

- If Γ = γ, where γ ∈ FORM ∪ {∅+,∅×} and V = [e], then Γ · V := γ · e.
- If Γ = (∆1 # ∆2), and V = [e], then Γ · V := (∆1 # ∆2) · e.
- If Γ = (∆1 , ∆2), and V = V1 t V2, then Γ · V := (∆1 · V1 # ∆2 · V2).

For example, p , (q # r) · [x, y] := p · p , (q # r) · y. Notably, the annotation only acts
on the top-level of multiplicative connectives, and treats everything below (e.g., additive
sub-bunches) as formulas. This make sense as all of the distributions in LBI take place at
this level of the bunch.

This concludes the technical overhead required to define the RDvBC mechanism for BI.
Roughly, Boolean constraints are used to mark the multiplicative distribution of formulas.
The mechanism is captured by proof-search in the sequent calculus LBIB comprised of the
rules in Figure 2, in which V is a list of Boolean variables that do not appear in any sequents
present in the tree and labels that do not change are suppressed. The same names are used
for rules in LBIB and LBI to economize on notation.

An LBIB-reduction is a tree constructed by applying the rules of LBIB reductively, begin-
ning with a sequent in which each formula is annotated by 1.

Example 2.2. An LBIB-reduction is given byD,

(x1 = 1) ∧ (x2 = 0) ∧ (x3 = 0)
(p · x1) , (q · x2) , (r · x3) . p · 1 taut

D′

(p · 1) , (q · 1) , (r · 1) . p ∗ (q ∗ r) · 1
∗R
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Figure 2. Sequent Calculus LBIB

in whichD′ is the following:

(x̄1y1 = 0) ∧ (x̄2y2 = 1) ∧ (x̄3y3 = 0)
(p · x̄1y1) , (q · x̄2y2) , (r · x̄3y3) . q taut

(x̄1ȳ1 = 0) ∧ (x̄2ȳ2 = 0) ∧ (x̄3ȳ3 = 1)
p · (x̄1ȳ1) , q · (x̄2ȳ2) , r · (x̄3ȳ3) . r taut

(p · x̄1) , (q · x̄2) , (r · x̄3) . q ∗ r · 1
∗R

Having produced an LBIB-reduction, if the constraints are consistent, then they determine
interpretations of the variables such that the constraints are satisfied. Such interpretations
I induce a valuation νI that acts on formulas by keeping formulas whose label evaluate to
1 and deleting (i.e., producing the empty-string ε) for formulas whose label evaluate to 0;
that is, let φ be a BI-formula and e a Boolean expression,

νI(φ · e) :=

φ if I(e) = 1
ε if I(e) = 0

A valuation extends to sequents by acting on each formulas occurring in it; and, it extends
to LBIB-reductions by acting on each sequent occurring in it and removing the constraints.

Example 2.3 (Example 2.2 cont’d). The constraints onD are satisfied by any interpreta-
tion I(z) = 1 for z ∈ {x1, y2} and I(z) = 0 for z ∈ {x2x3, y1, y3}. For any such I, the tree νI(D)
is as follows:

p . p taut
q . q taut r . r taut

q , r . q ∗ r ∗R

p , q , r . p ∗ (q ∗ r)
∗R

This is indeed the successful derivation in LBI in Example 2.1. Observe that according
to the constraints, a distribution strategy results in a successful proof-search just in case it
sends only the first formula to the left branch.

Harland and Pym [21, 37] proved that LBIB is faithful and adequate for LBI in the fol-
lowing sense:

- Faithfulness. If D is an LBIB-reduction and I is an interpretation satisfying those
constraints, then νI(D) is a LBI-proof.
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- Adequacy. If D is an LBI-proof, then there is a LBIB-reduction D′ and an interpreta-
tion I satisfying its constraints such that νI(D′) = D.

The RDvBC method may be viewed as a labelled calculus bridging LBI and two editions
of LJ — by which we mean a sequent calculus for intuitionistic logic — joined together.
This perspective comes from recognizing that the combinatorics of the rules is precisely
that of classical rules; for example, ∗R ∈ LBIB is classical in its combinatorics in the sense
that, in its reductive reading, it sends the context of the sequent to both premisses. Nonethe-
less, faithfulness and adequacy says that, by using the labels, one may move from the sys-
tem, to LBI. Therefore, we think of the system as a decomposition of BI into a classical
combinatorial core together with an algebra of constraints. This paper aims to study this
phenomenon in general.

§3. Background. Throughout the paper, we use first-order classical logic as well as
several propositional logics. There are many presentations of these subjects within the
literature, therefore, to avoid confusion, in this section we define them as they are used in
this paper. We require this work because of the generality of the paper.

This is a substantial background section which introduces a lot of notation used in the rest
of the paper. It is mostly intuitive, but we make special not to reserve traditional symbols
such as ` and → for the object-logics (i.e., the propositional logics studied in the paper)
and I and =⇒ for the meta-logic (i.e., the first-order classical logic used to reason about
algebra and propositional logics). In both cases, we use the symbol . for sequents, which
we regard as unjudged data.

3.1. First-order Classical Logic. This section concerns first-order classical logic. It
is divided into two parts: the first part concerns the syntax of first-order classical logic
(i.e., terms, formulas, sequents, etc.); the second part concerns the model theory (i.e., first-
order structures, interpretations, satisfaction). We use some unorthodox notations to reserve
certain symbols for other standard uses; for example, we use I for consequence, reserving
` for other logics. Nonetheless, the conceptional content is the same as any standard text
on the subject — see, for example, van Dalen [42].

3.1.1. Syntax & Consequence. In this section, we define the syntax of a first-order clas-
sical logic (CL). It begins with an alphabet from which we generate terms, atoms, and
formulas in turn.

Definition 3.1 (Alphabet). Let σ be a signature. An alphabet is a tuple A := 〈R,F,K,V〉
in which R, O, K, and V are pairwise disjoint countable sets of symbols, and each element
of R, O and K has a fixed arity.

In an alphabet A = 〈R,F,K,V〉, the elements of R are called relations, the elements
of F are functions, the elements of K are constants, and the elements of V are variables.
We may write α( f ) for the arity of a symbol; we also use the term arity in the traditional
mathematical sense as the number of arguments taken by a function.

Definition 3.2 (Terms). Let A = 〈R,F,K,V〉 be an alphabet. The set TERMA of terms
from A is defined inductively as follows:

Base Case: If t ∈ K ∪ V, then t ∈ TERMA.
Inductive Step. If t1, ..., tn ∈ T and f ∈ F and α( f ) = n, then f (t1, . . . , tn) ∈ TERMA.

Definition 3.3 (First-order Formulas). Let A = 〈R,F,K,V〉 be an alphabet. The set
FORMA of first-order formulas from A is defined inductively as follows:

Base Case: If t1, ..., tn ∈ TERMA and P ∈ Rn and α(P) = n, then P(t1, . . . , tn) ∈ FORMA.
Inductive Step. If Φ,Ψ ∈ FORMA and X ∈ V, then (Φ ⇒ Ψ) ∈ FORMA, (Φ & Ψ) ∈

FORMA, (Φ ` Ψ) ∈ FORMA, ⊥ ∈ FORMA, (∀XΦ) ∈ FORMA, (∃XΦ) ∈ FORMA.

The symbols⇒, &, `, and , are implication, conjunction, and disjunction, respectively.
The traditional symbols (i.e., ⊃/→, ∧, and ∨) are reserved for other logics in the paper. We
use ⊥ for absurdity, and may abbreviate Φ⇒ ⊥ by ¬Φ.
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Figure 3. Calculus G3c

We use the usual convention for suppressing brackets; that is, conjunction (&) and
disjunction (`) bind more strongly than implication (⇒). Moreover, we may use the
usual auxiliary terminology with respect to first-order languages (e.g., sub-formula, closed-
formula, sentence, etc.) without further explanation.

The consequence judgment is I, it is used in place of the more traditional ` to reserve
the latter for other logics. In the next two section we give various ways of characterizing I
that are important for this paper.

3.1.2. Proof Theory. One way to characterize I is by provability. This is the subject of
the present section. The same content is covered in any standard text on the proof theory
for classical logic — see, for example, Troelstra and Schwichtenberg [41], and Negri and
von Plato [36]. We assume that the proof theory of CL is familiar, the purpose of giving an
explicit account is only so that we may refer to it later without ambiguity and to introduce
the specific notations used in this paper.

In this paper, we regard I as a judgment over sequents.

Definition 3.4 (Sequent). A sequent is a pair Π . Σ in which Π and Σ are multi-sets of
first-order formulas.

A sequent is unjudged, it is simply some statement. Thus, we have ∅ .⊥, but not ∅ I ⊥.
We use sequents to construct proofs.

Definition 3.5 (Sequent Calculus G3c). The sequent calculus G3c is composed of the
rules in Figure 3 in which T is a term and Y is an eigenvariable.

Definition 3.6 (G3c-derivation). The set of G3c-derivations is defined inductively as
follows:

Base Case. If C is a sequent, then the tree consisting of just the node C is a G3c-
derivation.

Inductive Step. LetD1, ...,Dn be G3c-derivations with roots P1, ..., Pn, respectively, and
let C be such that, for some r ∈ G3c,

P1 ... Pn

C
r

The tree with root C and immediate sub-treesD1, ...,Dn is an G3c-derivation.

Definition 3.7 (G3c-proof). A G3c-proof is a G3c-derivation in which all the leaves are
instances of ax or ⊥.

We write Π `G3c Σ to denote that there is a G3c-proof of Π . Σ. Troelstra and Schwicht-
enberg [41] proved that G3c-provability characterizes classical consequence:
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Lemma 3.8. Let Π and Σ be multisets of formulas,

Π I Σ iff Π `G3c Σ

We have chosen to use G3c to characterize CL, as opposed to other proof systems, be-
cause of its proof-theoretic properties — for example, Troelstra and Schwichtenberg [41]
have shown that the rules of the calculus are (height-preserving) invertible, and that the
following rules are admissible:

Π . Σ
Φ,Π . Σ

wL
Π . Σ

Π . Σ,Φ
wR

Φ,Φ,Π . Σ

Φ,Π . Σ
cL

Π . Σ,Φ,Φ

Π . Σ,Φ
cR

This completes the proof theory for CL required in this paper.
3.1.3. Model Theory. Another way to characterize I is by validity. This is the subject of

the present section. Similar to Section 3.1.2, we assume that the basic content is familiar.

Definition 3.9 (First-order Structure). A first-order structure is a tuple S = 〈U,F,R,K〉
in which U is a set of elements, K ⊆ U is countable, F is a countable set of operators on U
(i.e., maps f : Un → U for finite n), and R is a countable set of relations on U.

We sometimes refer to first-order structures as algebras to motivate their use in certain
contexts — see Section 4.

Definition 3.10 (Interpretation). Let S := 〈U,R,F,K〉 be a structure, and let A :=
〈R′,F′,K′,V〉 be an alphabet. An interpretation of S in A is a function ~−� satisfying
the following:

- if x ∈ V , then ~x� ∈ U;
- if c ∈ K′, then ~c� ∈ K;
- if f ∈ F′, then ~ f � ∈ F, and α(~ f �) = α( f );
- if R ∈ R′, then ~R� ∈ R, and α(~R�) = α(R).

We may write ~−� : A → S to denote that ~−� is an interpretation of the first-order
structure S in the alphabet A . Interpretations extend to terms by inductive application,

~ f (t1, ..., tn)� := ~ f �(~t1�, ..., ~tn�)

In this paper, we use the term abstraction for what is traditionally referred to as a model.
This is to avoid confusion as in subsequent sections we consider the semantics of various
propositional logics, where the term model will be significant.

Definition 3.11 (Abstraction). An abstraction of an alphabet A is a pair A := 〈S, ~−�〉
in which S is a structure and ~−� in an interpretation of S in A .

The distinction between variables and constants manifests in the way interpretations are
used to evaluate formulas. Essentially, the interpretation of constants is fixed while the
interpretation of variables is dynamic.

Definition 3.12 (Variant Interpretation). Let A be an alphabet and S be a first-order
structure. Let x be a variable in the alphabet A , an interpretation ~−�1 : A → A is an
x-variant of an interpretation ~−�1 : A → A iff, for any constant c, function f , relation R,
and variable y , x in A ,

~c�1 = ~c�2, ~ f �1 = ~ f �2, ~P�1 = ~P�2 ~y�1 = ~y�2

The point is that ~−�1 is an x-variant of ~−�2 iff they agree on the interpretation of all
elements of the alphabet except, possibly, the variable x.

Definition 3.13 (Truth in a Abstraction). Let A be an alphabet, let φ be a formula over
A , and let A = 〈S, ~−�〉 be an abstraction of A . The formula φ is true in A iff M � φ,
which is defined by the clauses in Figure 4.
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M � P(t1, ..., tn) iff 〈~t1�, ..., ~tn�〉 ∈ ~P�
M � Φ⇒ Ψ iff notM � Φ orM � Ψ

M � Φ & Ψ iff M � Φ andM � Ψ

M � Φ ` Ψ iff M � Φ orM � Ψ

M � ¬Φ iff notM � Φ

M � ∀XΦ iff M′ � Φ for any X-variantM′ ofM
M � ∃XΦ iff M′ � Φ for some X-variantM′ ofM

Figure 4. Truth in an Abstraction

We may extend the truth of formulas in a abstraction to the truth of (multi)sets of for-
mulas by requiring that all the elements in the set are true in the abstraction — that is,
A � ΠiffA � Π&.

Gödel [19] proved that truth (�) characterizes consequence (I) in CL:

Lemma 3.14. Let Π and Σ be multisets of formulas,

Π I Σ iff for any abstraction A, if A � φ for any φ ∈ Π, then
there is ψ ∈ Σ such that A � ψ

This concludes the summary of CL.
3.2. Propositional Logic. There is no consensus in the literature on what is meant by

propositional logic. In this paper, we use a relatively broad definition that captures the most
common propositional logics (e.g., classical propositional logic, intuitionistic propositional
logic, modal logics, linear logic, bunched logics, etc.). Our approach is similar to the
uniform treatment of modal logics in Blackburn et al [1], but differs in that we do not
assume a basic set of logical connectives, which must be made part of the setup.

3.2.1. Syntax & Consequence. Throughout, we use sequent calculi as a uniform par-
adigm of discourse for the proof-theoretic presentation of a propositional logic. Conse-
quently, we make a notion of sequent inherent in the set-up of a propositional logic. To be
precise, we mean that we use the sequent calculi presentation of systems, and not that we
insist on having left- and right-rules, so that axiomatic systems, natural deduction systems,
tableaux systems, etc, are all included.

