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Abstract. This paper provides a paradigm in which a logic can be decomposed
into another logic, thought of as underlying, or more general, together with an al-
gebra of constraints. The value of the decomposition, and the framework in which
it is studied, is that it provides a unifying meta-level perspective for studying arbi-
trary logics. It follows that Gentzen’s LK forms a combinatorial core of syntactic
reasoning that is robust even upon conceding the proof-theoretic definition of a
logic in favour of a model-theoretic one. In addition to a deeper proof-theoretic
understanding, and smoothing the transition between proof theory and model the-
ory, the decomposition facilitates the study of proof-search. To enable the study,
a framework in which logics are defined is introduced that uses ideas from uni-
versal algebra and work on labelled deduction systems. A substantial example of
modal logics is given.
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1 Introduction

The plethora of both theoretically interesting and practically valuable logics suggests
the opportunity for an analysis of their structure and relationships, akin to representa-
tion theory within abstract algebra. This paper proposes a paradigm in which one takes
a logic of interest and decomposes into a another logic together with an algebra of con-
straints. The relationship is more easily understood in the other direction; that is, one
enriches a logic L with an algebraA to form a presentation of another logic L′,

Proof in L′ = Proof in L + Algebra of ConstraintsA

By doing reasoning in a system like L enriched by algebraA, one recovers reasoning in
L′ though a transformation that is parametrized by solutions to the algebraic constraints.
Consequently, L is thought of as underlying, or more general than, L′. This paper pro-
vides a systematic basis for this decomposition to be witnessed, providing condition
under which the right-hand side of the equation may be regarded as a faithful and ade-
quate abstraction of the left-hand side. Furthermore, it contains an extended example of
how a uniform approach to the proof theory of normal modal logic is available though
the decomposition. Ancillary to the study is a general framework for defining logics so
that everything, object-logics and algebras, may be treated uniformly. This is an inter-
esting task in itself; here the framework is based on earlier ideas by Gabbay [13].

The decomposition offers three principal contributions to the study of logic. First,
it is an enabling technology for a uniform and modular understanding of the proof
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theory of object-logics. Second, the algebraic constraints bridge the gap between the
algebraic structure of the Kripke-like semantics of L′ and of L, the latter typically being
simpler; that is, the decomposition smooths the transition between proof theory and
model theory. Third, since one can recover reasoning in L′ by global conditions on
proofs in the simpler L, the decomposition is useful for reasoning about proof-search.

It happens that performing the decomposition repeatedly typically results in a sys-
tem that is classically shaped; that is, a system whose rules have the shape of rules in
Gentzen’s LK [16]. Hence, the paper supports the idea that the classical system forms
a combinatorial core underlying the presentation of other logics. For example, Har-
land’s and Pym’s resource-distribution via boolean constraints (RDvBC) mechanism
[21, 22], introduced for the study of proof-search in the pressence of multiplicative
(or intensional) connectives, demonstrates simultaneously that the sequent calculi for
Linear Logic (LL) [18], the logic of Bunched Implications (BI), [35], and a family of
relevant logics [42] all decompose into LK together with a boolean algebra — in the
case of BI, the decomposition is first into Gentzen’s LJ [16], which is also decompos-
able in LK, as witnessed by Dummett’s [8] multiple-conclusioned sequent calculus for
intuitionistic logic. Furthermore, the fundamental nature of the classical system carries
through to the model theory; that is, lifting the algebraic constraint to the frame seman-
tics of classical logic determines a monoidal product on worlds, thereby recovering the
semantics of these logics.

There are many instances of decompositions in the literature. The RDvBC method
is one. Another family of examples is offered by Fitting’s [9, 10, 12] prefixed tableaux,
which work across an array of normal modal logics. Similarly, the modular account of
tableaux for a family of bunched logics, whose meta-theory is otherwise quite difficult
to understand, by Docherty and Pym [7, 6] works precisely by enriching a basic infer-
ence system with algebraic constraints. This paper’s central idea of a transformation
from one proof system into another is also increasingly common, hence the needs for a
uniform paradigm. Examples include the study of tense logics by Goré et al. [41], and
Ciabattoni et al. [4]; and, particularly relevant, the systematic production of cut-free
systems for a large class of logics by Goré and Ramanayake [19].

A unifying perspective that underpins many of the formalisms discussed above, and
the syntactic part of the decomposition in this paper, is Gabbay’s Labelled Deductive
Systems (LDSs) [14]. However, the paper deviates from the established theory of LDSs
in two essential ways. First, one may choose any syntactic structure in the grammar of
the object-logic (e.g., terms, bunches, etc.), not just formulas, to annotate. Second, the
labels do not only express additional information, but have an action on the structure —
the aforementioned transformation. Consequently, more subtle examples are also avail-
able, not otherwise captured by LDSs, some of which have been discussed elsewhere;
for example, the authors have shown that unification can be understood internally to a
logic by using substitution constraints during quantifier elimination [17].

The argument begins in Section 2 with a framework for defining object-logics in
a uniform setting. The most well-known approach is the type-theoretic one employed
by LF [27, 23], and derivatives. However, despite its appealing strictness, the method is
unfortunately limited; Pfenning [38, 37] provides an account of its merits and deficits.
Instead, the paper employs the ideas of Gabbay [13], who has demonstrated that classi-
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cal logic can be used as a universal system at least from the point of view of automated
deduction. In summary, the framework used here is a first-order classical logic, called
the meta-logic, whose term-language is the syntax of the object-logic.

Section 3 begins with the notion of enriching an object-logic L with the presentation
of an algebra A in such a way that one expresses another object-logic L′. The main
results are abstraction theorems such that the labelled logic may be regarded as faithful
and adequate abstraction of the unlabelled one.

Having established the decomposition in the preceding sections, Section 4 illustrates
its value with an application to modal logic. In particular, two common formalisms,
tableaux and nested sequent calculi, are shown to be decomposable into LK enriched
by an algebra structured only by a relation. Of course, this algebra is simply an internal
representation of the frame semantics, and thus the method is readily generalized to a
wide class of modal logics. Moreover, the labelled formalism is easy to define from ei-
ther a model-theoretic or proof-theoretic (e.g., axiomatic) specification of a modal logic,
and so soundness and completeness theorems follow immediately without having the
rely on traditional techniques such as counter-model constructions. Overall, the section
demonstrates that the decomposition is useful for both the particular meta-theory of
a given normal modal logic, as well as for a general understanding of how and why
various formalisms work.

Section 5 summarizes the contributions of the paper and discusses future directions.

2 Meta-logic

This section contains the framework within which object-logics are studied. In short,
classical first-order predicate logic forms a meta-logic in which the syntax of the object-
logic comprises the terms. For clarity, the convention of using the prefix meta for
structures at the level of the meta-logic is used where the terminology might other-
wise overlap; for example, formulas are syntactic construction in the object level, and
meta-formulas are syntactic construction in the meta-logic.

