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Abstract. There are two major approaches to proof-theoretic semantics: proof-theor-

etic validity (P-tV) and base(-extension) semantics (B-eS). In this paper, we show that

for intuitionistic propositional logic (IPL) the latter may be understood as capturing the

declarative content of the former, which proceeds operationally on proofs. In so doing we

expose a central problem around negation in proof-theoretic semantics — viz. the semantic

content of ex falso quodlibet for IPL. In P-tV, the rule follows as a vacuous implication

from the rejection of valid arguments for absurdity, but by augmenting the notion of

base underpinning proof-theoretic semantics one may use the rule to define absurdity

(i.e., absurdity follows when all things are valid). This analysis clarifies the connexions

between the two major approaches to proof-theoretic semantics and gives insight into what

some mathematical requirements are in general for such semantics.

§1. Introduction. Proof-theoretic semantics is the approach to meaning bas-
ed on proof (understood as valid argument). There are two major branches of
proof-theoretic semantics: proof-theoretic validity and base(-extension) seman-
tics. We regard the former as an operational semantics, because it proceeds
through a reduction relation on arguments, and we regard the latter as a declar-
ative semantics, because it proceeds by inductive clauses defining a judgment
relation. In this paper, we derive from the proof-theoretic validity of intuition-
istic logic (IPL), a base-extension semantics for it.

We regard intuitionistic propositional logic (IPL) as a particular judgment
relation (`), called consequence, between sets of statements Γ = {ψ1, ..., ψn}
and statements ϕ. In a judgment Γ ` ϕ, we call Γ the context and ϕ the
extract. There are numerous ways of characterizing this consequence relation —
for example, through axiom systems, frame semantics, etc. — but we think of
it as existing on its own. Tennant [21] observes that reading consequence proof-
theoretically — that is, that the extract follows by some reasoning from the
context — demands a notion of valid argument that encapsulates what the forms
of valid reasoning are; that is, we require explicating the semantic conditions
required for an argument witnessing

ψ1, ...., ψn; therefore, ϕ
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to be valid. The concept of proof-theoretic validity in the Dummett-Prawitz
tradition is one well-studied mathematical approach to meeting this demand.

The origin of proof-theoretic validity arise from an attempt to understand the
ways in which the introduction rules of natural deduction systems (see Gentzen
[20]) define the connectives of a logic. As such, the philosophical paradigm un-
derwriting proof-theoretic validity is inferentialism — the view that meaning (or
validity) arises from rules of inference (see Brandom [1]). Proof-theoretic validity
was introduced by Prawitz [9] with the philosophical significance explained by
Dummett [2]. In this paper, we follow the characterization given by Schroeder-
Heister [16], who distinguished the computational and semantic aspects of the
earlier work.

For IPL, we take the introduction rules of NJ as a priori valid. Intuitively: if
Γ ` ϕ, then there is a direct argument beginning with Γ and concluding ϕ in NJ.
An argument is indirect (i.e., not direct) if it contains detours; for example, if it
contains sub-arguments of the following form:

D1
ϕ

[ϕ]
D2

ψ

ϕ→ ψ
→I

ψ
→E

This is a detour because all of the requisite argumentation required to estab-
lish the conclusion is unnecessarily replicated; that is, the above argument can
reduced to the following:

D1
ϕ
D2

ψ

The study of such reductions is the technical background provided by Prawitz
[8] for proof-theoretic validity. Arguments without assumptions and without
detours are said to be canonical proofs, they are inherently valid. The validity of
an arbitrary argument is determined by whether or not it represents according
to some fixed operations (e.g., through reduction) one of these canonical proofs.

Using the transitivity of argumentation, an argument containing open assump-
tions represents a canonical proof when the premisses admit valid arguments
such that the result of composing these arguments with the original yields an
overall valid argument. The case in which the open assumptions are atomic
requires us to consider validity of arguments relative to systems of rules gov-
erning such atoms, which are called bases. On the inferentialist plan, the bases
supply the meaning of the atomic propositions. There is significant discussion
in the literature on proof-theoretic semantics with respect to both philosophical
and technical considerations on what kinds of rules should be admitted in bases
— see, for example, Piecha and Schroeder-Heister [19, 6] and Sandqvist [15].
Presently, we follow Prawitz [9]and defer further discussion to Section 5.

This summarizes proof-theoretic validity in the Dummett-Prawitz tradition; a
formal account is provided in Section 3. What does proof-theoretic validity tell
us about IPL? A corollary of the aforementioned normalization theory is that,
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without loss of generality, canonical proofs end by the use of an introduction rule.
This observation enables us to extract from proof-theoretic validity a judgment in
terms of which we may explicate the proof-theoretic meaning of the connectives
of IPL; for example, if A is a canonical proof of ϕ∧ ψ, then by the introduction
rule for conjunction (∧), there are subproofs B and C satisfying the following:

A witnesses ϕ ∧ ψ iff B witnesses ϕ and C witnesses ψ

In this way, proof-theoretic validity forms a constructive semantics for IPL with
the realizers given by valid arguments; this observation is prefigured by Sandqvist
[12] and Schroeder-Heister [17] when analyzing the philosophical differences be-
tween proof- and model-theoretic semantics. The complete analysis is presented
in Section 3.