Definition 3.15 (Signature). A signature σ is a list of non-negative integers.

Typically, we will elide the signature in discussions, assuming that one has been fixed.

Definition 3.16 (Propositional Alphabet). Letσ be a signature. Aσ-alphabet is a quadru-
ple P := 〈A,O,C〉 in which A is a countable list of symbols and set O := [◦1, ..., ◦m], and
C := [•m+1, ..., •n] are lists of symbols.

The elements of A are atomic propositions, the elements of O are operators, and the
elements of C are data-constructors. We use the term ‘operators’ to subsume both connec-
tives and modalities in the traditional terminology; we use the term ‘data-constructor’ as a
neutral term for what is sometimes called a ‘context-former’.

Definition 3.17 (Arity of a Symbol in a Propositional Alphabet). Fix a signature σ :=
〈s1, ..., sn〉 and let P := 〈A,O,C〉 be a σ-alphabet in which O := [◦1, ..., ◦m] and C :=
[•m+1, ..., •n]. For 1 ≤ i ≤ m, the number si is the arity of ◦i; and, for m + 1 ≤ j ≤ n, the
number is s j is the arity of • j.

We may write α(◦) and α(•) to denote the arity of ◦ and •, respectively, assuming some
signature has been fixed.

Definition 3.18 (Propositional Formulas). Let P := 〈A,O,C〉 be a propositional alpha-
bet. The set of propositional formulas FORMP is defined inductively as follows:

Base Case. If A ∈ A, then A ∈ FORMP .
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Inductive Step. If φ1, ..., φk ∈ FORMP and o ∈ O has arity n, then o(φ1, ..., φn) ∈
FORMP .

Example 3.19. The basic propositional alphabet is B = 〈A, [⊃,∧,∨,⊥], [∅, ,, #}〉, in
which A is a set of propositional letters, A := {p1, p2, . . .} and the arities are as follows:

α(⊃) := α(∧) := α(∨) := 2 α(⊥) := 0 α(∅) := 0 α(,) := 2 α(#) := 2

This is the propositional alphabet for classical propositional logic (CPL) and intuitionistic
propositional logic (IPL).

The set FORMB contains the following formulas:

∧(p1, p2) ⊃ (p3,∧(p2, p1))

For readability, using typical conventions and setting p := p1, q := p2, and r := p3, these
formulas may be expressed as follows:

p ∧ q r ⊃ (p ∧ q)

We use the two data-constructors , and # to distinguish between the behaviour of the data
on the left and the right of sequents more clearly.

We do not work with propositional formulas, but rather with data-structures composed
out of them. Let P := 〈A,O,C〉 be a propositional alphabet.

Definition 3.20 (Data). The set DATAP of data is defined inductively as follows:
Base Case. If φ ∈ FORMP , then φ ∈ DATAP .
Inductive Step. If φ1, ..., φn ∈ FORMP and • ∈ C and α(•) = n, then •(φ1, ..., φn) ∈

DATAP .

Definition 3.21 (Sequent). A sequent is a pair Γ . ∆ in which Γ,∆ ∈ DATAP .

The symbol . is intended as a neutral constructor as we distinguish sequents from the
judgment of sequents as consequences.

Example 3.22 (Example 3.19 cont’d). We may use traditional conventions when present-
ing sequents; for example, we may use infix notation for data-constructors whose arity is
two. The following are examples of sequents from B:

r , (r ⊃ p ∧ q) . p ∧ q ∅ . φ # ¬φ

We sometimes classify sequents over B according to their shape; specifically, a sequent is
said to be intuitionistic iff it is of the form Γ . φ such that Γ ∈ DATAB and φ ∈ FORMB ⊆

DATAB. Such classifications are not formally part of the definition of sequent.

This completes the definition of the language of a propositional logic generated by an
alphabet.

What makes language into a logic is a notion of consequence.

Definition 3.23 (Propositional Logic). A propositional logic is a relation ` over sequents
for some propositional alphabet.

The relation ` is called the consequence judgment of the logic, its elements are conse-
quences. We write Γ ` ∆ to denote that the sequent Γ . ∆ is a consequence.

Example 3.24 (Example 3.22 cont’d). What distinguishes CPL and IPL is not their lan-
guage, which is provided by B in both cases, but by their notions of consequence.

This completes the syntax for propositional logics.
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3.2.2. Proof Theory. In this paper, we are concerned about the proof-theoretic charac-
terization of a logic and what it tells us about that logic.

Fix a propositional alphabet P .

Definition 3.25 (Sequent Calculus). A rule r over P-sequents is an relation on P-sequents;
a rule with arity one is an axiom. A sequent calculus is a set of rules at least one of which
is an axiom.

Let r be a rule, the situation r(C, P1, ..., Pn) may be denoted as follows:
P1 . . . Pn

C
r

In such instances, the string C is called the conclusion, and the strings P1, ..., Pn are called
the premisses.

Example 3.26 (Example 3.22 cont’d). The right conjunction rule ∧R is defined as fol-
lows:

Γ . ∆ , φ Γ . ∆ , ψ
Γ . ∆ , φ ∧ ψ

∧R

Definition 3.27 (Derivation). Let L be a sequent calculus. The set of L-derivations is
defined inductively as follows:

Base Case. If C is a P-sequent, then the tree consisting of just the node C is an L-
derivation.

Inductive Step. Let D1, ...,Dn are L-derivations, with roots P1, ..., Pn, respectively, and
let r be a rule such that r(C, P1, ..., Pn) obtains. The tree with root C and immediate sub-trees
D1, ...,Dn is a L-derivation.

Definition 3.28 (Proof). Let L be a sequent calculus. An L-derivation D is a proof iff
the leaves ofD are instances of axioms of L.

We write Γ `L ∆ to denote that there is a L-proof of the sequent Γ .∆. A sequent calculus
may have the following relationships to a propositional logic (`):

- Soundness: If Γ `L ∆, then Γ ` ∆.
- Completeness: If Γ ` ∆, then Γ `L ∆.

In saying that L is a sequent calculus for a propositional logic (i.e., that it characterizes
that logic), we assert that L is sound and complete for that logic.

Example 3.29 (Example 3.26 cont’d). We may characterize the consequence relations
for IPL and CPL, respectively, by provability in different sequent calculi; for example, NJ
is sound and complete for IPL, and NK is sound and complete for CPL — see Gentzen [15].
The nomenclature of intuitionistic sequent in Example 3.22 arises from the fact that in LJ
all the sequents have the format Γ . φ in which Γ ∈ DATAB and φ ∈ FORMB. This cannot
be said to be a property inherent to IPL, however, since the logic admits sequent calculi
that uses other forms of sequents — see, for example, the multiple-conclusioned system by
Dummett [7].

3.2.3. Model Theory. In this section, we give a general definition of satisfaction and
validity (i.e., model-theoretic semantics), for propositional logic as defined in Section 3.2.1.

Definition 3.30 (Type). A type is a tuple τ is a list of non-negative integers.

To economize on notation, we may elide the type τ when it has been fixed.

Definition 3.31 (Frame). Let τ := 〈t1, ..., tn〉 be a type. A τ-frame is a tuple 〈U, k1, ..., kn〉

in which U is a set and ki is a relation on U of arity si.

A relation whose arity is zero is called a constant. One objection to Definition 3.31 is
the absence of operators (i.e., functions f : Un → U), this is to simplify the setup and
is without loss of generality as operators may be regarded as special types of relations —
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M,w  p iff w ∈ I(p)
M,w  φ ∧ ψ iff M,w  φ andM,w  ψ
M,w  φ ∨ ψ iff M,w  φ orM,w  ψ
M,w  ¬φ iff M,w 6 φ
M,w  �φ iff for any u, if wRu, thenM, u  φ

Figure 5. Modal Satisfaction

that is, the operator f : Un → U corresponds to the relation R satisfying R(w, u1, ..., un) iff
w = f (u1, ..., un). The elements of U are called possible worlds.

Example 3.32. Fix the type τ := 〈2〉 be a type. An example of a τ-frame is the partial
order on a set of two elements 〈{x, y},R〉. Of course, one may add additional condition,
such as the following: the relation xRy obtains, but yRx does not.

Fix a type τ := 〈t1, ..., tn〉 and a signature σ := 〈σ1, ..., σn〉. Let P := 〈A,O,C〉 be a
σ-alphabet.

Definition 3.33 (Assignment). Let F be a τ-frame. An assignment of P to F is a
mapping from propositional atoms to sets of worlds, I : A→ ℘(U).

We may write I : P → F to denote that I is an assignment of P to F .

Definition 3.34 (Model). A τ-model of L is a pairM := 〈F , I〉, in which F is a τ-frame
and I : L → F is an assignment.

Definition 3.35 (Satisfaction). A satisfaction relation is a relation parameterized by a set
of models between worlds in the models and data over the propositional alphabet.

Let  be a satisfaction relation. We write M,w  ∆ to denote that  obtains between
the world x and data ∆ at the model M. Furthermore, we may write M,w 6 ∆ to denote
that  does not obtain between x and ∆ at M. We use data rather than formulas, which
is traditional, as it is more general and means we must consider the meaning of the data-
constructors, which is often left implicit.

Example 3.36 (Example 3.32 cont’d). Let σ := 〈2, 2, 1, 1, 0, 2, 2〉 be a signature. The
basic modal alphabet is K := 〈A1 ∪ A2, [∧,∨,¬,�], [∅, ,, #]〉, in which A1 and A2 are
disjoint. It is a σ-alphabet.

Let F be as in Example 3.32, and let I : A→ ℘({x, y}) be as follows:

I(p) :=

x if p ∈ A1

y if p ∈ A2

The pairM := 〈F , I〉 is an example of a model on the basic modal alphabet.
We define basic modal satisfaction  by the clauses in Figure 5, together with the fol-

lowing:

M,w  ∆ , ∆′ iff M,w  ∆ andM,w  ∆′

M,w  ∆ # ∆′ iff M,w  ∆ orM,w  ∆′

The notion of satisfaction in this paper is generous, including many relations that one
would not typically accept as semantics. This is to keep the presentation simple and in-
tuitive. In the next section, we restrict attention to satisfaction relations whose structure
is of the familiar form (i.e., given by clauses for the operators of the language, such as in
Example 3.36), but doing so presently would obscure the setup.

Definition 3.37 (Semantics). A semantics is a pair S := 〈M,〉 in which M is a set of
models and  is a satisfaction relation parameterized over those models.
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Definition 3.38 (Valid). Let S := 〈M,〉 be a semantics. A sequent Γ . ∆ is valid in S
— denoted Γ �S ∆ — iff, if Γ is valid at an arbitrary world in an arbitrary model in M, then
∆ is valid at that world in that arbitrary model in M — that is,

Γ �S ∆ iff for anyM ∈ M and any w ∈ M, ifM,w  Γ thenM,w  ∆.

Historically, consequence has been taken to be defined by a notion of validity. In this
paper, we only work with logics for which we assume there is a sequent calculus. There-
fore, we may use the nomenclature of Section 3.2 to relate entailment to consequence via
provability.

- Soundness: If Γ `L ∆, then Γ � ∆.
- Completeness: If Γ � ∆, then Γ `L ∆.

This completeness the technical background to this paper. We are now able to proceed
to defining constraint systems, proving their existence, and illustrating their applications.

§4. Constraint Systems. This section gives a formal definition of constraint systems.
A constraint system is essentially a sequent calculus in which the data may carry labels
representing expressions over some algebra, and rules may manipulate those expressions
or demand constraints on them. This is generalizes the setup of RDvBC in Section 2 to an
arbitrary algebra and an arbitrary propositional logic. In the next section (Section 5) we
provide a method for producing constraint systems in a modular way, and in the one after
(Section 6) we illustrate their use in studying model theory.

The section is composed of three parts. In Section 4.1, we explain the paradigmatic shift
that is necessary for constraint systems: one construct proofs upward rather than down-
ward. In Section 4.2, we define constraint systems formally as the enrichment of a sequent
calculus by an algebra of constraints, and give soundness and completeness conditions
for such systems. Finally, in Section 4.3, we define a stronger correctness condition than
soundness and completeness, which renders constraint systems useful for meta-theoretic
analysis of proof structures.

4.1. Reductive Logic. The traditional paradigm of logic proceeds by inferring a con-
clusion from established premisses using an inference rule. This is the paradigm known as
deductive logic:

Established Premiss1 ... Established Premissn

Conclusion
⇓

In contrast, the experience of the use of logic is often dual to deductive logic in the sense
that it proceeds from a putative conclusion to a collection of premisses that suffice for the
conclusion. This is the paradigm known as reductive logic:

Sufficient Premiss1 ... Sufficent Premissn

Putative Conclusion
⇑

Rules used backward in this way are called reduction operator. The objects created using
reduction operators are called reductions.

Historically, the deductive paradigm has dominated since it exactly captures the meaning
of truth relative to some set of axioms and inference rules, and therefore is the natural
point of view when considering foundations of mathematics. However, it is the reductive
paradigm from which much of computational logic derives, including various instances of
automated reasoning — see, for example, Kowalski [26], Bundy [2], and Milner [33].

Constraint systems (e.g., LBIB) sit more naturally within the reductive perspective with
the intuition that one generates constraints as one applies rules backwards. Therefore, in
constraint systems, when we use a rule, we mean it in the reductive of sense.

Having given the overall paradigm on logic in which constraint systems are situated, we
are now able to define them formally and uniformly.
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4.2. Expressions, Constraints, and Reductions. We defined what we mean by propo-
sitional logic in Section 3.2. Recall that we may say algebra to mean a first-order structure
(see Section 3.1.3). In this context, what we mean by expressions and constraints are terms
and formulas, respectively, from an alphabet in which that algebra is interpreted.

Let A be a (first-order) alphabet.

Definition 4.1 (Expression). An A -expression is a term over A .

Definition 4.2 (Constraint). An A -constraint is a formula over A .

For readability, we will suppress the A when it has been fixed. We use the terms ‘ex-
pression’ and ‘constraint’ in place of ‘term’ and ‘formula’ to draw attention to the fact that
we have a certain algebra in mind and a certain way that the constants and functions of
the alphabet are meant to be interpreted; for example, in Section 2, we always take symbol
+ to always be interpreted as Boolean addition. What may change is the interpretation of
variables.

Definition 4.3 (Coherent Interpretations). Let I be a set of interpretations of an algebra
A in A . The set I is coherent iff, for any I1, I2 ∈ I, there is a variable x such that I1 is an
x-variant of I2.