The technical definition of an object-logic is a presentation of a logic via a grammar
and a reasoning systems, a sequent calculus. Here a sequent is simply a data-structure
of formulas, and a sequent calculus is simply a reasoning system within which correct-
ness of inference is determined locally (i.e., as the rules are applied). Consequently, the
restriction is mild, and most other common notions of proof, such as Hilbert calculi,
natural deduction systems, tableaux, etc., are readily captured.

The section begins by defining what is meant by an algebra, and its presentation
through a meta-logic, using ideas from universal algebra [31]. Following this is the
definition of an object-logic via syntax and proof system. Finally, the notion of a meta-
logic is given in which object-logics are encoded systematically.

2.1 Universal Algebra

The perspective of universal algebra serves two purposes. First, it allows for a general
and uniform treatment of object-logics. Second, the constraint algebra of a decomposi-
tion may be defined uniformly with other syntactic forms in the object-logic.
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Definition 1 (Algebra). An algebra is a tuple A = 〈A, f0, . . . , fn,R0, . . . ,Rm〉, where
A is a set, fi : Aki → A are operators, and Ri ⊆ A

li are relations. The ki and li are
non-negative integers.

Example 2. The integers modulo two form a boolean algebraB := 〈Z2,+2,×2,−2, 0, 1〉.
In practice, the adornments on the operators are suppressed. �

In the sequel, algebras are used to determine a transform that turns proofs in one
object-logic into proofs in another object-logic. More precisely, the transformation is
parametrized by conditions interpreting variables of the algebra as individuals in the
domain. Therefore, what is required is a syntactic presentation of the algebra for ex-
pressing constraints. To this end, consider the following:

Definition 3 (Meta-logic). A meta-logic for an algebra A is a first-order classical
logic (with equality) that has a function symbol for each operator in signature, a re-
lation symbol for each relation in the signature, and has the algebra as a model.

The meta-logic of the algebra determining the constraints component of the de-
composition is called a presentation of it. This is to distinguish from the meta-logic in
which object-logics are studied, though the two notions are the same as object-logics
canonically determine algebras over their syntax.

Let A be a presentation, φ ∈ A denotes that φ is a well-formed formula.

Example 4. A presentation B of the boolean algebra B in Example 2 has the following
grammar, where X is a set of variables, t are terms, and φ are formulas:

t, t′ ::= x ∈ X | (t + t′) | (t × t′) | −t | 0 | 1 φ ::= (t = t′) | (φ ∧ φ) | ∀xφ | ∃xφ

The formula ψ := ∀x, y((x + y) = (y + x)) ∈ B holds for the model B since it says that
addition modulo two is commutative. �

When clear, the syntax of the algebra and its presentation are conflated. In Exam-
ple 4 above, the symbol + is part of the presentation B while also denoting the binary
operator of which it is a syntactic representation (Example 2). However, where the dis-
tinction between syntax and domain is emphasized, Gödelian quotes are used; that is, if
e is an element of the domain, then peq is a meta-term that is always interpreted as e.

Example 5. In Example 4, if e = 0, then formulas 0, 1 + 1, 0 × 1 are suitable for peq. �

The definition of an algebra used here is the same as a first-order model (see, for
example, van Dalen [5]), and the usual notation is used for interpreting meta-formulas;
that is, when I : X → A is an interpretation,M, I |= Φ denotes thatΦ holds in the model
M whenever the variables occurring it are interpreted by I.

2.2 Object-logic

A logic studied within a meta-logic is its object-logic. However, it is more convenient
to define things the other way around; that is, one begins with a logic that one wishes to
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study and systematically derives a meta-logic to do so. Here a logic is a structure that
has two components, a syntax and a system of reasoning.

The use of meta in the foregoing purposefully matches the use of object here; that is,
object-logics are algebras. Of course, one does not necessarily begin from this perspec-
tive, and is not particularly concerned about it, as the syntactic presentation is regarded
as a priori.

Definition 6 (Syntax). The syntax of a logic has two parts: formulas and sequents.
Object-logic formulas are defined by a context-free grammar. Object-logic sequents are
defined by a context-free grammar whose terminal symbols include the formulas of the
object logic.

To understand how the syntax for an object-logic may be understood as an algebra,
it is useful to introduce an auxiliary symbol # denoting nonsense. A string is interpreted
as # whenever it is malformed in the sense that the construction is treated as garbled.

An object-logic L canonically determines an algebra L by reading symbols as func-
tions via their products; that is, as functions taking strings to new strings (e.g., constants
are zero-ary functions, binary connectives are binary functions).

Example 7. The language in Example 4 defines formulas φ for classical and intuition-
istic propositional logic [16]. Sequents are defined by the following BNF grammars:

Γ,∆ ::= φ | (Γ :: ∆) K ::= (Γ =⇒ ∆) J ::= (Γ =⇒ φ)

The Γ are called contexts, K are sequents for classical logic, and J are sequents for
intuitionistic logic. The interpretation of the context-former :: takes lists of formulas to
lists of formulas, but anything else is meaningless,

[[::]] : (A, B) 7→

(A :: B) if A and B are contexts
# otherwise

�

The # is never encountered in practice since meta-terms are syntactic constructions
of the object-logics and so, by definition, have interpretations and so are well-formed.
The point is only that it allows the functions to be total, in keeping with the usual
presentation classical first-order models.

Apart from the functions, the algebra of the object-logic (i.e., the algebra of its
syntax) is structured by relations that are the rules of a reasoning system.

Definition 8 (Sequent Calculus). A sequent calculus for an object-logic is a set of
relations on the sequents of that logic.

Definition 9 (Object-logic). A logic is a pair L = 〈G,L〉, where G is the language and
L is a sequent calculus over G.

Example 10. Consider the grammars for classical and intuitionistic logic, whose se-
quents are given by K and J in Example 7. In Gentzen’s presentation of a rule, the
single-conclusioned conjunction right rule is defined by the following figure:
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Γ =⇒ φ Γ =⇒ ψ
∧R

Γ =⇒ φ ∧ ψ

Such figures are readily understood in the formal framework studied here by the fol-
lowing relation:

∧R(pS q, pS 1q, pS 2q) if and only if
S 1 S 2

S
∧ R

where S , S 1, and S 2 denote sequents such that the inference is valid. �

2.3 Meta-logic

Since an object-logic defines an algebra, Definition 3 already provides a suitable defi-
nition of a meta-logic. To be explicit, the definition relative to a specified object-logic
is repeated here:

Definition 11 (Meta-logic). Let L = 〈G,L〉 be an object-logic. A meta-logic for L is a
first-order logic (with equality) in which the term language is the syntax of L and the
rules of sequent calculus are relations.

When speaking about a meta-logic for an object-logic the definite article is preferred
since the intention is that one has fixed a language, when, indeed, multiple are available.
The following grammar will be used throughout:

Φ := Ri(t0, . . . , tk) | (t0 equals t1) |

A

XΦ | EXΦ |
not Φ | (Φ and Φ) | (Φ or Φ) | (Φ implies Φ)

The t j are meta-terms; that is, constructions in the syntax of the object logic.
To expedite a lucid presentation, the following conventions are used:

– the symbols S , S 0, S 1 . . . are reserved for meta-variables of object-logic sequents;
– the symbols Γ,∆,Σ . . . are reserved (when appropriate) for meta-variables of con-

texts in object-logic sequents; and,
– the symbols φ, ψ, χ, . . . are reserved for meta-variables in object-logic formulas.

Example 12. Returning to Example 4, the following meta-formula expresses that the
context-former :: in K and J sequents is commutative and associative:

A

Γ,∆, Σ
(
(Γ :: ∆ equals ∆ :: Γ) and (Γ :: (∆ :: Σ) equals (∆ :: Γ) :: Σ)

)
If the model of the meta-logic satisfies the meta-formula above, then contexts in K and
J are understood as multisets rather than lists. �

By definition, there is a meta-relation for every rule in the sequent calculus of an
object-logic. However, the framework allows them to be defined internally:

Definition 13 (Correctness Condition). Let L = 〈G,L〉 and let R ∈ L be a rule. A
meta-formula κ defining R in the meta-logic is a correctness condition for the rule

L |= κ(pS q, pS 0q, . . . , pS nq) ⇐⇒ R(S , S 0, . . . , S n)
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Example 14. Let R• be the additive and multiplicative single-conclusioned conjunction
right rules for LL, where • is + and ×, denoting additive and multiplicative conjunction,
respectively. A correctness condition is the meta-existential closure of the following:

κ•(S , S 0, S 1) := Θ•(S ) implies Π•(S 0, S 1)

where

Θ•(S ) := S equals (Γ =⇒ φ0 • φ1)
Π+(S 0, S 1) := (S 0 equals (Γ =⇒ φ0)) and (S 1 equals (Γ =⇒ φ1)
Π×(S 0, S 1) := (Γ equals ∆0 :: ∆1) and (S 0 equals (∆0 =⇒ φ0))

and (S 1 equals (∆1 =⇒ φ1))

That is, consider the case in which • = ×, then a valid instance is given by

S := (A :: B =⇒ A × B) S 0 := (A =⇒ A) S 1 := (B =⇒ B) �

3 Algebraic Constraints

Precise notions of object logics L and L′ and algebras A are provided in the preceding
section. Here, the notion of an infusion of a logic L by an algebra A, is introduced,
providing the right-hand side of the slogan of the paper,

Proof in L′ = Proof in L + Algebra of ConstraintsA

Put simply, this a labelling of some syntactic elements of L (e.g., terms, formulas,
bunches, etc.) by variables in a presentation of A. The right hand-side is a syntactic
representation of the left when one can systematically transform its sequents into se-
quents of the other system. This is interesting when reasoning in the representation
recovers reasoning in the other system, in which case it is an abstraction.

3.1 Infusion and Representation

The purpose of presentations of algebras is to express assertions about them. Tradition-
ally, assertions concern the algebra as a whole, and attention is typically restricted to
sentences (i.e., formulas with no free variables) so that the claims are simply valid or
invalid. Here the use is different and free variables play an essential rôle, and therefore
assignments do too.

Definition 15 (Assignment). An assignment for an algebraA with domain A and pre-
sentation A, with variables X, is a function I : X → A.

The assignment is distinguished from interpretation to emphasize that it pertains
to the algebra component of a decomposition instead of the model of the meta-logic
over an object-logic. The idea is that rather than use formulas in the presentation of
the algebra to express properties of it, they are used to express conditions defining
assignments that are of interest.
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Definition 16 (Constraint, Constraint Coherence). A formula A ∈ A is a constraint
on the free variables occurring it. An assignment I : X → A for an algebra A coheres
with a constraint A if and only ifA, I |= A.

Example 17. The equation x1 = 1 is a constraint in the presentation B of boolean alge-
bra given in Example 4. �

The free variables relate object-logics L and L′ by dictating how inference in former
relates to inference in the latter. To do this, one labels the syntax of L.

Definition 18 (Labelling). Let t be some class of syntactic objects in G, let X be the
set of variables in a presentation. A labelling of G by X is an extension of the language
by the production t 7→ t.x, where x ∈ X. A string s = t · x1 · . . . · xn is a labelling of t by
x1 · . . . · xn. Denote a labelling by G · X.

Example 19. Consider the language in Example 10, call it G. Let B be the presentation
of boolean algebra in Example 4 and X be the set of variables. Define G · X by adding
the production φ 7→ φ.x to the grammar, where x ∈ X and φ belongs to the class of
formulas. The following is an example of a sequent in G · X: φ.x1 :: ψ.x2 =⇒ φ.x3 �

In RDvBC, constraints are side-condition on inferences, but in other examples, such
as Docherty’s and Pym’s [7, 6] modular theory of tableaux for bunched logics, they
behave as formulas of the logic. This is also the case in the study of modal logic given
in Section 4. Thus one requires the combination of an object-logic with an algebra that
allows formulas of the algebra as syntactic objects.

Definition 20 (Infusion). The infusion of G by A, denoted G ⊕ A, is an object-logic
whose language extends the grammar of G · X with constraints from A.

Example 21. The following is a formula in the meta-logic for G · B, defined as in Ex-
ample 19:

Θ(S ) := (S equals (φ1 · x1, φ2 · x2 =⇒ ψ.x3)) and
(x1 equals 1) and (x2 equals 0) and (x3 equals 1) �

The definitions of logics and algebra, and infusion, have so far been purposefully
broad to allow for any natural instantiation of the decomposition in the varied for-
malisms present in the literature. However, all the choices made during an instantia-
tion affect how the logics in the decomposition are related. This is brought out by the
following definition:

Definition 22 (Representation). An infusion G ⊕ A is a representation of G′ if an in-
terpretation I : X → A determines a mapping νI : G ⊕ A→ G′.

In other words, letM andM′ be the canonical models (algebras) for the meta-logics
of L and L′, respectively. An infusion G ⊕ A is a representation of G whenever an
assignment I : X → A determines aM′-valuation of the meta-logic for G ⊕ A.
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Example 23. In Harland and Pym’s RDvBC, one infuses the syntax of BI and LL by
a boolean algebra B such that formulas are labelled, as in Example 19. The mapping
relative to an interpretation I : X 7→ Z2 works on a sequent of labelled formulas by the
following action on the formulas occurring in it:

φ 7→


φ if I(x) = 1 and φ unlabelled
νI(ψ) if I(x) = 1 and φ = ψ.x
# if I(x) = 0 and φ = ψ.x

Thus, the formula Θ in Example 21 is meaningful only when I : xi 7→ i + 1. In
particular, for any well-formed input one has the following:

νI(φ1 · x1, φ2 · x2 =⇒ ψ · x3) = (φ0 =⇒ ψ) �

3.2 Faithfulness and Adequacy

The above concerns how one may interpret the infusion of the syntax of a logic with the
presentation of an algebra as another logic. That is, it concerns the language component
of a logic. Here, the sequent calculus component is considered.

Throughout, let L⊕A be a formal logic whose language is G⊕A, and denote L⊕A
for its sequent calculus. Moreover, let R and R′ be rules L ⊕ A and L′, respectively; let
S i be L ⊕A sequents; let S ′i be L′ sequents; and, let A ∈ A.