We use the phrase intended interpretations to mean that some set of coherent interpre-
tations has been fixed. Typically, the set of intended interpretation is maximal in the sense
that any interpretation of the algebra in the alphabet is either in the set or is not a variant of
an interpretation in the set.

We use expressions to enrich the language of the propositional logic. Let P be a propo-
sitional alphabet.

Definition 4.4 (Labeled Datum). A labelled datum is a pair ∆ · e in which ∆ is a datum
of P and e is an expression of A .

Definition 4.5 (Enriched Sequent). An A -enriched sequent is a pair Π : Σ, in which Π

and Σ are multisets of A -labelled P-data and constraints.

As for expressions and constraints, when it is clear that an alphabet has been fixed,
we may elide it alphabet when discussing labelled formulas, labelled data, and enriched
sequents.

Example 4.6. The are various enriched sequents in Section 2. One additional example is
p · x , (q # r) · y . (p ∧ q) · x.

A constraint system is a generalization of sequent calculus that uses enriched sequents
and constraints. The constructions of a constraint system are generated reductively on
enriched sequents, producing constraints along the way along.

Definition 4.7 (Constraint System). A constraint rule is a relation between an enriched
sequents and a list of enriched sequents and constraints. A constraint system is a set of
constraint rules.

We use the same notation as in Section 3.2 for constraint rules; that is, that r(C, P1, ..., Pn)
obtains may be expressed as follows:

P1 ... Pn

C
r

In this case C is an enriched sequent and P1, ..., Pn are either enriched sequents or con-
straints. The terms premiss and conclusion are analogous to sequent calculus rules. We
assume the convention of putting constraints after enriched sequents in the list of premisses.

Example 4.8 (Example 4.6 cont’d). System LBIB in Section 2 is a constraint system. An
example of a constraint rule is given by the following:

∆ · V . φ ∆′ · V̄ . ψ

∆ , ∆′ . φ ∗ ψ
∗R
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An instance of it is the following inference:

p · (1x) , (q # r) · (1y) . p · 1 p · (1x̄) , (q # r) · (1ȳ) . q · 1
p · 1 , (q # r) · 1 . (p ∗ q) · 1

Unlike sequent calculi, a constraint system does not necessarily contain axioms (i.e.,
predicates on enriched sequents). This is possible because the set of things generated by a
constraint system is defined co-inductively, so that the restriction is not needed. We define
reductions co-inductively because constraint systems sit within the paradigm of reductive
logic. The reductions in this paper all happen to be finite, though work on non-well founded
proof systems (e.g., cyclic systems for logics with fixed-point operators — see, for exam-
ple, Docherty [6]) shows that notions of infinitely large proofs are both natural and useful.

Definition 4.9 (Reduction in a Constraint System). Let C be a constraint system and let
S be an enriched sequent. A tree of enriched sequents R is a C-reduction of S iff there is
a rule r ∈ C such that r(S , P1, .., Pn) obtains and the immediate sub-trees Ri, with root Pi,
are as follows: if Pi is an enriched sequent, it is a C-reduction of Pi; the single node Pi,
otherwise (i.e., if Pi is a constraint).

Example 4.10 (Example 4.8 cont’d). A reduction in a constraint system (the system LBIB)
is given in Example 2.2.

The distinguishing feature of reductions in a constraint system are the constraints. In
particular, we are interested in the constraints in the premisses of the (reductive) application
of a constraint rule, because we think of them as saying something about the reduction as
a whole as opposed to the constraints within an enriched sequents whose scope is only that
sequents.

Definition 4.11 (Side-condition). Let C be a constraint system and letR be a C-reduction.
A constraint on a leaf of R is a side-condition of R.

The side-conditions are global constraints on the reduction, determining the conditions
for which the structure is meaningful.

Definition 4.12 (Coherent Reduction). Let C be a constraint system, letR be a C-reduction,
and let S be the set of side-conditions of R. The set S are coherent iff there is an interpre-
tation in which they are all valid; the reduction R is coherent if S is coherent.

We may regard coherent reductions as proofs of certain sequents, but this requires a
method of reading what sequent of the propositional logic the reduction asserts.

Definition 4.13 (Ergo). An ergo is a map νI , parameterized by intended interpretations,
from relational sequents to sequents.

Let C be a constraint system and ν and ergo. We write Γ `νC ∆ to denote that there
is a coherent C-reduction R of an enriched sequent S such νI(S ) = Γ : ∆, where I an
interpretation satisfying all the side-conditions of R. A constraint system may have the
following relationships to a propositional logic:

- Soundness: If Γ `νC ∆, then Γ ` ∆.
- Completeness: If Γ ` ∆, then Γ `νC ∆.

This defines constraint systems and their relationship to logics. In Section 5, we give
an algorithmic method for producing sound and complete constraint system for a class of
propositional logic that includes normal modal and several substructural logics. In the next
section, we define a stronger relationship between a constraint system and a logic; namely,
that the constraint system may be used to reason about proofs in a sequent calculi, as was
the case for RDvBC in Section 2.
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4.3. Faithfulness & Adequacy. So far, constraints system are simply an elaborate proof-
theoretic specification of a consequence relations. This is the soundness and completeness
conditions of Section 3.2. A more refined use of constraints is to study proof-theoretic
specifications of a logic. To this end, we use the side-conditions generated during reduc-
tion to determine a set of interpretations that allow one to evaluate the reduction as a proof
in a sequent calculus for the logic. This is the subject of the present section.

Fix a propositional alphabet P , an algebraA, an alphabet A for that algebra, and a set
I of intended interpretations ofA in A .

Fix a constraint system C and an ergo ν. The ergo extends to reductions in C by pointwise
application to the enriched sequents in the tree and by deleting all the constraints.

Using this extension, constraint systems are computational devices capturing sequent
calculi. For this reason, we do not use the terms soundness and completeness, but rather
use the more computational terms of faithfulness and adequacy.

Definition 4.14 (Faithful & Adequate). Let C be a constraint system, let L be a sequent
calculus, and let ν be a valuation.

- System C is faithful to L if, for any C-reduction R and interpretation I satisfying the
constraints of R, the application νI(R) is an L-proof.

- System C is adequate for L if, for any L-proof D, there is a C-reduction R and an
interpretation I satisfying the constraints of R such that νI(R) = D.

Intuitively, constraints systems for a logic (more precisely, constraint systems that are
faithful and adequate with respect to a sequent calculus for a logic) separate combinatorial
and idiosyncratic aspects of that logic. The former refers to the way in which rules manip-
ulate the data in sequents, while the latter refers to the constraints generated by the rules.
Typically, the manipulation of data is precisely analogous to that of sequent calculi for CPL
(e.g., to G3c without the quantifer rules); for example, the ∗R ∈ LBIB (see Section 2) has
the same structural behaviour as the &R-rule in G3c. It is this that we mean by saying that
CPL is a combinatorial core of a logic.

In the next section (Section 5), we provide sufficient conditions a propositional logic to
have a constraint system that evaluates to a sequent calculus for that logic. The conditions
are quite encompassing, and enable automatic soundness and completeness for the sequent
calculus with respect to a semantics for the logic; attempting a complete characterization
(i.e., precisely defining the properties a logic must satisfy in order for it to have a constraint
system and a valuation to a sequent calculus for the logic) is unrealistic.

§5. Relational Calculi as Constraint Systems. An exemplary class of constraint sys-
tems is the relational calculi introduced by Negri [35]. In this section, we give a general
account of relational calculi for propositional logics satisfying certain conditions. In other
words, we give sufficient conditions for a sequent calculus to admit a constraint system. We
further give condition under which these relational calculi (regarded as constraint systems)
are faithful and adequate with respect to a sequent calculus for the logic.

5.1. Relational Calculi. Heuristically, a relational calculus is a fragment of G3c with
respect to a fixed first-order alphabet just expressive enough to capture both the syntax of
a propositional logic and a frame semantics for it. They were introduced by Negri [35] as
a systematic approach to the proof theory for modal logics, and they typically enjoy useful
features such as cut-freeness and an analogue of the sub-formula property.

In order to give a general account of relational calculi, we restrict attention to propo-
sitional logics whose semantics admits a presentation amenable to our work. Essentially,
we are interested in logics whose semantics are first-order definable. This is the subject
of Section 5.1.1. Following this, we given sufficient conditions for such logics to admit
relational calculi, and give an algorithm for generating their relational calculi. This is the
subject of Section 5.1.2.
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5.1.1. Meta-logic. In this section, we use CL as a meta-logic in which we may study a
propositional logic and its semantics. Specifically, we define a first-order alphabet able to
express a class of frames as well as an object-logic (i.e., a propositional logic). In short, a
meta-atom is either a string of the form (x : φ) in which x is a variable denoting a world in a
frame and φ is a formula in the object-logic, or it is a string of the form R(w, u, v) denoting
a relation on the frame.

The fundamental idea is that we use meta-formula to capture the frames and satisfaction
as a theory of CL. This is quite natural and follows a precedent of using logics to capture
mathematics; for example, such uses of logics are used to study the natural numbers (i.e.,
by theories of arithmetic, such as PA), set theory (i.e., by theories such as ZF(C)), etc. In
this case, we use first-order logic to study propositional logics and their semantics.

For clarity, we use the convention prefixing meta- for structures at the level of the meta-
logic where the terminology might otherwise overlap; for example, formulas are syntactic
construction at the object level, and meta-formulas are syntactic construction in the meta-
logic. We proceed to give a technical exposition of this heuristic.

A frame may be understood canonically as a first-order structures by taking the universe
of the frames as the domain of the structure, and the relations and constants of the frame as
relations as constants of the structure, respectively.

Definition 5.1 (Structure over a Type). Let τ be a type. A τ-structure is a first-order
structure 〈U,∅,R,K〉 for which there is a τ-frame F := 〈U, k1, ..., kn〉 such that R is the set
of non-constants among k1, ..., kn and K is the set of constants.

A meta-alphabet for τ-structures (i.e., for frames) is a structure F := 〈R,∅,K,V〉. The
meta-formulas over this language may be interpreted in terms of the frames themselves.

Example 5.2. In Example 3.32, we gave the type τ = 〈2〉, the class of τ-frames consists
of pairs 〈U,R〉 in which U is a set, and R is a binary relation on U.

According to Definition 5.1, to each τ-frame 〈U,R〉 in which U, we have a corresponding
τ-structure 〈U,∅, {R},∅〉.

A meta-alphabet for τ-structures is a first-order language F with no constants, no func-
tion symbols, and one binary relation symbol, which we shall also denote R to economize
on notation. The following is an F -formula:

∀x, y, z(xRy & yRz=⇒ xRz)

It express that R is transitive. Therefore, were we to assert this formula, we would be
restricting to considering only transitive frames.

Fix a meta-alphabet F := 〈R,∅,K,V〉 and an object-logic alphabet L := 〈A,O,R〉.
We combine these to produce a meta-alphabet able to express the semantics of the object-
logic. The connectives and data-constuctors of the object-logic become functions, and
atomic propositions become constants — that is, we produce the following alphabet:

L ⊗F := 〈R ∪ {:},C ∪ O,A ∪ K,V〉

This is the alphabet of the meta-logic — the meta-alphabet.
Intuitively, a first-order structure over a meta-alphabet L ⊗ F is a combination of a

first-order structure for the frames and a first-order structure abstracting the alphabet of
the object-logic. Let L := 〈L,O′ ∪ C′,A′〉 be a first-order structure for L and let F :=
〈U,∅,R,K〉 be a τ-structure (i.e., a structure corresponding to a frame), Intuitively, L
abstract the syntax of the object-logic — that is, L abstracts object-formulas, O′ abstracts
operators, C′ abstracts data-constructors, and A′ abstract propositional letters. The first-
order structures corresponding to the meta-alphabet take the following form, in which  is
a relation from U to A:

F ⊗ L := 〈L ∪ U,O′ ∪ C′,R,∪{},A′ ∪ K, 〉

The relation  abstract the symbol : relating world to object-formulas.



DEFINING LOGICAL SYSTEMS VIA ALGEBRAIC CONSTRAINTS ON PROOFS 19

(w : ∆̂ , ∆̂′) ⇐⇒ (w : ∆̂) & (w : ∆̂′)
(w : ∆̂ # ∆̂′) ⇐⇒ (w : ∆̂) ` (w : ∆̂′)
(w : φ̂ ∧ ψ̂) ⇐⇒ (w : φ̂) & (w : ψ̂)
(w : φ̂ ∨ ψ̂) ⇐⇒ (w : φ̂) ` (w : ψ̂)
(w : ¬φ̂) ⇐⇒

(
(w : φ̂)⇒ ⊥

)
(w : �φ̂) ⇐⇒ ∀u(wRu⇒ u : φ̂)

Figure 6. Modal Satisfaction

What are sensible abstractions of the syntax of the object-logic? A canonical abstraction
is the syntax itself. Given a σ-alphabet for a prepositional logic L := 〈A,O,C〉, we have
a σ-structure L := 〈FORML ,O ∪ C,A〉 in which the operators and data-constructors act
as functions building the syntax — that is, if ◦ ∈ O ∪ C has arity n, then it is regarded
as the function ◦ : FORMn

L → FORML : φ1, ..., φn 7→ ◦(φ1, ..., φn). We are purposefully
overloading the syntax to economize on notation.

Example 5.3 (Example 5.2 cont’d). In Example 3.36, we gave the basic modal alphabet
K := 〈A1 ∪ A2, [∧,∨,¬,�], [∅, ,, #]〉. The canonical abstraction of this language is the
structure 〈FORMK , [∧,∨,¬,�,∅, ,, #],A〉, in which A := A1 ∪ A2.

For example, the connective ∧ viewed as a function has the following action on p, q ∈
A ⊆ FORMK :

∧ : (p, q) 7→ (p ∧ q)

When interpreting the meta-alphabet, we intend for the object-logic and frames to remain
distinct; that is, for the aspects of the meta-alphabet corresponding to the meta-alphabet for
frames to be interpreted as a frames, and similarly for the aspects correspond to the and for
the object-logic. Let ~−�L : L → L, ~−�F : F → F , and ~−� : L ⊗F → L ⊗ F

be interpretations. We write ~−� := ~−�L ⊗ ~−�F just in case ~−� restricted to L and to
F is ~−�L and ~−�R, respectively. A meta-interpretation admitting such a decomposition
correctly abstracts the alphabet for the object-logic and the frames.