Define the following relations:

– The relation R ≤A R′ holds if and only if whenever M |= R(S 1, . . . , S n) there is
I : X → A such thatA, I |= A andM′ |= R′(νI(S 1), . . . , νI(S n));

– The relation R′ ≥A R holds if and only if whenever M′ |= R′(S ′1, . . . , S
′
n) there is

I : X → A such that I |= A and νI(S i) = S ′i andM |= R(S 1, . . . , S n).

The first says that any R inference respecting the side-condition A is an R′ inference.
The second says that any R′ inference can be understood as an R inference respecting
the side-condition A. For both, the rule R is underlying R′, justifying the notation. When
both relations hold for the same A, the rules are considered equal in expressive power.

Example 24. Continuing 23, the multiplicative conjunction (×) right rule is presented
by a figure as follows:

Γ =⇒ φ ∆ =⇒ ψ

Γ,∆ =⇒ φ × ψ

Let V and W denote lists over X, and when Γ is a context let Γ.V be the result of
annotating the formulas (and additive sub-bunches) of Γ with elements of V in order.
Now consider the following classically-shaped (additive) conjunction right rule over
labelled sequents,

Γ.V =⇒ φ Γ.W =⇒ ψ

Γ =⇒ φ × ψ

This is equal to the multiplicative rule modulo exclusivity; that is, whenever the ith
element of V is interpreted as unequal to the ith element of W. This is Harland’s and
Pym’s RDvBC solution with resect to multiplicative conjunction.

The same example handled within the meta-logic is given in Appendix D. �
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It remains to relate fully the systems L ⊕A and L′.

Definition 25 (Faithful Abstraction). System L ⊕ A is a faithful abstraction of L′ if,
for every R ∈ L ⊕A, there are A ∈ A and R′ ∈ L′ such that R ≤A R′.

Definition 26 (Adequate Abstraction). System L ⊕ A is an adequate abstraction of
L′ if, for every R′ ∈ L′, there are A ∈ A and R ∈ L ⊕A such that R′ ≥A R.

Since rules are considered equal in expressive power whenever both relations hold,
an infusion that is both faithful and adequate is equivalent to the system it abstracts.
In this case, it may be called a full abstraction. The essential idea is that proofs in the
underlying system can be stepwise interpreted as proofs in the overlying one whenever
the initial proof, as a whole, admits an interpretation of the variables.

Definition 27 (Proof Coherence). LetD be a L⊕A-proof. If there is I such that A, I |=
A for every side-condition A occurring inD, and νI(S ) is well-formed for every sequent
inD, then the proof is coherent and I is a coherent interpretation of it.

Proofs of the following are given in Appendix C.

Theorem 28 (Soundness). If L ⊕ A is a faithful abstraction of L′, then any coherent
instantiation of a L ⊕A-proof is a L′-proof.

Theorem 29 (Completness). If L ⊕ A is an adequate abstraction of L′, then every
L′-proof is the coherent instantiation of some L ⊕A-proof.

4 Example: Modal Logic

Normal modal logics are a well-known family of logics significant in philosophy, math-
ematics, and computer science. Typically, a normal modal logic is defined axiomatically
(i.e., by Hilbert systems) and a logician’s task is to develop a proof theory for it that ex-
hibit desirable properties such analyticity, effectiveness, and modularity. Consequently,
there are many formalisms, but, unfortunately, none of them satisfy all the desiderata
at once. Marin [30] has argued that providing a systematic and automatic approach to
generating cut-free sequent calculi should be a goal of structural proof theory, and so
far uniform meta-level analysis is proving key to such research [43].

This section shows how infusions of LK with an algebra whose signature contains
only a binary relation yields a powerful tool for the analysis of normal modal logics.
In particular, it provides a method to explain why various formalisms work and how
they are related to others. The point is that the infusion allows one to take advantage
of working in a structurally simpler formalism that permits a uniform presentation of
logics to derive essential metatheoretical results, such as soundness and completeness,
about related formalisms that have other merits, such as being internal and label-free.

The family of normal modal logics is used to exhibit the decomposition to show-
case the versatility of the decomposition beyond the previously referenced examples of
RDvBC for multiplicative logics [21, 22] and unification in logic programming [17].
However, decompositions of modal logics do already appear in the literature. In par-
ticular, the analysis in this section, based on the decomposition theory of the paper,
recovers earlier work by Goré and Ramanayake [19] and Fitting [11].
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Γ{A, Ā}
Ax

Γ{φ, ψ}

Γ{φ ∨ ψ}
∨

Γ{φ} Γ{ψ}

Γ{φ ∧ ψ}
∧

Γ{[φ]}
Γ{�φ}

N
Γ{^φ, [φ,∆]}
Γ{^φ, [∆]} K

Γ{^φ, [^φ,∆]}
Γ{^φ, [∆]} 4

(a) Nested System NK4

Γ, σ : A, σ : Ā
Ax

Γ, σ :φ, σ.ψ
Γ, σ :φ ∨ ψ

∨
Γ, σ :φ Γ, σ :ψ

Γ, σ :φ ∧ ψ
∧

Γ, σ.n :φ
Γ, σ :�φ N

Γ, σ :^φ, σ.n :φ
Γ, σ :^φ K

Γ, σ :^φ, σ.n :^φ
Γ, σ :^φ 4

(b) Tableaux System TK4

Γ⇒ x : A, x : Ā, ∆
Ax

Γ⇒ x :φ, x :ψ
Γ⇒ x :φ ∨ ψ

∨
Γ⇒ x :φ Γ⇒ x :ψ

Γ⇒ x :φ ∧ ψ
∧

Γ, xRy⇒ y :φ, ∆

Γ⇒ x :�φ, ∆
N

Γ, xRy⇒ x :^φ, y :φ, ∆

Γ, xRy⇒ x :^φ, ∆
K

Γ, xRy⇒ x :^φ, y :^φ,∆
Γ, xRy⇒ x :^φ,∆ 4a

(c) System RLK4a

Fig. 1: Modal Reasoning Systems

4.1 Nested Calculi, Analytic Tableaux, and Relational Systems

For simplicity, attention is restricted to the normal modal logic K4 [1] and to formulas
in negation normal form. Here, K4 does not refer to an object-logic, but rather to a set
of modal formulas that collectively define the predicate K4-valid. This logic is chosen
because it has sufficient features (e.g., axiomatic definition, frame condition, etc.) to
permit non-trivial discussion of the salient points in the meta-theory of modal logic.

Definition 30 (Modal Formula). Let A be a denumerable set of propositional letters.
The modal formulas are defined by the following grammar, where A ∈ A:

φ ::= A | Ā | φ ∧ φ | φ ∨ φ | ^φ | �φ

Three different object-logics are considered that are a priori unrelated to K4 since
neither soundness not completeness is assumed. They are representatives of three dif-
ferent formalisms: nested sequent calculi, tableaux, and relational sequent calculi.

First, Brünnler’s [2, 30] nested sequent calculus. Nested sequents Γ are inductively
defined as a finite multiset of formulas φ and boxed nested sequents [Γ].