This completes the setup of the meta-logic — that is, the meta-alphabet and how it is
meant to be interpreted. The point of this technical overhead is that we may use this to
define the semantics of the propositional logics as a theory of the meta-logic.

Definition 5.4 (Definable Semantics). A set of meta-formulas Ω defines a semantics
S := 〈M,〉 iff, for any abstraction A := 〈A, ~−�〉 that satisfies A � Ω, there is a frame
F and an abstraction of the language L such that A = L ⊗ F and ~−� = ~−�L ⊗ ~−�F ,
~:� =, and 〈F , ~−�F 〉 is arbitrary in M.

Typically, for readability, we will use a circumflex to denote a meta-variable — for
example φ is a formula and φ̂ is a variable in the meta-logic intended to denote a formula.
We will not use this notation for world-variables since there are no world-constants, thus
we don’t require disambiguation.

Example 5.5 (Example 5.3 cont’d). The modal satisfaction relation in Example 3.36 is
defined by the universal closures of the formulas in Figure 6, which merits comparison
with Figure 5. Notably, there is no meta-formula corresponding to atomic satisfaction, this
is because it is already captured by the interpretation of (w : p) within the meta-logic.

The following result demonstrates that the meta-logic does as intended:

Lemma 5.6. Let S be a semantics and let � be its validity judgment; let Ω be a set of
meta-formulas defining S. The following holds:

Ω, (x : Γ) I (x : ∆) iff Γ � ∆
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Proof. By Lemma 3.14, the judgment Ω, (x : Γ) I (x : ∆) obtains iff, for any abstraction
A = 〈A, ~−�〉 such that A � Ω, if A � (x : Γ), then A � (x : ∆). By Definition 5.4, it must
be that A = L ⊗ F and ~−� = ~L⊗~−�F and ~:� = and M := 〈F , ~−�F 〉 is an arbitrary
model in M. Therefore, Ω, (x : Γ) I (x : ∆) iff, for anyM ∈ M and any w ∈ M, ifM,w  Γ

then M,w  ∆. Hence, by Definition 3.38, the judgment Ω, (w : Γ) I (w : ∆) obtains iff
Γ � ∆, as required. a

Using the meta-logic, we may restrict attention to semantics that may be defined in
certain ways; for example, we may consider the class of logics that admit a semantics
which is definable in a set of meta-formulas consisting of bipoles — work by Marin et
al [40] suggests that such semantics may be computationally interesting. In particular, in
Section 5, we use it to define a class for which we automatically have constraint systems.

5.1.2. Relational Calculi. The satisfaction relation in a frame semantics is, typically,
defined inductively by a set of clauses explicating the connectives of the propositional
logic (e.g., as in Example 3.36). We may use the meta-logic to formally define what we
mean by a clause. There is no particular consensus on what is meant in mathematics in
general, therefore we define a set of meta-formula that are recognizable as clauses in the
informal sense while having a structure amenable to the automatic generation of a relational
calculus.

Let MA be the set of meta-atoms. The positive meta-formulas P and negative meta-
formulas N are defined as follows:

P ::= A ∈ MA | ¬N | P & P | P ` P | ∃XP
N ::= A ∈ MA | ¬P | N & N | P⇒ N | ∀XN

A positive or negative formula is said to be basic iff it contains no implications; that is, all
of its subformulas are of the same parity. The positive and negative meta-formulas do not
partition all meta-formulas.

The nomenclature of positive and negative meta-formulas stems from the literature on
focusing for intuitionistic logics (see, for example, Marin [30], and Liang and Miller [28]).
These meta-formulas are useful because their proof-theoretic behaviour allows a uniform
method for deriving rules from them.

Definition 5.7 (Tractable Meta-formula). Let B be a set of basic meta-formulas. A tractable
meta-formula is either a positive or negative meta-formula constructed from B.

Definition 5.8 (Clause). A meta-formula Θ is a clause iff Θ is the universal closure of
a meta-formula in the following form, in which ∆ may be composed of formula-variables
and Φ is a tractable meta-formula:

ŵ : ∆ ⇐⇒ Φ

Definition 5.9 (Basic Geometric Axiom). A meta-formulas Θ is a basic geometric ax-
iom iff Θ is the universal closure of a meta-formula of the form (Φ1 & ... & Φm) ⇒
(∃Y1Ψ1` ...`∃YnΨn) such that Ψi := Ψi

1 & ...&Ψi
mi

with the Ψi
j meta-atoms for 1 ≤ j ≤ mi

and 1 ≤ i ≤ n.

Definition 5.10 (Tractable Theory). A set of meta-formulas Ω is a tractable theory iff
any Φ ∈ Ω is either a clause or a geometric axiom.

Definition 5.11 (Tractable Semantics). A semantics S is tractable iff it is defined by a
tractable theory Ω.

Definition 5.12 (Tractable Logic). A propositional logic is tractable iff it admits a tractable
semantics.

Example 5.13. The semantics for modal logic in Example 3.36 is tractable, as witnessed
by the tractable definition in Example 5.5.

In the remainder of this section, we provide a method for automatically generating a
relational calculus given a tractable definition. We do this by uniformly transforming a
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meta-formula in a tractable definition into a rule on meta-sequent. The set of all relations
thereby constructed is the desired relational calculus.

Fix a semanticsS := 〈M,〉with a tractable definition Ω. By Lemma 5.6, we know that a
valid judgment Γ � ∆ obtains iff Ω, (x : Γ) I (x : ∆). The relational calculus we generate is
a meta-sequent calculus R for the meta-logic just expressive enough to capture prove such
meta-consequences, but limited such that all the meta-connectives and quantifiers may be
suppressed.

The following result serves to facilitate the move from meta-formulas in a tractable def-
inition to rules in a relational calculus.

Lemma 5.14. The following rules, in which Ω is a tractable definition and Φ ⇒ Ψ is an
instance of a formula in Ω, are admissible in CL:

Ω,Ψ,Π . Σ

Ω,Φ,Π . Σ
resL

Ω,Π . Σ,Φ

Ω,Π . Σ,Ψ
resR

Proof. The admissibility may be demonstrated by derivation in G3c+wL+wR we illus-
trate one, the other being similar:

Ω,Π . Σ,Φ

Ω,Π . Σ,Ψ,Φ
wL

Ω,Φ⇒ Ψ,Π . Σ,Ψ,Φ
wL

Ω,Φ⇒ Ψ,Ψ,Π . Σ,Ψ
ax

Ω,Φ⇒ Ψ,Π . Σ,Ψ
⇒L

Ω,Π . Σ,Ψ
∀L

a

Inferences using resL and resR are called resolutions. It is reasoning by resolution that
captures what it means to use a clause of satisfaction, hence the relational calculus ought to
have resolutions be the primary operational step during reduction. The fact that resolution is
how semantic reasoning is conducted is not surprising; after all, that a theory composed of
clauses may be used to define a predicate is the idea underpinning the logic-based approach
to artificial intelligence known as Logic Programming (LP) invented by Kowalski [26, 25].

Example 5.15 (Example 5.5 cont’d). The following is a resolution on the right using the
clause for ∀w

(
(w : φ̂ ∧ ψ̂) ⇐= (w : φ̂) & (w : ψ̂)

)
in the tractable definition of modal

satisfaction Ω:

Ω, (w : Γ) . (w : φ) & (w : ψ)
Ω, (w : Γ) . (w : φ ∧ ψ)

resR

We shall now use resolutions to generate rules from clauses in tractable theories. Fix a
tractable theory Ω and let Θ be a clause in Ω.

Let Φ ⇒ (x : ∆) be an instance of a clause Θ. Consider a generic meta-sequent Ω, (x :
∆),Π . Σ and reduce it in G3c + resL + resR + wL + wR as follows:

- first, use Φ to resolve the occurrence of (x : ∆) in the meta-sequent;
- second, reduce the generated sub-formulas of Φ hereditarily until no further reduction

are possible;
- third, use ax on any meta-sequents for which it applies;
- fourth, delete all sub-formulas of Θ except the final reducts.

Since Φ is tractable, if there are any leaves on the reduction, they are of the form Ω,Π,Π1 .
Σ1 ... Ω,Π,Πn . Σn in which Π1, ...,Πn,Σ1, ...,Σn are collections of meta-atoms.

The left rule corresponding to Θ collects the subset of leaves as as premisses for a rule
concluding the root of the reduction:

Π1,Π . Σ,Σ1 ... Πn,Π . Σ,Σn

(x : ∆),Π . Σ
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Φ,Π . Σ,Φ
taut

⊥,Π . Σ
⊥R

(x : φ), (x : ψ),Π . Σ

(x : φ ∧ ψ),Π . Σ
∧L

Π . Σ, (x : φ) Π . Σ, (x : ψ)
Π . Σ, (x : φ ∧ ψ)

∧R

(x : φ),Π . Σ (x : ψ),Π . Σ

(x : φ ∨ ψ),Π . Σ
∨L

Π . Σ, (x : φ), (x : ψ)
Π . Σ, (x : φ ∨ ψ)

∨R

(y : φ), (x : �φ), xRy,Π . Σ

(x : �φ), xRy,Π . Σ
�L

xRy,Π . Σ, (y : φ)
Π . Σ, (x : �φ)

�R

xRy, (y : φ),Π . Σ

(x : ^φ),Π . Σ
^L

xRy,Π . Σ, (x : ^φ), (y : φ)
xRy,Π . Σ, (x : ^φ)

�R

⊥,Π . Σ

(x : ⊥),Π . Σ
⊥L

⊥,Π . Σ,⊥

Π . Σ, (x : ⊥)
⊥R

Figure 7. Calculus RK

The right rule corresponding to Θ ∈ Π, with instance (x : ∆)⇒ Ψ, is generated similarly,
producing the following:

Π1,Π . Σ,Σ1 ... Πn,Π . Σ,Σn

Π . Σ, (x : ∆)

Example 5.16 (Example 5.15 cont’d). The computation for the left rule for� in the tractable
definition of modal satisfaction Ω is the following, in which we must have wRv ∈ Π for the
left to be an instance of an axiom:

Ω, (wRv⇒ v : φ),Π . wRv
ax

Ω, (v : φ),Π . Σ

Ω, (wRv⇒ v : φ), (v : φ),Π . Σ
wL

Ω, (wRv⇒ v : φ),Π . Σ
⇒L

Ω,∀y(wRy⇒ y : φ),Π . Σ
∀L

Ω, (w : �φ),Π . Σ
resL

We read from this computation the following rule:
wRv, (w : �φ), (v : φ),Π . Σ

wRv, (w : �φ),Π . Σ

Doing this for all the rules in the clauses in the tractable definition recovers the relational
calculus RK in Negri [35] (see Figure 7 — in �R and ^L, the world-variable y does not
occur in the conclusion). The general approach in this paper allows use to also generate
rules for other logics (e.g., BI — see Gheorghiu and Pym [18]).

We have thus given the method by which we transform clauses into rules of the relational
calculus. The remaining meta-formulas in the tractable definition Π are geometric axioms.
Negri [34] has provided a method by which such meta-formulas can be turned into rules.

Let Θ be basic geometric axiom that is the universal closure to (Φ1 & ... & Φm) ⇒
(∃Y1Ψ1 ` ... ` ∃YnΨn), in which Ψi := Ψi

1 & ... & Ψi
mi

. The rule corresponding to Θ is
the following in which Φ̄ and Ψ̄i are the multisets comprising Φ1, ...,Φm and Ψi

1, ...,Ψ
i
mi

,
respectively:

Ψ̄1[X1 7→ Y1], Φ̄,Π . Σ ... Ψ̄n[Xn 7→ Yn], Φ̄,Π . Σ

Φ̄,Π . Σ

Definition 5.17 (Relational Calculus from a Tractable Definition). Let Ω be a tractable
definition. The relational calculus defined by Ω is the system comprising the following
rules: left and right rules of the clauses of in Ω; the rules corresponding to the basic geo-
metric axioms in Ω; the rules cL, eL, eR, taut, ⊥L from G3c; and, the following rules, which
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are invertible:
(x : Γ), (x : Γ′),Π . Σ

(x : Γ , Γ′),Π . Σ
,L

Π . Σ, (x : ∆), (x : ∆′)
Π . Σ, (x : ∆ # ∆′)

#R

Example 5.18 (Example 5.16 cont’d). Let Ω be a tractable definition comprising the clauses
in Figure 6, then RK is the relational calculus generated by the methods of this section —
the rules derived from Ω are given in Figure 7.

Extend Ω with the axiom of transitivity,

∀x, y, z(xRy & yRz⇒ xRz)

This axiom is a constraint. Intuitively, the resulting theory restricts the semantics to tran-
sitive frames, the resulting logic is K4. A relational calculus for K4 is, according to the
methods above, is produced by appending to RK the following rule:

xRz, xRy, yRz,Π . Σ

xRy, yRz,Π . Σ

Officially, we ought also to append contraction, but it is not necessary in this case.

The contraction rule is only required in certain cases. Following Negri [34], we may
eliminate cL without loss of completeness by ensuring that if the relational calculus has
rule of the form

Ψ̄1[X1 7→ Y1],Φ1, ...,Φm−2,Φ,Φ,Π . Σ ... Ψ̄n[Xn 7→ Yn],Φ1, ...,Φm−2,Φ,Φ,Π . Σ

Φ1, ...,Φm−2,Φ,Φ . Σ

then it also has the following rule in which Φ is not duplicated:

Ψ̄1[X1 7→ Y1],Φ1, ...,Φm−2,Φ,Π . Σ ... Ψ̄n[Xn 7→ Yn],Φ1, ...,Φm−2,Φ,Π . Σ

Φ1, ...,Φm−2,Φ . Σ

We have the following: A semantics S is defined by a class of models M together with
a satisfaction relation , which are tractably definable just in case they are definable in the
meta-logic (i.e., by a first-order theory Ω) in a structurally simple way, such that one may
generate from the definition a constraint system R. It remains to prove that R captures the
semantics it is supposed to do.

Theorem 5.19. Let S be a semantics and Ω be a tractable definition of it. Let R be the
relational calculus generated from Ω. The validity judgment is characterized by provability
in the relational calculus,

Γ � ∆ iff (w : Γ) `R (w : ∆)

Proof. Let Ω′ ⊆ Ω be the clauses of the tractable definition Ω. Let R′ be the meta-
calculus resulting from appending to G3c + wL + wR the rules corresponding to constraints
in Ω, together with cont. It follows from Negri [35] that Ω, (w : Γ) I (w : ∆) iff Ω′, (w :
Γ) `R′ (w : ∆). Therefore, it remains only to show that incorporating the rules generated by
clauses in Ω′ produced a sound and complete system.