Definition 31 (Logic NK4). The logic NK4 is the logic whose language component
consists of nested sequents and whose proof system is NK4 (Figure 1a).

Example 32. The following is a nested sequent: [^�A, [^B̄,^B̄]], [A]. �
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Second, Fitting’s analytic tableaux [9, 10, 12] . Tableaux systems are standardly
transformed into sequent calculi by set-labelled tableaux, which is the assumed reading
of the formalism here. A prefix is given by the grammar σ ::= n | σ.n where n ∈ N. If
φ is a modal formula and σ is a label, then σ : φ is a prefixed formula.

Definition 33 (Tableaux Sequent). The logic TK4 is the logic whose language compo-
nent consists of sets of prefixed formulas and whose proof system is TK4 (Figure 1a),
where in K and 4 the label σ.n already occurs in the sequent.

Example 34. The following is a tableaux sequent: 1 :^�A, 2: A, 1.1:^B̄, 1.1:^B̄. �

Third, Negri’s [34] relational calculi. Let X be a denumerable set of symbols, let R
be a symbol not in A and not in X. For any x, y ∈ X, the formula xRy is a relational
formula. A relational sequent is a pair of sets Γ and ∆, denoted Γ =⇒ ∆, where Γ

contains relational formulas and ∆ contains labelled modal formulas.

Definition 35 (Relational Sequents). The logic RK4 is the logic whose language com-
ponent consists of relational sequents and whose proof system is RK4a (Figure 1b).

Example 36. Here is a relational sequent: xRy⇒ x :^�A, z : A, y :^B̄, y :^B. �

Observe that this last object-logic, and the relational sequent formalism generally
speaking, is an infusion of classical logic by an algebra whose signature contains only
a binary relation. As an abuse of notation:

Lemma 37. System RK4a is a full abstraction of NK4 and TK4.

What the lemma fails to specify is what are the requisite valuations, νI and ωI ,
mapping relational sequents to nested sequents and tableaux, respectively. Moreover, it
fails to specify the actual algebra being presented. The details are provided below.

Intuitively, the algebra being presented by x, y, z, . . . and R is the frame of the modal
logic. This is misleading. In a decomposition of a logic, the algebra component is not
read as a symbolic representation of the Kripke semantics, but only as the additional
algebraic structure determining the Kripke semantics of the object-logic being studied
from the semantics of the underlying logic, which in this case is classical propositional
logic. Hence, the actual algebra doesn’t matter as long it has a domain structured by a
relation, and that the domain is sufficiently large for the constraints on RK4a proofs to
be satisfied in an arbitrary case.

The sensible approach to defining a transformation from a relational sequent to a
tableaux or nested sequent is to take each variable in the context as indicating the use of
a constructor in the inductive definition of prefixes and nests. However, since prefixes
may contain arbitrarily many distinct numbers, the algebra must be able to distinguish
them. Hence, let the domain of the algebra be beN. To structure it, one picks an arbitrary
relation that admits arbitrarily many distinct pairs, such as the familiar well-ordering <.

Before defining the valuations, it is useful to reformat relational sequents. Call a
set of relations Γ tree-like if and only if the graph expressed by the set of relations is a
rooted tree — for example, the set {xRy, xRz, yRz} is not tree-like because there are two
distinct paths from x to z. Note that all sequents appearing during proof construction
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in RK4a have tree-like contexts. Let f : Γ → |Γ| be a bijection. The f -unfolding of a
sequent Γ⇒ ∆, where Γ is tree-like, is defined as follows:

∆〈Γ, f 〉 := {`.y.x :φ | `.y :φ ∈ ∆ and f (xRy) = 1}〈Γ/xRy, f−1〉

Here, ` denotes some label of undetermined, possibly zero, length. For any f and g the
unfoldings are equivalent, ∆〈Γ, f 〉 = ∆〈Γ,g〉, hence ∆Γ is unambiguous.

NK4. The desired transformation takes labelled sequents and uses the hierarchy of la-
bels (i.e., the order of appearance) in the unfolding to determine the nests. Given two
nests [Γ] and [∆], define [Γ]t [∆] = [Γ,∆]. The nesting function α is defined as follows:

α(∆) :=


⋃

x∈X
⊔
{[n :φ] | nx :φ ∈ ∆} if ∆ is a set of labelled formulas

[α(∆′)] if ∆ = [∆′]

Let ||∆Γ|| denote the maximal length of a label in ∆Γ. The valuation νI ,taking RK4a to
NK4, is defined as follows:

νI(Γ =⇒ ∆) :=

α||∆Γ ||(∆Γ) if Γ tree-like
# otherwise

Example 38. The sequent in Example 36 evaluates to the sequent in Example 32. �

TK4. For n ∈ N and φ a modal formula, define φ ◦ n := n :φ. The prefixing function βI ,
where I : X → N, is defined as follows:

βI(ψ) :=


φ if ψ = φ unlabelled
I(x) :ψ if ψ = x :φ and x ∈ X
I(x).βI(y :φ) if ψ = y.x :φ

The valuation taking RK4a to TK4 is defined as follows:

ωI(Γ =⇒ ∆) :=

{βI(φ) | φ ∈ ∆Γ} if Γ is tree-like
# otherwise

Example 39. The sequent in Example 36 evaluates to that in Example 34 with the as-
signment I satisfying the following: I(x) = 1, I(z) = 2, and I(y) = 1. �

4.2 Soundness and Completeness

The logics of the preceding sections are equivalent in the sense that a proof in any one
of them determines a proof in the others. In particular, it follows from Theorem 28 and
Theorem 29 that if any of the systems captures K4, then they all do. This is the sub-
ject of the present section. Of course, soundness and completeness results for NK4 and
TK4 with respect to K4 already exist [2, 10], but they require laborious, albeit tradi-
tional, techniques from proof theory and model theory. The point here is to demonstrate
another approach, which cannot be internalized to the other calculi, exploiting the struc-
ture of relational sequents.
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While the proof theory of normal modal logics has always been a difficult issue, the
model theory has been well-behaved since Kripke’s [29] landmark paper introducing
frame semantics. Above, it is noted that the algebraic component of a decomposition is
not supposed to be read as a symbolic representation of the frame semantics. However, it
happens that Negri’s relational sequents are intended to do just that, which makes them
easy to define no matter how a normal modal logic is specified. Nonetheless, before
going any further one does require a definition of K4 as an object-logic.

Let system RK be the RK4a without the 4a rule. System RKx is RK extended with
x ∈ {4a, 4b, 4c},

Γ, xRy⇒ x :^φ, y :^φ,∆
Γ, xRy⇒ x :^φ,∆ 4a

Γ, xRy⇒ x :^φ, x :^^φ, ∆

Γ, xRy⇒ x :^φ,∆ 4b

Γ, xRy, xRz, yRz⇒ ∆

Γ, xRy, yRz⇒ ∆
4c

If one defines K4 by those modal formulas that are provable by NK4 and TK4,
then it is characterized by RK4a. However, if one takes the position that K4 is the
logic that extends RK by the 4 axiom (^^φ → ^φ), then it characterized by RK4b.
Finally, if one defines it by the modal formulas that hold in any transitive frame, then it
is characterized by RK4c. In any case, one has a specification of K4 as an object-logic
that may be used to relate the formalisms of the preceding subsection to K4. Here, the
third one is assumed, since sequents in RK4c are not necessarily tree-like and thus its
sequents cannot necessarily be transformed into nested sequent form or tableaux.

Definition 40. A formula φ is K4-valid iff it is derivable in system RK4c.

By Lemma 37, all that is required for soundness and completeness for all of the
logics of the preceding subsection is to show that system RK4c is of equal strength to
RK4a. Call a relational sequent Γ⇒ ∆ an input sequent when Γ is empty and ∆ consists
of a single formula.

Lemma 41. An input sequent is provable in RK4a iff it is provable in RK4c.

One can also show that RK4b is equivalent to RK4a and RK4c (see Appendix B).

Corollary 42. A formula φ is K4-valid iff it is provable in LK4, where

LK4 ∈ {NK4, TK4, RK4a, RK4b, RK4c}

5 Conclusion

This paper provides a paradigm in which a logic can be decomposed into another logic,
thought of as underlying, or more general, together with an algebra of constraints. Such
decompositions are not unusual. Indeed, there are already examples present in the lit-
erature; for example, Harland and Pym’s resource distribution via boolean constraints
mechanism [21, 22], and unification in logic programming [17]. A third example, con-
cerning normal modal logics, is provided within the paper. Central to the method is
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a general framework for defining object-logics that implements well-established ideas
from universal algebra [31], as well as previous work by Gabbay [13, 14].

The value of the decomposition and the framework in which it is studied is that it
provides a unifying meta-level perspective for studying logics. This is substantiated by
the contained analysis of the modal logic K4. Here, six systems across three formalisms
are not only related, but important meta-theoretical results (e.g., soundness and com-
pleteness) are established for all the systems at once by demonstrating it for one of
them. It is worth noting that the proof cannot be internalized in two of three formalisms
because they cannot express certain requisite relationships. The point is not to argue the
value of one system, or formalism, over another, it is in fact the opposite: to understand
why various systems work, how they are related to others, and to be able to use them to
assist the analysis of both the logic in question and of logics broadly speaking.

The decomposition theory of this paper reveals that Gentzen’s LK forms the com-
binatorial core of syntactic reasoning. That is, connectives in a given logic are either
of conjunctive-type or of disjunctive-type, where the nomenclature is with reference to
the classical system. For example, intuitionistic implication, though primitive, is dis-
junctive because of its behaviour within Gentzen’s LJ; this is witnessed by the decom-
position of Dummett’s multiple-conclusioned sequent calculus LJD [8] into LK and
a boolean algebra B. Instantiating the slogan of the paper: LJD = LK + B. In the
resulting system, intuitionistic implication behaves as classical implication, which is
generally regarded as either tautologically equivalent to a disjunction. Note that some-
times multiple decompositions are used to reach the suggested combinatorial core; for
example, one decomposes the sequent calculus for BI into LJ with boolean constraints,
and then decomposes the resulting system into LK with further boolean constraints.

The fundamental nature of classical logic is robust even upon conceding the proof-
theoretic definition of a logic in favour of the model-theoretic one. That is, logics may
be defined by Kripke-like semantics, but such models are invariably enrichments of the
frame semantics for classical logic by some additional algebraic structure (essentially
because the semantics for classical logic consists of nothing more than a universe). The
signature of the additional structure is expressed by the constraint algebra, which is thus
a bridge between the proof theory and the model theory of the logic being studied. This
forms a second justification of the decomposition as a valuable tool for analysing log-
ics. Future works includes developing this idea and systematically deriving sound and
complete Kripke-like semantics for logics upon specification by decomposing them. A
potential ramification of this research within the study of modal logic is a deeper, and
algorithmic, understanding of correspondence theory.

Both of the existing examples of a decomposition, RDvBC and unification, are in-
tended to facilitate proof-search. A significant direction for future research includes
developing the application of decomposition for this purposes, both by exhibiting more
examples and by using it to provide a general study. It is not only the decomposition
that is useful here, but the framework in which it was established: the meta-logic. In
particular, it seems that it is a useful platform for providing an operational semantics
of proof-search that is parametrized by a logic, thereby providing an abstract account
of an essential component of the application of logic to mathematics and the theory of
computing [20].
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A Example: Unification

Having given an account of generalization, we now consider an example. Typically,
things that are more general exchange complex structure for abstraction, the above re-
sult providing a condition for when this exchange is acceptable. The advantage within
logic is that simpler structure often means simpler proof-search behaviour, and thus we
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consider the application of algebraic constraints within this setting. The choice is no
unprecedented as Harland and Pym’s boolean constraint systems arise as an approach
to the context-management problem endemic to logic programming with multiplicative
connectives [26, 24, 3, 25].

In particular we consider how quantifier rules can be simplified, which leads to a
natural and logical handling of unification for logic programming. This also justifies the
chosen approach to general logic since one goal is to have a theory of proof-search (cf.
the type-theoretic analogous for logic programming [36], unification [28], and proof-
search in general [15, 39, 40]).

Consider a basic logic programming language based on uniform proofs in the hered-
itary Harrop fragment of intuitionistic logic (BLP) [33, 32]. First we fix a language that
becomes the logics’ internal vocabulary.

Definition 43 (Alphabet, Terms, and Atoms). An alphabet is a triple 〈V,K ,F ,A〉
where each component is a set of symbols. The elements V are called variables, the
elements K are called constants, and the elements of F :=

⊔ν
n=1 Fn are function of

arity n, and the elements of A :=
⊔ν

n=1 An are called propositional letters of arity n.
Terms T are variables, constants, or function applications of appropriate arity,

t ::= x ∈ V | c ∈ K | fn(t1, . . . , tn)

The set of atoms A consists of strings A(t0, . . . , tn), where A ∈ An and ti ∈ T.

Definition 44 (Language BLP). Given an alphabet, the formulas of BLP are either
definite clauses D or goals G, defined by the following grammar, where x ∈ V:

D ::= A ∈ A | D | G → A | D ∧ D
G ::= A ∈ A | G | D→ G | G ∧G | G ∨G

A context P, called a program, is a list of definite clauses. A sequent is a pair of a
program and a goal P =⇒ G.

The language defined above seemingly lacks a crucial component: quantifiers. How-
ever, the partition in formulas allows them to be consistently suppressed by identifying
a definite clauses and goals with their universal and existential closures, respectively.

Execution of a configuration P =⇒ G is defined by proof in System BLP shown in
Figure 2. Occurrences of meta-variable P denotes programs, D,D0,D1 denote definite
clauses, G,G0,G1 denote goal formulas, A denote propositional atoms. The notation
∃xG denotes that x is a variable occurring in G, and the notation ∀xD denotes that x
is a variable occurring in D; moreover, the notation φ[v 7→ t] denotes that every free
occurrences of variable v in φ is replaced with t.

Execution of the logic programming is defined by proof in BLP; more precisely,
the operational semantics of the programming language is understood as proof-search
in the system. To illustrate how the procedure works, we consider a concrete example.