Let D be a R′-derivation of Ω′, (w : Γ) I (w : ∆) in which a clause ρ ∈ Ω′ is principal
in the last inference. Let ρL and ρR be its left and right rules, as generated in Section
5.1, corresponding to ρ. Without loss of generality, D concludes with a resolution on ρ.
The steps producing ρL and ρR are reductive inferences in R′. We assume that these steps
are applied without loss of generality, either by their invertibility (i.e., in the case of a
left resolution resulting in a positive formula, or a right resolution resulting in a negative
formula), or because we may assume hereditary reduction on the sub-formulas of ρ, as
otherwise the initial reduction may have been delayed. Therefore, the use of ρ in D may
be collapsed to either ρL or ρR.

It follows by induction that in an arbitrary R′, the use of any clause may be collapsed to
its corresponding left or right rule. Therefore, Ω′, (w : Γ).[R′](w : ∆) iff (w : Γ) `R (w : ∆).
Hence, Ω, (w : Γ) I (w : ∆) iff (w : Γ) `R (w : ∆), as required. a
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A relational calculus thus generated is a constraint system with the semantics of the logic
making up the algebra. These constraint systems enjoy desirable proof-theoretic features
such as the admissibility of various structural rules, including cut, contraction, and weaken-
ing, and they are modular with respect to meta-formulas in the definition of the semantics.

Henceforth, we call the meta-sequents used in relational calculi, relational sequents.
Another way to express Theorem 5.19 is by soundness and completeness. To this end, we
give an ergo for which the relational calculi are uniformly sound and complete.

Definition 5.20 (State). The state function σ maps relational sequents (w : Γ) . (w : ∆)
to the sequents Γ . ∆.

The state function is an ergo — that is, a function that tells us what it is a reduction in a
constraint system is declaring — that allows us to regard the constraint system R witnessed
in Theorem 5.19 as proof system for the logic captured by the semantics defining R.

Theorem 5.21 (Soundness & Completeness). Let S be a semantics and Ω be a tractable
definition of it. Let R be the relational calculus generated from Ω. The validity judgment is
characterized by provability in the relational calculus,

Γ � ∆ iff Γ `σR ∆

In this way, these automatically generated relational calculi form a general, modular, and
uniform proof theory for a large class of propositional logics.

We have concerned ourselves with global correctness of relational systems — that is,
that relational calculi, ultimately, serves as a proof theory for propositional logics. And
yet, they are much richer than simply giving an (unlabelled) sequent calculus for that logic,
which is desirable as it tells us about the dynamics of that logics consequence relation in
terms of that consequence relation. Therefore, in the next section, we consider sufficient
conditions to witness faithfulness and adequacy of the relational calculi with respect to
some sequent calculus for the same logic.

5.2. Faithfulness & Adequacy. In this section, we give sufficient conditions for faith-
fulness and adequacy of a relational calculus with respect to a sequent calculus. More
precisely, we given conditions under which one may transform a relational calculus into a
sequent calculus for the object-logic Typically, one may require some proof theory on the
relational calculus generated in Section 5.1 to produce a relational calculus that meets the
conditions in this section for faithfulness and adequacy. Likewise, one may require some
proof theory on the generated sequent calculus to yield a sequent calculus known to rec-
ognize a logic of interest. We do not consider these problems here, but they are addressed
explicitly for BI in the aforementioned previous work by the authors [18].

Our objective is to systematically transform (co-)inferences in the relational calculus
into (co-)inferences of the propositional logic. Regarded as constraint systems, relational
calculi do not posses any side-conditions on inferences, all of the constraints are carried
within sequents, thus we do not need to worry about assignments, and aim only to develop
a valuation ν. We shall define ν by its action on sequents, and extend it to reductions in the
same way as in Section 4.

Fix a propositional logic ` and relational calculus R. We assume the propositional logic
has data-constructors ◦ and • such that

Γ ◦ Γ′ ` ∆ iff (w : Γ) & (w : Γ′) `R (w : ∆)

and

Γ ` ∆ • ∆′ iff (w : Γ) `R (w : ∆) ` (w : ∆′)

This means that the structural rules of weakening, contraction, and exchange are admissible
for ◦ and • on the left and the right, respectively. In particular, these data-constructors
behave like classical conjunction and disjunction, respectively.

Example 5.22. The logic with relational calculus RK satisfies the data-constructor con-
dition — specifically, , is conjunctive and # is disjunctive.
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A list of meta-formulas is monomundic iff it only contains one world-variable (but possi-
bly many occurrences of that world-variable; we write Πw or Σw to denote homoundic lists
contain the world-variable w. A monomundic list is basic iff it only contains meta-atoms
of the form (w : Γ), which is denoted Π̄w or Σ̄w.

Definition 5.23 (Basic Validity Sequent). A basic validity sequent (BVS) is a pair basic
monomundic lists, Π̄w : Σ̄w.

Definition 5.24 (Basic Rule). A rule in a relational calculus is basic iff it is a rule over
BVSs,

Π̄
w1
1 . Σ

w1
1 ... Π̄

wn
n . Σ

wn
n

Π̄w . Σw

Definition 5.25 (Basic Relational Calculus). A relational calculus r is basic iff it is com-
posed of basic rules.

Using the data-structures • and ◦, a BVS intuitively corresponds to a sequent in the
propositional logic. Define b−c◦ and b−c• on basic monomundic lists as follows:

b(w : Γ1), ..., (w : Γm)c◦ := Γ1 ◦ ... ◦ Γm b(w : ∆1), ..., (w : ∆n)c• := ∆1 • ... • ∆n

We can define ν on BVSs by this encoding,

ν(Π̄w . Σ̄w) := bΠ̄wc . bΣ̄wc

The significance is that whatever inference is made in the semantics using BVSs immedi-
ately yields an inference it terms of propositional sequents.

Let r be a basic rule, is propositional encoding ν(r) is the following:

ν(Π̄w1
1 . Σ

w1
1 ) ... ν(Π̄wn

n . Σ
wn
n )

ν(Π̄w . Σw)

This extends to basic relational calculi pointwise,

ν(R) := {ν(r) | r ∈ R}

Despite their restrictive shape, basic rules are quite typical. For example, if the body of a
clause is composed of only conjunctions and disjunctions of assertions, the rules generated
by the methods of Section 5.1 will be basic. More complex rules in relational calculi can
sometimes be replaced by sets of basic rules to yield a basic relational calculus from a
non-basic relational calculus — see Section 6 for an example.

We are thus in a situation where the rules of a reduction system intuitively correspond to
rules of a sequent calculus. The formal statement of this is below.

Theorem 5.26. A basic relational calculus R is faithful and adequate with respect to its
propositional encoding ν(R).

Proof. Faithfulness follows by induction on R-proofs; adequacy follows by induction
on ν(R)-proofs. In either direction one simply uses that a valuation of an instance of a rule
in R corresponds to an instance of a rule of R on the states of the sequents involved. a

Of course, despite basic rules being relatively typical, many relational calculi are not
comprised of only basic rules. Nonetheless, the phenomenon does occur for even quite
complex logic, and can be used for semantical analysis of that logic in those instances
— see, for example, Gheorghiu and Pym [18]. Significantly, this approach to soundness
and completeness is quite different from the standard term-model approach, and has the
advantage of bypassing truth-in-a-model (i.e., satisfaction), concerning validity directly.
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Γ . ∆
φ , Γ . ∆

wL
Γ . ∅
Γ . φ

wR
φ , φ , Γ . ∆

φ , Γ . ∆
cL

Γ′ . ∆′

Γ . ∆
e

Γ . φ Γ . ψ

Γ . φ ∧ ψ
∧R

φ , Γ . ∆

φ ∧ ψ , Γ . ∆
∧1

L
ψ , Γ . ∆

φ ∧ ψ , Γ . ∆
∧2

L
φ , Γ . ∅

Γ . ¬φ
¬R

φ , Γ . ∆ ψ , Γ . ∆

φ ∨ ψ , Γ . ∆
∨L

Γ . φ

Γ . φ ∨ ψ
∨1

R
Γ . ψ

Γ . φ ∨ ψ
∨2

R
Γ . φ

¬φ , Γ . ∅
¬L

φ , Γ . ψ

Γ . φ→ ψ
→R

Γ1 . φ ψ , Γ2 . ∆

φ→ ψ , Γ1 , Γ2 . ∆
→L

φ . φ
ax

Figure 8. System LJ

§6. Example: Intuitionistic Propositional Logic. In Section 5, we gave an algorith-
mic procedure for developing proof systems for logics for which we have a model-theoretic
semantics satisfying certain conditions (i.e., those admitting a tractable definition — see
Definition 5.11). These systems are constraint systems. What about the reverse, can we
algorithmically develop a model-theoretic semantics from a proof-theoretic specification
of a logic? In this section, we conduct a case-study of this problem for intuitionistic
propositional logic (IPL). In summary, we generate its familiar Kripke semantics [27] in
a principled way from Gentzen’s sequent calculus LJ [15], using constraint systems as a
technology.

6.1. Multiple-conclusions via Boolean Constraints. The history and significance of
IPL within philosophy, mathematics, and computing is not relevant or necessary for the
work in this section. Indeed, we want to come at it without bias towards the meaning of the
connectives. Therefore, we define it without any preliminary justification.

Definition 6.1 (Alphabet J ). The signature of IPL is j := 〈2, 2, 2, 1, 2, 0〉; the alphabet
is J := 〈P, {∧,∨,→,¬}, {,, #,∅}〉.

Because we define data as strings and LJ uses multisets, we take the exchange rule to
incorporate both associativity and commutativity of the data-constructors. Let ≡ be the
least relation satisfying commutative monoid equations for , and # with unit ∅. We are
using two data-constructors to be able to readily distinguish their behaviours in different
contexts.

Definition 6.2 (System LJ). Sequent calculus LJ is comprised of the rules in Figure 8,
in which ∆ is either a J -formula φ or ∅., and Γ ≡ Γ′ and ∆ ≡ ∆′ in e.

In this section, LJ-provability `LJ defines the judgment relation for IPL `. Our task is
to derive a model-theoretic characterization of IPL. As we saw in Section 5, the logic in
which semantics is defined is classical. Therefore, our strategy is to use constraint in order
to present IL in a sequent calculus as close to Gentzen’s LK [15], characterizing classical
propositional logic, as possible, for then we may use the constraint to inform precisely
where the semantics of IPL diverge from those of CPL. This tells use precisely how the
semantic clauses of CPL need to be augmented to define the connectives of IPL.

The essential point of distinction between LJ and LK is in cR, →L, and ¬L as it is these
rules that enable multiple-conclusioned sequents to appear in the latter but not the for-
mer. To bring these behaviours closer, we introduce a constraints constraint system for IPL
whose combinatorial behaviour is like LK, but for which we have constraints to recover LJ.

The algebra of the constraint system is Boolean algebra — see Section 2.

Example 6.3. The following is an enriched J -sequent.

(Γ · 1) , (φ · x) . (∆ · x̄) # (ψ · x)

For the rules that are the same across both systems, the expressions are inherited from
the justifying sub-formulas of the conclusion; for example, in the case of conjunction, one
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Γ . ∆
φ , Γ . ∆

wBL
Γ . ∆

Γ . ∆ , φ
wBR

φ , φ , Γ . ∆

φ , Γ . ∆
cBL

Γ . ∆ # φ · x # φ · x̄
Γ . ∆ # φ

cBR

Γ′ . ∆′

Γ . ∆
eB

Γ . ∆ · x̄ , φ · x
¬φ , Γ . ∆

¬BL
φ , Γ . ∆

Γ . ∆ # ¬φ
¬BR

Γ . φ # ∆ Γ . ψ # ∆

Γ . ∆ # φ ∧ ψ ∧R
B

φ , Γ . ∆

φ ∧ ψ , Γ . ∆
∧
B1
L

ψ , Γ . ∆

φ ∧ ψ , Γ . ∆
∧
B2
L

φ , Γ . ∆ ψ , Γ . ∆

φ ∨ ψ , Γ . ∆
∨BL

Γ . ∆ # φ
Γ . ∆ # φ ∨ ψ ∨

B1
R

Γ . ∆ # ψ
Γ . ∆ # φ ∨ ψ ∨

B2
R

φ , Γ . ∆

Γ . ∆ # ¬φ
¬BR

φ , Γ . ∆ # ψ
Γ . ∆ # φ→ ψ

→BR
Γ1 . ∆1 · x̄ , φ · x ψ , Γ2 . ∆2

φ→ ψ , Γ1 , Γ2 . ∆1 # ∆2
→BL

x = y = 1
φ · x . φ · y axB

Figure 9. System LK ⊕ B

has the following:

Γ . φ Γ . ψ

Γ . φ ∧ ψ
∧R becomes

Γ . (φ · x) Γ . (ψ · x)
Γ . (φ ∧ ψ · x)

∧BR

For readability, we may suppress the boolean expressions on these rules.

Definition 6.4 (System LK ⊕ B). Sequent calculus LK ⊕ B is comprised of the rules in
Figure 9, in which Γ and ∆ are enriched J -datum, and Γ ≡ Γ′ and ∆ ≡ ∆′ in e.

The ergo rendering LK ⊕ B sound and complete for IPL is precisely the demand for one
to choose which of the formulas in the suceedent of a sequent to assert as a consequence of
the context.

Definition 6.5 (Choice Ergo). Let I : X → B be an interpretation of the language of the
boolean algebra. The choice ergo is the function νI which acts on J-formulas as follows:

σI(φ) 7→


φ if φ unlabelled
σI(ψ) if I(x) = 1 and φ = ψ · x
∅ if I(x) = 0 and φ = ψ · x

The choice ergo acts on enriched J -data by acting point-wise on the formulas; and it acts
on enriched sequents by acting on each component independently — that is, σ(Γ . ∆) =

σ(Γ) . ν(∆).

Example 6.6. Let S be the sequent in Example 6.3. If I(x) = 1, then σI(S ) = Γ , φ . ψ

Proposition 6.7. System LK⊕B, with the choice ergo σ, is sound and complete for IPL,

Γ `σLK⊕B ∆ iff Γ `LJ ∆

Proof of Soundness. Suppose `σLK⊕B ∆, then there is a coherent LK ⊕ B-reduction R of
a sequent S such that σI(S ) := Γ . ∆, where I is any assignment satisfying R. It follows
that S is equivalent (up to exchange) to the sequent Γ , Π . Σ # ∆ such that I applied to the
expressions in Π and Σ evaluates to 0, and I applied to expressions in Γ and ∆ evaluates
to 1. We proceed by induction n on the height of R — that is, the maximal number of
reductive inferences in a branch of the tree.

Base Case. If n = 1, then Γ,Π . Σ,∆ is an instances of axB. But then S = φ · x . φ · y, for
some formula φ. We have φ `LJ φ by ax.

Inductive Step. The induction hypothesis (IH) is as follows: if Γ `σLK⊕B ∆ is witnessed
by LK ⊕ B-reductions of k ≤ n, then Γ `LJ ∆.

Suppose that the shortest reduction witnessing Γ `σLK⊕B ∆ is of height n+1. Let R be such
a reduction; without loss of generality, we assume the root of R is of the form Γ , Π . Σ # ∆,
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as above. It follows by case analysis on the final inferences of R (i.e., reductive inferences
applied to the root) that Γ `LJ ∆. We show two cases, the rest being similar.

- Suppose the last inference of R was by cR
B. In this case, R has an immediate sub-tree

R′ that is a coherent LK⊕B-reduction of either Γ , Σ .Σ′ #∆ or Γ , Σ .Σ′ #∆′, in which
Σ′ and ∆′ are like Σ and ∆, respectively, but with some formula repeated such that
one occurrence carries an additional expression x and the other occurrence with an x̄.
The coherent assignment of R are the same as those R′ since the two reductions have
the same constraints. We observe that under these coherent assignment R′ witnesses
Γ `σLK⊕B ∆. By the IH, since R′ is of height n, it follows that Γ `LJ ∆.

- Suppose the last inference of R was by →R
B. In this case, R has an immediate

sub-tree R′. If the principal formula of the inference is not in ∆, then R′ witnesses
Γ `σLK⊕B ∆; hence, by the IH, we conclude Γ `LJ ∆. If the principal formula of the
inference is in ∆, then R′ is a proof of φ , Γ , Π . Σ # ∆′ # ψ, where ∆ := ∆′ # φ→ ψ. It
follows, by the IH, that φ,Γ `LJ ∆′ # ψ. By the→R-rule in LJ, we have Γ `LJ φ → ψ
— that is, Γ `LJ ∆, as required.

Of course, since we are working with LJ, we know that ∆ contains only one formula.
This distinction was not important for the proof, so we have left with the more general
notation. a

Proof of Completeness. This follows immediately from the fact that all the rules of LJ
may be simulated in LK ⊕ B. a

The point of this work is that LK ⊕ B characterizes IPL in a way that is combiantorially
comparable to CPL. This is significant as the semantics of IPL is given classically, hence
the LK ⊕ B bridges the proof-theoretic and model-theoretic characterizations of the logic.

6.2. Faithfulness & Adequacy. Though we may use LK ⊕ B to reason about IPL with
classical combinatorics, the system does not immediately reveal the meaning of the con-
nectives of IPL in terms of their counterparts in CPL. The problem is that LK ⊕ B-proofs
are only globally valid for IPL, with respect to the choice ergo σ. Therefore, to conduct a
semantical analysis of IPL in terms of CPL, we require a constraint system based on CPL
whose proofs are locally valid — that is, a system which is not only sound and complete for
IPL, but faithful and adequate. In this section, we analyze the relationship between LK⊕B
and LJ to produce such a system.

A significant difference between LK and LJ is the use of richer data-structures for the
suceedent in the former than in the latter (i.e., list or multisets verses formulas). Intuitively,
the data-constructor in the succeedent acts as a meta-level disjunction, thus we may inves-
tigate how LK ⊕ B captures IPL by considering how cBR interacts with ∨BR. In general, we
may assume that they have the following interaction:

Γ . ∆ # (φ · x) # (ψ · x̄)
Γ . ∆ # (φ · x) # (φ ∨ ψ · x̄) ∨

B2
R

Γ . ∆ # (φ ∨ ψ · x) , (φ ∨ ψ · x̄) ∨
B1
R

Γ . ∆ # φ ∨ ψ
cBR

These may be collapsed into single inference rules,

Γ . φ · xy # ψ · xȳ # ∆

Γ . φ ∨ ψ · x , ∆

The other connectives either make use of constraints, and therefore have no significant
intereaction with disjunction, or simply can be permuted without loss of generality — for
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Γ . ∆
φ , Γ . ∆

wBL
Γ . ∆

Γ . ∆ # φ
wBR

φ , φ , Γ . ∆

φ , Γ . ∆
cBL

Γ′ . ∆′

Γ . ∆
eB

Γ . ∆ # φ
¬φ # Γ . ∆

¬BL
φ · xy , Γ . ∆ xy = 1

Γ . ∆ # ¬φ · x
¬BR

Γ . ∆ # φ Γ . ∆ # ψ
Γ . ∆ # φ ∧ ψ

∧BR
φ , ψ , Γ ` ∆

φ ∧ ψ , Γ . ∆
∧BL

φ , Γ . ∆ ψ , Γ . ∆

φ ∨ ψ , Γ . ∆
∨BL

Γ . φ · xy # ψ · xȳ # ∆

Γ . φ ∨ ψ · x # ∆
∨BR

Γ . ∆ # φ ψ , Γ . ∆

φ→ ψ , Γ . ∆
→BL

Γ , φ · xy . ψ · xy # ∆ xy = 1
Γ . φ→ ψ · x # ∆

→BR

Figure 10. System LK+ ⊕ B

example, a typical intereaction between cBR and ∧BR,

Γ . ∆1 # φ # φ Γ . ∆ # φ # ψ
Γ . ∆1 # ∆2 # φ # φ ∧ ψ

∧BR

Γ . ∆1 # ∆2 # φ ∧ ψ # φ
eBR Γ . ∆3 # ψ

Γ . ∆1 # ∆2 # ∆3 # φ ∧ ψ # φ ∧ ψ
∧BR

Γ . ∆1 # ∆2 # ∆3 # φ ∧ ψ
cBR

may be replaced by the derivation, which permutes the inferences,
Γ . ∆1 # φ # φ

Γ . ∆1 # φ # φ # ∆2
wBR

Γ . ∆1 # φ # ∆2 # φ
eBR

Γ . ∆1 # ∆2 # φ # φ
eBR

Γ . ∆1 # ∆2 # φ
cBR Γ . ∆3 # ψ

Γ . ∆1 # ∆2 # ∆3 # φ ∧ ψ
∧BR

This analysis allows us to eliminate cBR as it is captured wherever it is need by the augmented
rule for disjunction; similarly, we may eliminate cBL by incorporating it in the other rules.
In total, this yields a new constraint system, LK+ ⊕ B.

Definition 6.8 (System LK+ ⊕ B). System LK+⊕B is given in Figure 10, in which Γ and
∆ are enriched J -datum, and Γ ≡ Γ and ∆ ≡ ∆′ in e.

System LK+ ⊕ B charcterizes IPL locally — that is, it is faithful and adequate with
respect to some sequent calculus for IPL. That sequent calculus, however, is not LJ, but
rather a multiple-conclusioned system LJ+. Essentially, LJ+ is the multiple-conclusioned
sequent calculus introduced by Dummett [7] with certain instances of the structural rules
incorporated into the operational rules.

Definition 6.9 (Sequent Calculus LJ+). Sequent calculus LJ+ is given by the rules in
Figure 11, in which Γ and ∆ are J -datum, and Γ ≡ Γ′ and ∆ ≡ ∆′ in e.

Lemma 6.10. Sequent calculus LJ+ is sound and complete for IPL,

Γ `LJ φ iff Γ `LJ+ φ

Proof. Follows from Dummett [7]. a

The choice ergo σ extends to a valuation from LK+ ⊕ B to LJ+ by pointwise application
to every sequent within the reduction.

Lemma 6.11. System LK+ ⊕B, with valuation σ, is faithful and adequate with respect to
LJ+.
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Γ . ∆ # φ
wR
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φ , Γ . ∆
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Γ′ . ∆′

Γ . ∆
e

Γ . ∆ # φ
¬φ , Γ . ∆

¬L
φ , Γ . ∅

Γ . ∆ # ¬φ
¬R

Γ . ∆ # φ Γ . ∆ # ψ
Γ . ∆ # φ ∧ ψ

∧R
φ , ψ , Γ . ∆

φ ∧ ψ , Γ . ∆
∧L

φ , Γ . ∆ ψ , Γ . ∆

φ ∨ ψ , Γ . ∆
∨L

Γ . φ # ψ # ∆

Γ . φ ∨ ψ # ∆
∨R

Γ . ∆ # φ ψ , Γ . ∆

φ→ ψ , Γ . ∆
→L

Γ # φ . ψ
Γ . φ→ ψ # ∆

→R

Figure 11. System LJ+

Proof. Faithfulness follows from the observation that each rule in LK+ ⊕B produces the
corresponding rule in LJ+ when its constraints are observed. Adequacy follows from the
observation that every instance of every rule in LJ+ is an evaluation of an instances of a
rules of LK+ ⊕ B respecting its constraints. a

The force of this result is that we may use LK+ ⊕ B to study intuitionistic connectives in
terms of their classical counterparts. This analysis allows us to synthesize a model-theoretic
for IPL from the semantics of CPL.

6.3. Semantical Analysis of IPL. Our approach to deriving a semantics for IPL is to
construct a set of meta-formulas Ω that forms a tractable definition of a semantics for
IPL. The idea is that we use LK+ ⊕ B to determine meta-formulas for each connective that
simulate the proof theory of IPL within LK+.

Recall that in Section 5.2 we require a data-constructor to represent classical conjunction
(&) and one for classical disjunction disjunction (`). These are , and #, respectively. We
may now proceed to analyze the connectives of IPL.

We observe in LK+⊗B is that intuitionistic conjunction has the same inferential behaviour
as classical conjunction,

Γ . ∆ # φ Γ . ∆ # ψ
Γ . ∆ # φ ∧ ψ

∧BR vs.
Π . Σ,Φ Π . Σ,Ψ

Π . Σ,Φ & Ψ
&R

Therefore, a candidate meta-formula governing the connective is the universal closure of
the following:

(w : φ̂ ∧ ψ̂) ⇐⇒ (w : φ̂) & (w : ψ̂)

This is the appropriate clause for the connective as it enables the following behaviour in
the meta-logic:

Ω,Π, (w : Γ) . (w : φ),Σ Ω,Π, (w : Γ) . (w : ψ),Σ
Ω,Π, (w : Γ) . (w : φ) & (w : ψ),Σ

&R

Ω,Π, (w : Γ) . (w : φ ∧ ψ),Σ
resR

Recall, such derivations correspond to the use of the clause — see Section 5.1.2 — which
may be collapsed into rules themselves; in this case, it becomes the rules is the following:

Ω,Π, (w : Γ) . (w : φ),Σ Ω,Π . (w : ψ),Σ
Ω,Π, (w : Γ) . (w : φ ∧ ψ),Σ ∧-clause

We know that this is the desired behaviour of the clause because applying the state function
(Definition 5.20) to this rule precisely recovers ∧R ∈ LJ+,

Γ . ∆ # φ Γ . ∆ # ψ
Γ . ∆ # φ ∧ ψ

∧R
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Of course, it is important to check that the clause also has the correct behaviour on in the
antecedent (i.e., in the left-hand side of sequents).

Analogously, we obtain the universal closure of the following for the clauses governing
disjunction (∨) and (⊥) analogously:

(x : φ̂ ∨ ψ̂) ⇐⇒
(
(x : φ̂) ` (x : ψ̂)

)
(x : ⊥) ⇐⇒ ⊥

It remains to analyze implication (→). The above reasoning does not follows mutatis mu-
tandis because the constraints in LK+ ⊕ B becomes germane, so that we require something
additional to get the appropriate simulation.

How may we express→ in terms of the classical connectives? We begin by considering
→BR ∈ LK+ ⊕ B,

Γ , (φ · xy) . (ψ · xy) # ∆ xy = 1
Γ . (φ→ ψ · x) # ∆

→BR

Since LK+ ⊕B is not only sound and complete for IPL, but faithful and adequate, we know
that this rule characterize the connective. The rule admits two classes of assignments:
either x 7→ 0 or x 7→ 1. The behaviour we desire in the meta-logic can be captured by
super-imposing these valuations on each other by using possible worlds to distinguish the
possible cases,

Ω,Π[w 7→ u],Π[w 7→ v], (u : φ) . (u : ψ),Σ[w 7→ v],Σ[w 7→ u]
Ω,Π . (w : φ→ ψ),Σ

We assume that since u and v are distinct, they do not interact so that the rule actually
captures the following possibilities:

Ω,Π[w 7→ u], (u : φ) . (u : ψ),Σ[w 7→ u]
Ω,Π . (w : φ→ ψ),Σ

Ω, (v : ψ),Σ[w 7→ v]
Ω,Π . (w : φ→ ψ),Σ

The assumption is proved valid below — see Lemma 6.18. Applying the state function to
these rules does indeed recover the possible cases of →BR, which justifies that this super-
imposing behaviour is what we desire of the clause governing implication. It remains only
to find that clause.

One of these possibilities amounts to a weakening, which is a behaviour already present
through interpreting the data-structures as classical conjunction and disjunction. The other
possibility we recognize as having the combinaorial behaviour of classical implication in
the sense that it concerns creating a meta-formula in the antecedent of the premiss by taking
part of a meta-formula in the succeedent of the conclusion. Naively, we may consider the
following as the clause:

(w : φ̂→ ψ̂) ⇐⇒
(
(w : φ̂)⇒ (w : ψ̂)

)
However, this fails to account for the change of world. Thus, we require the clause to have a
universal quantifier over world and a precondition that enables the Π[w 7→ u] substitution.
Analyzing the possible use cases, we observe that R must satisfy reflexivity, so that the
substitution for u may be trivial (e.g., when validating (w : φ ∧ φ → ψ) . (w : ψ)). In total,
have the universal closure of the following meta-formulas:

(x : φ̂→ ψ̂) ⇐⇒ ∀y
(
(xRy) & (y : φ̂)⇒ (y : ψ̂)

)
xRx xRy⇒ ∀Γ̂

(
(x : Γ̂)⇒ (y : Γ̂)

)
Observe, we have introduced an ancillary relation R precisely to recover the behaviour
determined by the algebraic constraints; curiously, we do not need transitivity, which would
render R a pre-order and recover Kripke’s semantics for IPL [27] (we discuss this further
at the end of Section 6.4). Moreover, since the data-formers behave exactly as conjunction
(∧) and disjunction (∨), we may replace Γ̂ with φ̂ without loss of generality.