Suppose Unseen University offers a computer science course and that, to complete
the course, students must pick one module for each of the three term of the year called
R(ed), G(reen), and B(lue), respectively. This information is stored in a BLP program
P containing two parts: the first part contains the information about modules forming



Generalizing Rules via Algebraic Constraints 19

P,D⇒ G
P⇒ D→ G

→R
P⇒ G0 P⇒ G1

P⇒ G0 ∧G1
∧R

P⇒ G[x 7→ t]
P⇒ ∃xG

∃R

P,G → A⇒ G
P,G → A⇒ A

→L
P,D0,D1 ⇒ A

P,D0 ∧ D1 ⇒ A
∧L

P,∀xD,D[x 7→ t]⇒ A
P,∀xD⇒ A

∀L

P⇒ Gi

P⇒ G0 ∨G1
∨R P, A⇒ A Ax

Fig. 2: System BLP

Red Green Blue

Al(gebra) Lo(gic) Da(tabases)
Pr(obability) Ca(tegories) Co(mpilers)

Gr(aphs) Au(tomata) AI

the extensional database (ED); the second part contains the compatibility information
defining what makes a selection valid, forming the intensional database (ID).

ED := R(Al),R(Pr),R(Gr),G(Lo),G(Ca),G(Au), B(Da), B(Co), B(AI)
ID := R(x) ∧G(y) ∧ B(x)→ CS (x, y, z)

To find the possible combinations of modules one queries the system for different
choices of M1 and M2 and M3; that is, one considers the validity of the following se-
quent:

P =⇒ CS (M1,M2,M3)

One possible execution is the following:

P =⇒ R(Al) P =⇒ G(Lo)
P =⇒ R(Al) ∧G(Lo) P =⇒ B(AI)

P =⇒ (R(Al) ∧G(Lo)) ∧ B(AI)
P =⇒ CS (Al, Lo, AI)

P =⇒ CS (x, y, z)

This represents one from 93 = 729 possible ways of selecting three course, out of
which there are only 27 correct ones. As side from the chance of this happening being
roughly 1/100 if the choice was random, it certainly does not reflect the way a student
might actually reason about this simple problem.

In practice, one would likely make the observation from the ID that one must choose
three modules, and realize through the reasoning of the system that they must belong to
one of the three columns R, G, and B, respectively. In terms of logic programming, this
is captured by using unification rather than the quantifier rules, which can be handled
logically by using algebraic constraints.

Definition 45 (Unification Constraint Algebra). Consider the algebra U defined by
the grammar consists of only of constants from BLP (K). Application ◦ over BLP is
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P,D⇒ G
P⇒ D→ G

→R
P⇒ G0 P⇒ G1

P⇒ G0 ∧G1
∧R

P⇒ G[x 7→ x.n]
P⇒ ∃xG

∃R

P,G → A⇒ G `(A = B)
P,G → A⇒ B

→L
P,D0,D1 ⇒ A

P,D0 ∧ D1 ⇒ A
∧L

P,∀xD,D[x 7→ x.n]⇒ A
P,∀xD⇒ A

∀L

P⇒ Gi

P⇒ G0 ∨G1
∨R

⋃
B∈P `(A) = `(B)

P, A⇒ B Ax

Fig. 3: System ALP

defined on terms t by replacement and elsewhere by failure,

t ◦ a :=

a if t ∈ T
# otherwise

The pair U := 〈U, ◦〉 is a constraint algebra for BLP.X, where X are the variables of
the equational theory for U. We will use ∪ and ∩ for disjunction and conjunction in the
metalanguage for the algebra.

Unification allows us to abstract the system BLP to the system ALP, defined in
Figure 3. Meta-variables are as before, but with occurrences of terms possibly anno-
tated, and with B also denoting an atomic formula. It suffices to consider the case where
the introduced label n does not occur elsewhere in the sequent. The notation `(A = B)
denotes the equating of the labels of matching variables in A and B whenever they are
the same relation, and failure otherwise; for example,

`(A(x.n0, n1) = A(y.m0,m1)) := n0 = m0 ∩ n1 = m1 `(A(x.n0, n1) = B(y.m0)) := #

It may look as though ALP contains no axiom, yet the premiss of Ax′ contains no
sequents, only a constraint, so is still axiom.

System ALP is a faithful and complete abstraction with respect to System BLP,
thus we can not only use it to better simulate reasoning about Unseen University’s new
course, but this comes without loss of generality. To simplify notation, define

ID.[n1, n2, n3] := (R(x.n1) ∧G(y.n2)) ∧ B(x.n3)→ CS (x.n1, y.n2, z.n3)

then we have execution

n1 ∈ {Al, Pr,Gr}
P =⇒ R(x.n1)

n2 ∈ {Lo,Ca, Au}
P =⇒ G(y.n2)

P =⇒ R(x.n1) ∧G(y.n2)
n3 ∈ {Da,Co, AI}
P =⇒ B(z.n3)

P =⇒ (R(x.n1) ∧G(y.n2)) ∧ B(z.n3)

n1 = m1
n2 = m2
n3 = m3

P, ID.[n1, n2, n3] =⇒ CS (x.m1, y.m2, z.m3)
P =⇒ CS (x.m1, y.m2, z.m3)

P =⇒ CS (x, y, z)
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Every valid execution in BLP is a coherent instantiation of this proof; for example,
to recover the one presented above we defined the following interpretation:

I(n1) := I(m1) := Al I(n2) := I(m2) := Lo I(n3) := I(m3) := AI

B Equivalence of System RK4a, RK4b, and RK4c

Lemma 46. An input sequent is provable in RK4a iff it is provable in RK4c.

Proof ( =⇒ ). Fix an RK4a-provable sequent input-sequent S . If some proof of S
doesn’t require the use of 4a, then this is a RK4c-proof too, and nothing needs to be
done. Otherwise, every proof of S requires the use of 4a. Consider an arbitrary proofD
of S , and consider the topmost instance of the rule within it. Since the 4a is required, it
must be that some non-zero, say k, instance of K is applied to the formula introduced by
the rule in the upward reading of the proof. Without loss of generality, by permutability
of rules, it can be taken that this happens immediately so that the instance is of the
following form:

Γ, xRy, yRz1, . . . , yRzk ⇒ x :^φ, y :^φ, z1 :φ, . . . , zk :φ, ∆
K

Γ, xRy, yRz1, . . . , yRzk ⇒ x :^φ, y :^φ, ∆
4a

Γ, xRy, yRz1, . . . , yRzk ⇒ x :^φ,∆

Since y :^φ is not used again it may be removed from the set of labelled formulas
and the resulting sub-proof still well-formed. Similarly, the set of relational formulas
may be weakened with xRz1, . . . , xRzk in every sequent of the sub-proof and the result
still be well-formed. Suppose this has been done, then extend the resulting sub-proof
with the following:

Γ, xRy, yRz1, . . . , yRzk, xRz1, . . . , xRzk ⇒ x :^φ, z1 :φ, . . . , zk :φ, ∆
K

Γ, xRy, yRz1, . . . , yRzk, xRz1, . . . , xRzk ⇒ x :^φ, ∆
4c

Γ, xRy, yRz1, . . . , yRzk ⇒ x :^φ, ∆

This process has removed one instance of the 4a rule from D, and proceeding in-
ductively yields a RK4c-proof of the input sequent. ut

Proof ( ⇐= ). Suppose that every proof of the input sequent requires use of 4c, the
result being trivial for the remaining cases. Consider an arbitrary proof and the topmost
instance of the rule within it. It must be that in the upward reading there are some non-
zero amount, say k, of K is applied to a formula in the context using the introduced
relation. Moreover, it can be taken that this happens immediately so that the instance is
of the following form:

Γ, xRy, yRz, xRz⇒ x :^φ1, . . . , x :^φk, z :φ1, . . . , z :φk, ∆
K

Γ, xRy, yRz, xRz⇒ x :^φ1, . . . , x :^φk, ∆
4c

Γ, xRy, yRz⇒ x :^φ1, . . . , x :^φk, ∆
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Since xRz is not used again it may be removed from the set of relational formulas
and the resulting sub-proof still be well-formed. Conversely, the set of labelled formulas
may be weakened with y : ^φ1, . . . , y : ^φk in every sequent of the sub-proof and the
result still be well-formed. Suppose this has been done, then extend the resulting sub-
proof with the following:

Γ, xRy, yRz⇒ x :^φ1, . . . , x :^φk, y :^φ1, . . . , y :^φk, z :^φ1, . . . , z :^φk, ∆
K

Γ, xRy, yRz⇒ x :^φ1, . . . , x :^φk, y :^φ1, . . . , y :^φk, ∆
4a

Γ, xRy, yRz⇒ x :^φ1, . . . , x :^φk, ∆

This process has removed one instance of the 4c rule, and proceeding inductively yields
a RK4a-proof of the input sequent. ut

The following proofs are similar to the preceding:

Lemma 47. An input sequent is provable in RK4a iff it is provable in RK4b.

Proof. ( =⇒ ) Consider the following transformation of the topmost instance of 4a,

Γ, xRy⇒ x :^φ, y :^φ,∆
Γ, xRy⇒ x :^φ,∆ 4a 7→

Γ, xRy⇒ x :^φ, y :^φ, x :^^φ, ∆

Γ, xRy⇒ x :^φ, x :^^φ, ∆
K

Γ, xRy⇒ x :^φ,∆ 4b

Above the transformed instance one uses the same sub-proof as before transformation,
but weakens every sequent with a formula x :^^φ. Making such replacements induc-
tively, downward through the proof, results in a RK4b-proof of the input-sequent.

Proof ( ⇐= ). Suppose that every proof of the input sequent requires use of 4b, the
result being trivial for the remaining cases. Consider the topmost instance. It must be
that K will be applied to the formula, say k-times, and it can be taken that this happens
immediately, thus the instance is of the following form:

Γ, xRy⇒ x :^φ, x :^^φ, y1 :^φ, . . . , yk :^φ, ∆
K

Γ, xRy⇒ x :^φ, x :^^φ, ∆
4b

Γ, xRy⇒ x :^φ,∆

In particular, the x : ^φ is not used again. Therefore, consider the formula may be
eliminated from all sequent above and the inference may be replaced by the following:

Γ, xRy⇒ x :^φ, y1 :^φ, . . . , yk :^φ, ∆
4a

Γ, xRy⇒ x :^φ, ∆

Making such replacements inductively, downward through the proof, results in a RK4a-
proof of the input-sequent. ut
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C Abstraction Theorems

Theorem 48. If L ⊕ A is a faithful abstraction of L′, then any coherent instantiation
of a L-proof is a L′-proof.

Proof. Follows by induction on the height of L-proofsD— the maximal length of any
branch.

Base Case. Suppose D consists of a single inference, then it must be an instance
of an axiom. By Definition 25, there is a rule in L′ and A such that if the inference is
coherent, then the image of the inference under νI is an instance of the rule from the
latter system. This provides the desired L′-proof.

Inductive Step. Suppose the claim holds for proofs of height n, and suppose that
D has height n + 1. Consider the last inference, denoting the immediate sub-proofs by
D1, . . . ,Dn, which are all of height at most n. By inductive hypothesis, the sub-proofs
may be transformed into L′-proofs. Moreover, by Definition 25 the last inference in
D may be transformed into a inference in L′. Extending νI(D)1, . . . , νI(D)n with this
inference is a L′-proof and a coherent instantiation ofD. ut

Theorem 49. If L ⊕ A is an adequate abstraction of L′, then every L′-proof is the
coherent instantiation of some L-proof.

Proof. Follows by induction on the height of L′-proofs D — the maximal number of
inference in any branch.

Base Case. If D consists of a single node, then the sequent is the instance of some
axiom. By Definition 26 the rule has an abstraction in L ⊕ A which yields the desired
result.

Inductive Case. Suppose the claim holds for proofs of height n, and suppose that
D has length n + 1. Consider the last inference, denoting the immediate sub-proofs by
D1, . . . ,Dn, and note that they are all of height at most n. It follows from the induction
hypothesis that they are all coherent instantiations of some L-proofs. Moreover, by
Definition 26, the last rule in D has a desired abstraction, and it follows that extending
the abstractions of the D1, . . . ,Dn by the abstraction yields a L proof of which D is an
instantiation. ut

D Example: Boolean Constraints for Additive and Multiplicative
Conjunction Right

Returning to LK, LJ, LL, and BI, we interpret metaconstant V,W0,W1 as lists over the
variables X, interpreting [[Γ.V]] = [[Γ]]◦[[V]] as the annotation of each formula occurring
in [[Γ]] with a variable of V in order that they appear. Using this, we see that the meta-
formulas

Q
(
Θ•(S ) implies Π•(S 0.S 1)

in Example 10 are extensionally equivalent to

Q
(
Φ•(S ) implies Ψ•(S 0, S 1)

)
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where

Φ•(S ) := (Γ.V =⇒ (φ0 • φ1).x) and (x not in V)
Ψ∧(S 0, S 1) := (S 0 equals Γ.V =⇒ φ.x) and (S 1 equals Γ.V =⇒ φ0.x)
Ψ×(S 0, S 1) := (Γ.V equals ∆0.W0 :: ∆1.W1) and (S 0 equals ∆0.W0 =⇒ φ.x)

and (S 1 equals ∆1.W1 =⇒ φ0.x)

under the assignment that maps every variable to the top of the boolean algebra.
We may keep the form of Ψ∧, but relax the labelling slightly to result in another

correctness condition,

Υ(S 0, S 1) := (S 0 equals Γ.W0 =⇒ φ.x) and (S 1 equals Γ.W1 =⇒ ψ.x)

This formula is equivalent to Ψ+ under assignments which make W0 and W1 pointwise
equal to the top of the boolean algebra (condition A+), and equivalent to Ψ× under
assignment that make W0 and W1 pointwise unequal (condition A×); where

A+ := (W0 equal W1 equal 1)
A× := (W0 not equal W1)