This concludes the analysis. Altogether, the meta-formula thus generated comprise a
tractable definition for a model-theoretic semantics for IPL, called ΩIPL. The semantics is
given by any interpretation of this theory.
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w  p iff w ∈ [[p]]
w  φ ∧ ψ iff w  φ and w  ψ
w  φ ∨ ψ iff w  φ or w  ψ
w  φ→ ψ iff for any u, if wRu and u  φ, then u  ψ
w  ⊥ never

Figure 12. Satisfaction for IPL

Example 6.12. To see how the clause for implication works, it is useful to witness show
tertium non datur fails despite the use of a classical implication. The following reduction
is a canonical instances of using the clause (see Section 5.1.2):

ΩIPL, (wRu), (u : φ) . (w : φ),⊥
&L

ΩIPL, (wRu & u : φ) . (w : φ),⊥
⇒R

ΩIPL . (w : φ), (wRu & u : φ⇒ ⊥)
∀R

ΩIPL . (w : φ),∀x(wRx & x : φ⇒ ⊥)
→-clause

ΩIPL . (w : φ), (w : φ→ ⊥) `R
ΩIPL . (w : φ) ` (w : φ→ ⊥)

∨-clause
ΩIPL, (w : Γ) . (w : φ ∨ φ→ ⊥)

Since (u : φ) in the antecedent and (w : φ) in the succedent are different atoms, since
u and w are different world-variables, one has not reached an axiom. In short, despite
working in a classical system, the above calculation witnesses that φ∨¬φ is valid in IPL if
and only if one already knows that φ is valid in IPL or one already knows that ¬φ is valid in
IPL. The atom (wRu) meant that had some information been known about w (i.e., had the
atom (w : Γ) occurred in the antecedent), one would be able to generate the atom (u : Γ),
by persistence, so that we know as much about u as we know about w.

Definition 6.13 (Intuitionistic Frame, Satisfaction, and Model). An intuitionistic frame
is a pair F := 〈V,R〉 in which R is a reflexive relation on V.

Let ~−� be an interpretation mapping J -atoms to U. Intuitionistic satisfaction is the
relation between elements w ∈ V and φ ∈ F defined by the clauses of Figure 12.

A pair 〈F , ~−�〉 is an intuitionistic model iff it is persistent — that is, for any J -formula
φ and worlds w and v,

if wRv and w  φ, then v  φ

The class of all intuitionistic models is K.

This semantics generates the following validity judgment:

Γ �IPL ∆ iff for anyM ∈ K and any w ∈ M, if w  Γ, then w  ∆

It remains to prove soundness and completeness for the semantics, which we do in Sec-
tion 6.4. Of course, we have designed the semantics so that it corresponds to LJ+, rendering
the proof a formality. Nonetheless, it is instructive to see how it unfolds.

Curiously, in all instances above, we established the clause for a connective from an-
alyzing the behaviour of the connective in the succeedent (i.e., in the right-hand side of
sequents), paying no attention to its behaviour in the antecedent (i.e., in the left-hand side
of sequents). Yet, in all the above cases, despite this bias, the clauses generated behave
correctly on both sides of sequents. This observation is significant because it reaffirms an
impactful statement by Gentzen [15]:

The introductions represent, as it were, the ‘definitions’ of the symbols con-
cerned, and the eliminations are no more, in the final analysis, than the conse-
quences of these definitions. This fact may be expressed as follows: In elimi-
nating a symbol, we may use the formula with whose terminal symbol we are
dealing only ‘in the sense afforded it by the introduction of that symbol.’
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Φ,Π . Σ,Φ
taut

⊥,Π . Σ
⊥

Π . Σ, xRx ref

(x : φ), (x : ψ),Π . Σ

(x : φ ∧ ψ),Π . Σ
∧L

Π . Σ, (x : φ) Π . Σ, (x : ψ)
Π . Σ, (x : φ ∧ ψ)

∧R

(x : φ),Π . Σ (x : ψ),Π . Σ

(x : φ ∨ ψ),Π . Σ
∨L

Π . Σ, (x : φ), (x : ψ)
Π . Σ, (x : φ ∨ ψ)

∨R

Π . Σ, (xRy) Π . Σ, (y : φ) (x : φ),Π . Σ

(x : φ→ ψ),Π . Σ
→L

(y : φ),Π . Σ, (x : ψ)
Π . Σ, (x : φ→ ψ)

→R
(xRy), (x : Γ), (y : Γ),Π . Σ

(xRy), (x : Γ),Π . Σ
pers

⊥,Π . Σ

(x : ⊥),Π . Σ
⊥L

Π . Σ,⊥

Π . Σ, (x : ⊥)
⊥L

(x : Γ), (x : Γ′),Π . Σ

(x : Γ , Γ′),Π . Σ
,L

Π . Σ, (x : ∆), (x : ∆′)
Π . Σ, (x : ∆ # ∆′)

#R

Figure 13. Calculus RJ

This statement is one of the warrants for proof-theoretic semantics [39], a mathematical
instantiation of inferentialism — the semantic paradigm according to which inferences and
the rules of inference establish the meaning of expressions. The method for semantics
presented here supports the inferentialist view as it precisely determines the meaning of the
connectives according to their inferential behaviour.

6.4. Soundness & Completeness. There are two relationships the proposed semantics
may have with IPL: soundness, and completeness. Since the semantics generated is the
same as the one given by Kripke [27], both of these properties are known to hold. Nonethe-
less, the method by which the semantics was determined gives a different method for es-
tablishing these relationship — namely, those of Section 5.1. In Summary, we need only
show that relational calculus generated by the semantics has the same behaviour is faithful
and adequate to a sequent calculus for IPL. Actually, this is a formalized reading of the tra-
ditional approach to soundness in which one demonstrates that every rule of the system can
be simulated by the the clauses of the semantics — in the parlance of this paper, this is just
showing that the relational calculus generated by the semantics is faithful to the sequent
calculus.

Theorem 6.14 (Soundness). If Γ ` φ, then Γ �IPL φ.

Proof. Apply the traditional inductive proof — see, for example, Van Dalen [42]. a

In this paper, we shall prove completeness symmetrically. That is, we shall show that the
relational calculus generated by the semantics is adequate for a sequent calculus character-
izing IPL. The reason this suffices is that the relational calculus is sound and complete for
the semantics, as per Theorem 5.19.

The relational calculus generated by ΩIPL is RJ.

Definition 6.15 (System RJ). The system RJ is comprised of the rules in Figure 13, in
which ,L and #R are invertible, and the world-variable y does not appear elsewhere in the
sequents in→R.

Corollary 6.16. Γ �IPL ∆ iff Γ `σIPL ∆

Proof. Instance of Theorem 5.19. a

We desire to transform RJ into a sequent calculus for which it is adequate, which we
may then show characterizes IPL. Such transformations are discussed in Section 5.2, but the
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rules of IPL are slightly too complex for the procedure of that section to apply immediately.
Therefore, we require some additional meta-theory.

Essentially, the complexity comes from →-clause, as this introduces a meta-atom that
renders non-BVS to be involved. We argue that at this point we may, without loss of gen-
erality, assume that we use persistence to result in a composite behaviour that we capture
with a basic rule.

Definition 6.17 (World-independence). Let Π and Σ be lists of meta-formulas. The lists
Π and Σ are world-independent iff the sets of set of world-variable in Π is disjoint from the
set of world-variables in Σ.

Let S be a tractable semantics and let Ω be a tractable definition of it. Let Π1,Σ1 and
Π2,Σ2 be world-independent lists meta-formulas. The semanticsS has world-independence
iff, if Ω,Π1,Π2 I Σ1,Σ2, then either Ω,Π1 I Σ1 or Ω,Π2 I Σ2.

Intuitively, world-independence says that whatever is true at a world in the semantics
does not depend on truth at world not related to it.

Let Π1
i ,Π

2
i ,Σ

1
i , and Σ2

i be lists of meta-formulas, for 1 ≤ i ≤ n, and suppose that Π1
i ,Σ

1
i

is world-independent from Π2
i ,Σ

2
i . Consider a rule of the following form:

Π1
1,Π

2
1 . Σ1

1,Σ
2
1 ... Π1

n,Π
2
n . Σ1

n,Σ
2
n

Π . Σ

Assuming world-independence of the semantics, this rule can be replaced by the following
two rules:

Π1
1 . Σ1

1 ... Π1
n . Σ1

n

Π . Σ

Π1
2 . Σ1

2 ... Π2
n . Σ2

n

Π . Σ

If all the lists were basic, iterating these replacements may eventually yield a set of basic
rules with the same expressive power as the original rule.

Lemma 6.18. The semantics of IPL — that is, the semantics 〈K,〉 defined by ΩIPL —
has world-independence.

Proof. If ΩIPL,Π1,Π2 ` Σ1,Σ2, then there is a G3-proof D of it. We proceed by induc-
tion the number of resolutions in such a proof.

Base Case. Recall, without loss of generality, an instantiation of any clause from ΩIPL
is a resolution. Therefore, if D contains no resolutions, then ΩIPL,Π1,Π2 ` Σ1,Σ2 is an
instance of taut. In this case, either ΩIPL,Π1 ` Σ1 or ΩIPL,Π2 ` Σ2 is also an instance of
taut, by world-independence.

Induction Step. After a resolution of a sequent of the form ΩIPL,Π1,Π2 ` Σ1,Σ2, one
returns a meta-sequent of the same form — that is, a meta-sequent in which we may parti-
tion the meta-formulas in the antecedent and succeedent into world-independent multisets.
This being the case, the result follows immediately from the induction hypothesis.

The only non-obvious case is in the case of a closed resolution using the→-clause in the
antecedent because they have universal quantifiers that would allow one to produce a meta-
atom that contains both a world from Σ1,Π1 and Σ2,Π2 simultaneously, thereby breaking
world-independence.

Let Π1 = Π′1, (w  φ → ψ) and suppose u is a world-variable appearing in Σ2,Π2.
Consider the following computation — for readability, we suppress ΩIPL:

Π′1,Π2 . Σ1,Σ2,wRu Π′1,Π2 . Σ1,Σ2, (u : φ)
&L

Π′1,Π2 . Σ1,Σ2, (wRu) & (u : φ) Π′1,Π2, (u : ψ) . Σ1,Σ2
⇒L

Π′1, (wRu & (u : φ)⇒ u : ψ),Π2 . Σ1,Σ2
∀L

Π′1,∀x(wRx & x : φ⇒ x : ψ),Π2 . Σ1,Σ2
→-clause

Π′1, (w : φ→ ψ),Π2 . Σ1,Σ2

The wRu may be deleted (by wL) from the leftmost premiss because the only way for the
meta-atom to be used in the remainder of the proof is if wRu appears in the context, but
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Φ,Π . Σ,Φ
taut

⊥,Π . Σ
⊥L

(x : φ), (x : ψ),Π . Σ

(x : φ ∧ ψ),Π . Σ
∧L

Π . Σ, (x : φ) Π . Σ, (x : ψ)
Π . Σ, (x : φ ∧ ψ)

∧R

(x : φ),Π . Σ (x : ψ),Π . Σ

(x : φ ∨ ψ),Π . Σ
∨L

Π . Σ, (x : φ), (x : ψ)
Π . Σ, (x : φ ∨ ψ)

∨R

Π . Σ, (y : φ) (x : φ),Π . Σ

(x : φ→ ψ),Π . Σ
→L

(y : φ),Π[x 7→ y] . (x : ψ)
Π . Σ, (x : φ→ ψ)

→R

⊥,Π . Σ

(x : ⊥),Π . Σ
⊥L

Π . Σ,⊥

Π . Σ, (x : ⊥)
⊥R

(x : Γ), (x : Γ′),Π . Σ

(x : Γ , Γ′),Π . Σ
,L

Π . Σ, (x : ∆), (x : ∆′)
Π . Σ, (x : ∆ # ∆′)

#R

Figure 14. Calculus RJ+

this is impossible (by world-independence). Hence, without loss of generality, this branch
reduces to Σ′1,Σ2 ` Π1,Π2. Each premiss now has the desired form. a

Using world-independence, we may give a relational calculus RJ+ characterizing the
semantics comprised of basic rules. It arises from analyzing the rôle of the atom xRy in
RJ in an effort to get rid of it. Essentially, we incorporate it in→R, which was always its
purpose — see Section 6.3.

Definition 6.19 (System RJ+). System RJ+ is comprised of the rules in Figure 14, in
which ,L and #R are invertible.

Lemma 6.20. Γ `RJ ∆ iff Γ `RJ+ ∆

Proof. Every RJ-proof can be simulated in RJ+ by using (i.e., reduce with) pers eagerly
after using→L, and by Thus, Γ `RJ ∆ implies Γ `RJ+ ∆. It remains to show that Γ `RJ+ ∆

implies Γ `RJ ∆.
Without loss of generality, in RJ+ one may always use pers immediately after →R, as

otherwise the use of →L could be postponed. Similarly, without loss of generality, →L

always instantiates the wRu with u 7→ w — this follows as we require the leftmost branch
of the following to close, which it does by reflexivity:

Π . Σ, (wRu) Π . Σ, (w : φ) Π, (w : ψ) . Σ

Π, (w : φ→ ψ) . Σ

A RJ+-proof following these principles maps to a RJ-proof simply by collapsing the in-
stances of→L and→R in the former to capture→L and→R in the latter. a

Observe that the propositional encoding of RJ+ is precisely LJ+. The connexion to IPL
follows immediately:

Corollary 6.21. System RJ+ is faithful and adequate with respect to LJ+.

Proof. Instance of Theorem 5.26. a

Theorem 6.22 (Completeness). If Γ �IPL ∆, then Γ ` ∆.

Proof. We have the following:

Γ �IPL ∆ implies (w : Γ) `RJ (w : ∆) (Corollary 6.16)
implies (w : Γ) `RJ+ (w : ∆) (Lemma 6.20)
implies Γ `LJ+ ∆ (Corollary 6.21)
implies Γ `LJ ∆ (Lemma 6.10)

Since LJ characterizes IPL, this completeness the proof. a
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We have thus derived a semantics of IPL for LJ and proved its soundness and complete-
ness by using the constraints systems. This semantics is not quite Kripke’s one [27], which
insists that R be transitive thus rendering it a pre-order, a requirement naturally seen from
the connexion to Heyting algebra and to the modal logic S4. In the analysis of Section 6.3,
from which the semantics in this paper comes, there was no need for transitivity, the proofs
of soundness and completeness go through anyway.

One may add transitivity — that is, the meta-formula ∀x, y, z(xRy & yRz=⇒ xRz) — to
ΩIPL and proceed as above, adding the following rule to RJ:

xRy, yRz, xRz,Π . Σ

xRy, yRz,Π . Σ

The proof of completeness passes again through RJ+ by observing that eagerly using per-
sistence does all the work required of transitivity; that is, according to the eager use of
pers, in a sequent xRy, yRz,Π . Σ, the set Π is of the form Π′[x 7→ y] ∪ Π′[y 7→ z], so that
whatever information was essential about (the world denoted by) x is already known about
(the world denoted by) z by passing through (the world denoted by) y.

This concludes the case-study of IPL: we have used constraint systems to decompose
it into classical logic from which we derived a semantics and proved soundness and com-
pleteness. By adding other axioms to ΩIPL, ones which are not redundant in the above
sense, one recovers various intermediate logics. In this way, constraint systems offer a uni-
form and modular way to approach to study them, which we leave as future work. In the
next section, we consider extending constraint systems to the setting of first-order logics.

§7. Extension: First-order Logic. So far, we have concentrated on propositional log-
ics to enable a uniform account of constraints systems across a large class of logics. But,
there is nothing within the paradigm that is inherently propositional. In this section, we
extend the phenomenon of decomposing a logical system according to its combinatorial
aspect and algebraic aspects to the setting of first-order logic. As in the case for the origi-
nal example of a constraint system (i.e., RDvBC in Section 2), there are are computational
advantages of using constraints systems. Therefore, we illustrate the extension to first-order
logic by application to logic programming.

Logic Programming (LP) is the programming language paradigm whose operational se-
mantics is based on proof-search ( see Miller et al. [32]), it is a core discipline in (symbolic)
artificial intelligence as proof-search is used to characterize reasoning. The central part of
LP is a step known as resolution, and the most difficult aspect of resolution is a process
called unification; the output of the execution of a configuration in LP is typically the uni-
fier computed after a sequence of resolutions. These resolutions are essentially the same as
those used in Section 5.1.1; that is, resolution in LP manifests as reductive application of a
quantifier left-rule combined with an implication left-rule in a sequent calculus, unification
manisfests as the choice of substitution in the quantifier rule.

In this section, we show how unification may be handled by algebraic-constraints. This
ideas has been discussed by the authors in earlier work [16], but in a limited way as the
underlying framework of algebraic constraints had not yet been developed.

7.1. A Basic Logic Programming Language. The Basic Logic Programming language
(BLP) is based on uniform proof-search in the hereditary Harrop fragment of intuitionistic
logic [32, 31], which we think of as the basic logic (BL).

Fix a first-order alphabet 〈R,F,K,V〉. The set of atoms are those formulas generated
in the base case of Definition ?? — that is, the formulas P(t1, ..., tn) in which P ∈ R is a
relation of arity n and t1,...,tn are terms. Denote the set of of atoms by P.

Definition 7.1 (Goal formula, Definite clauses, Programs). The set of goal formulas G
and definite clauses D are the sets of formula G and D defined as follows, respectively:

G ::= A ∈ P | G | D→ G | G ∧G | G ∨G
D ::= A ∈ P | D | G → A | D ∧ D
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P , D : G
P : D→ G

→R
P : G0 P : G1

P : G0 ∧G1
∧R

P : Gi

P : G0 ∨G1
∨R P , A : A

ax

P , G → A : G
P , G → A : A

→L
P , D0 , D1 : A
P , D0 ∧ D1 : A

∧L
P , D , Dθ : A

P , D : A ∀L
P : Gθ
P : G ∃R

Figure 15. System BLP

Red Green Blue

Al(gebra) Lo(gic) Da(tabases)
Pr(obability) Ca(tegories) Co(mpilers)

Gr(aphs) Au(tomata) AI

Figure 16. The Extensional Database

A multi-set P of definite formula is a program.

The language defined above seemingly lacks a crucial component: quantifiers. However,
partitioning formulas in goals and definite clauses means the quantifiers can be suppressed
without loss of information; that is, we read a definite clauses containing a variable as
universally quantifier, and goal formulas containing a variable as existentially quantified.

A substitution is a mapping θ : V→ T; if φ is a formula (i.e., a definite clause or a goal),
then φθ is the formula that results from replacing every occurrence of a variable in φ by its
image under θ.

Definition 7.2 (Sequent Calculus LB). Sequent calculus LB comprises the rules of Fig-
ure 15.

The basic logic programming language BLP uses proof-search in BL as an operational
semantics — a structural operational semantics is as follows, in which a sequent is a con-
figuration and a state is a set of configurations:

P′i .G′i ∈ • ∈ ρBL(Pi .Gi)
{P1 .G1, ..., Pi .Gi, ...., Pn .Gn} −→ {P1 .G1, ..., P′i .G′i , ...., P1 .G1}

τ

{∅} −→ ∅

The designation τ for the reduction step is to draw attention to Milner’s [33] theory of
tactics and tacticals as the essential steps in automated proof-search.

The following example illustrates how BLP works:

Example 7.3. To complete the computer science course at Unseen University, students
must pick one module for each of the three terms of the year, which are called R(ed),
G(reen), and B(lue), respectively, as shown in Figure 16.

This information is stored in a BLP program P in two parts. The extensional extensional
database and the (ED) contains the information about the modules,

ED := R(Al),R(Pr),R(Gr),G(Lo),G(Ca),G(Au), B(Da), B(Co), B(AI)

Meanwhile, the intensional database (ID) comprises the selection logic,

ID := R(x) ∧G(y) ∧ B(x)→ CS (x, y, z)

To find the possible combinations of modules one queries the system for different choices
of M1 and M2 and M3; that is, one considers the validity of the following sequent:

P .CS (M1,M2,M3)

One possible execution is the following, in which φ := CS (Al, Lo, AI)← (R(Al)∧G(Lo))∧
B(AI):
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� ax
P, φ . R(Al)

� ax
P, φ .G(Lo)

� ax
P, φ . B(AI)

∧R
P, φ . (R(Al) ∧G(Lo)) ∧ B(AI)

→LP, φ .CS (Al, Lo, AI)
∀LP .CS (Al, Lo, AI)
∃RP .CS (x, y, z)

There are 93 = 729 possible ways of selecting three course out of the nine, and out of
these possibilities there are only 27 acceptable choices. In terms of proof-search spaces,
there are 729 branches out of which only 27 may lead to successful reductions. Random
selection is therefore intractable, and it also does not reflect the way one hopes a student
would actually reason about this simple problem.

Example 7.3 is naive in that, rather than simply guessing a possibility, a student would
likely observe that one must choose three modules one from each R, G, and B, respectively.
How may we capture such reasoning? One possibility is to keep the major logical steps
in Example 7.3, but without committing to a particular substitution. Instead, the proof
structures thus constructed informs us what kinds of substitutions make sense, which is
precisely those that render the proof structure a BL-proof. To this end, we use algebraic
constraints.

7.2. Unification via Nominal Constraints. A unification algebra allows the substitu-
tion in BL to be managed intelligently. It does this by managing unification, as opposed to
merely substitution, to be expressed logically, and to be enforced at the end of the compu-
tation. All that we require is to have some way to track what substitution took places and
what needs to be unified, which can be handled by a set of labels and equality.

Definition 7.4 (Unification Algebra). A unification algebra is a a domain and a set of
constants.

Our intended model is the set of terms; the rôle of the constants ina unification algebra is
to fix those terms. Thus, we may write expressions n = k, in which n is a variable and k is
interpreted as a fixed constant in the algebra, to denote that the value of n must be whatever
is denoted by k. In our intended model, therefore, both the universe and the constants are
the terms of the alphabet A.

In the first-order setting, the enriched sequents do not only carry labels across data (e.g.,
formulas), but also on the terms within formulas. For example, P .R(x ·n1, t1 ·n2), in which
R ∈ R is a relation-symbol, x ∈ V and t1 ∈ TERMA are terms, and n1 and n2 are expressions
for the algebra (in particular, variables), is an enriched sequent.

We require some notation for the algebraic constraints on the constraint system. Let
A and B be enriched atoms. We write A ≡ B to denote the enote the disjunction of all
equations n = m such that n is a label of a term in an atom A occurring in P and B is a label
of term in an atom B such that A and B have the same relation-symbol and n and m occur
on corresonding terms; for example, if R(x1 · n1, y1 · n2) ≡ R(x2 ·m1, y2 ·m2) denotes (n1 =

m1) ` (n2 = m2). When the disjunction is empty (i.e., when there are no correspondences)
the notation denotes falsum. Let P be a program. We write `A∈P st.A∼B(A ≡ B) to denote the
disjunction A ≡ B for all A in P. We may also write n ∈ {k1, ..., kn} to denote the disjunction
(n = k1) ` ...` (n = kn).

Definition 7.5 (System PBL ⊕U). System PBL ⊕ U comprises the rules in Figure 17,
in which θ denotes a substitution that always introduce fresh labels.

It may look as though BLP contains no axiom, but the premiss of ax contains no sequents,
only a constraint, so is an axiom. Moreover, the system is called PBL because, in the
absence of any actual substitutions, it acts, essentially, as a propositional calculus.

Lemma 7.6. System PBL ⊕U, with valuation σ, is faithful and adequate with respect to
BL.
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P , D .G
P . D→ G

→R
P .G0 P .G1

P .G0 ∧G1
∧R

P .Gi

P .G0 ∨G1
∨R

`A∈P st.A∼B(A ≡ B)
P . B

ax

P , G → A .G A ≡ B
P , G → A . B

→L
P , D0 , D1 . A
P , D0 ∧ D1 : A

∧L
P , D , Dθ . A
P , ∀xD . A

∀L
P .Gθ
P .G ∃R

Figure 17. System PBL ⊕U

We use PBL ⊕ U to simulate the actual reasoning one intends BLP to represent. To see
this, we return to Example 7.3 and show that the constraint system captures more realisti-
cally the reasoning process one hopes a student would use.

Example 7.7 (Example 7.3 cont’d). To simplify notation, let ID·[n1, n2, n3] denote (R(x.n1)∧
G(y.n2)) ∧ B(x.n3)→ CS (x.n1, y.n2, z.n3).

n1 ∈ {Al, Pr,Gr}
P . R(x · n1)

n2 ∈ {Lo,Ca, Au}
P .G(y · n2)

P . R(x · n1) ∧G(y · n2)
n3 ∈ {Da,Co, AI}

P . B(z · n3)
P . (R(x · n1) ∧G(y · n2)) ∧ B(z · n3)

n1 = m1
n2 = m2
n3 = m3

P, ID · [n1, n2, n3] .CS (x.m1, y.m2, z.m3)
P .CS (x · m1, y.m2, z.m3)

P .CS (x, y, z)
That is, every valid execution in BLP of the initial query is a coherent instantiation of this
proof; for example, to recover the one presented in Example 7.3, we use the following
interpretation:

I(n1) := I(m1) := Al I(n2) := I(m2) := Lo I(n3) := I(m3) := AI

This study of logic programming illustrates that algebraic constraints systems extend
quite naturally to the predicate logic setting, and that it has practical applications, as show-
cased by the way in which it addresses unification in logic programming. Of course, this
section is cursory in comparison to the extensive study of propositional logics in the rest of
the paper, which leaves open questions of general study.

§8. Conclusion. In this paper, we have developed the notion of a constraint system as a
uniform tool for studying the metatheory of one logic in terms of the metatheory of another
logics. In summary, a constraint system is a labelled sequent calculus in which the labels
carry an algebraic structure that are used to determine correctness conditions from proof
structures to be valid. The value is that reductions in constraint systems are simpler, in
some sense, than in other proof systems for a logic of interest; consequently, in some case,
the former may be used to reason about the latter.

There are two possible relationships constraint systems may have to a logic of interest,
one regarded as global correctness and the other as local. The former is soundness and
correctness, it concerns the situation in which the algebraic constraints on reductions in the
constraint systems are overall coherent — that is, that they admit a solution — in which case
the reduction testifies to a sequent being a consequence of the logic of interest. The latter
is faithfulness and adequacy, it concerns the situtation in which the constraints on rules
from the constraint systems are sufficiently strong to guarantee that instances of that rule,
satisfying the constraint, corresponds to valid inferences in the logic being studied. It is the
latter that renders constraint systems useful for studying other proof systems. Nonetheless,
both correctness criterion are valuable in applications of constraint system for studying
meta-theory.

Of course, constraint systems follow in a well-established literature on labelled calculi.
Most notable is the connexion to Gabbay’s Labelled Deductive Systems [12], Negri’s re-
lational calculis [35], and labelled tableaux (see, for example, Fitting [10], Galmiche and
Méry [14, 13], and Docherty and Pym [5, 4]). With respect to this background, the present
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paper gives a general theory, which subsumes some of the above cases, for an encompass-
ing notion of propositional logic; and, crucially, introduces the idea of having the labels act
on the data in sequents.

The definition of a constraint systems and the correctness properties it may have with re-
spect to a logic was the subject of Section 4. Following this, in Section 5, we gave a method
of generating sound and complete constraint systems for a large class of propositional log-
ics, extending earlier work by Negri [35]. In Section 6, we used constraint systems to
develop the meta-theory of IPL: first, to derive a model-theoretic semantics; second, using
the methods of the previous section, to develop a constraint system for IPL that proves
the logic sound and complete with respect to the putative semantics. Finally, in Section 7,
we extended the domain of logics for which we have discussed constraint systems to the
first-order predicate logic setting.

The are several future direction of research. The case analysis of IPL should be repeated
for other adjacent logics, especially intermediate logics and substructural logics, to help
develop the meta-theory of these logic and to demonstrate the technique. Moreover, in this
paper, we have only considered three different notion of algebra — Boolean algebra, world
algebra (i.e., the algebra corresponding to a frame), and the unification algebra — what
are some other useful algebras and constraint systems and what can they tell us about the
logics being studied? To motivate this study, we should explore the use of constraint sys-
tems in studying logics, both proof theory (with focus on proof-search) and model theory.
Furthermore, we advanced the position of classical logic as a combinatorial core of logic,
which remains to be justified by a series of examples and results.

Overall, constraint systems serve as a general framework in which to define and study
logics. They have a conceptional legacy within the literature on labelled systems and al-
ready enable us to bridge the gap between model theory and proof theory of a logic. Future
work concerns extending them beyond the cases presented in this paper to other logics and
applications.
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