The crucial step in this paper is to observe that the clauses give explicit means
for constructing witnesses of the definiendum from the definiens and vice versa
(i.e., by using introduction rules), so that we may defer the actual construction
by unfolding the clauses of the semantics. For example, in wanting to assert
ϕ ∧ ψ, we know to look for grounds for ϕ and ψ. The exception is disjunction
because going from definiendum to definiens one has to make a choice; that is,
in wanting to assert ϕ∨ψ, we do not know whether to to look for grounds for ϕ
or for ψ! We resolve the issue by using the elimination rule.

The effect of this modifications to the clauses is an inductive definition of
a judgment called support that forms a base-extension semantics for IPL. In
short, a base-extension semantics is an inductively defined judgment whose base
case is given by proof rather than truth. The judgment derived in this paper is
similar (but ultimately different from) the one given by Sandqvist [14]. Being
derived from proof-theoretic validity for IPL, its relationship to consequence is
stronger than Sandqvist’s semantics; for example, support in a base corresponds
to consequence in logic extended by the rules of the base. This relationship
may be regarded as strong soundness and completeness property; the standard
soundness and completeness theorem follows immediately.

Recognizing the constructivity of proof-theoretic validity and treating it ap-
propriately when extracting the declarative content from it is the reason that, in
contrast to other similar attempt at understanding what proof-theoretic validity
says about IPL, the semantics herein is complete. Failure to account for the in-
tuitionistic meta-logic of proof-theoretic validity when extracting its declarative
content results with incomplete semantics. Piecha et al [5, 7] have considered
such approaches and invariably they render valid sequents that are not intuition-
istic consequences.

The paper is structured as follows: Section 2 fixes the terminology and proof
theory for IPL used in this paper; Section 3 defines proof-theoretic validity and
the BHK presentation of it as a satisfaction judgment; Section 4 derives from
satisfaction a support judgment that forms a base-extension semantics for IPL;
and Section 5 relates this semantics to the existing base-extension semantics by
Sandqvist [14]. The paper concludes in Section 6 with a summary of the ideas
and results herein.
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§2. Intuitionistic Logic. There are many presentations of IPL in the liter-
ature. Therefore, we begin by fixing the relevant concepts and terminology as
used in this paper.

Definition 2.1 (Formulas). Fix a set of atomic propositions A. The set of
formulas F (over A) is constructed by the following grammar:

ϕ ::= p ∈ A | ϕ ∨ ϕ | ϕ ∧ ϕ | ϕ→ ϕ | ⊥

We use the following abbreviations:

Γ̂ :=
∧
ϕ∈Γ

ϕ ¬ϕ := ϕ→ ⊥

Definition 2.2 (Sequent). A sequent is a pair Γ : ϕ in which Γ is a set of
formulas and ϕ is a formula.

We regard IPL as a judgement ` on sequents; we write Γ ` ϕ to denote that
Γ : ϕ is an intuitionistic consequence. The aim of this paper is to characterize
this judgment proof-theoretically. The term proof here does not mean proof in
a system but rather valid argument

Definition 2.3 (Argument). An argument is a rooted tree of formulas in
which some (possibly no) leaves are marked as discharged.

Definition 2.4 (Open & Closed). An argument is open if it has undischarged
assumptions; otherwise, it is closed.

The leaves of an argument are its assumptions, the root is its conclusion. Let
A be an argument and Γ : ϕ be a sequent; that A witnesses Γ : ϕ is to say that
the open assumptions of A are a subset of Γ and the conclusion of A is ϕ. We
may denote that A is an argument for Γ : ϕ as follows:

A
ϕ

Γ
A

Γ
A
ϕ

We defer defining the validity judgment on arguments to Section 3 and presently
turn to the proof theory of IPL. Here, proof does mean proof in a system so that,
though we continue to study arguments, we concerns ourselves with how argu-
ments are constructed according to rules of inference. An argument constructed
using a system of rules is called a derivation.

A rule may be regarded as a deduction operator ; that is, a function mapping
arguments to sets of arguments in which the outputs are the possible results of
applying the rules on the inputs. For example, consider the ∧I rule,

ϕ ψ

ϕ ∧ ψ
∧I

It may be understood as a function that maps pairs of arguments to another
argument whose immediate sub-arguments are the inputs and whose conclusion
is the conjunction of the conclusions of the inputs,

∧I :
(
A1
ϕ1
,A2
ϕ2

)
7→

{
A1
ϕ1

A2
ϕ2

ϕ1 ∧ ϕ2

}
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ϕ ψ

ϕ ∧ ψ
∧I ϕ ∧ ψ

ϕ ∧1E
ϕ ∧ ψ
ψ

∧2E

[ψ]
ϕ

ϕ→ ψ
→I ⊥

ϕ ⊥E

ϕ

ϕ ∨ ψ ∨
1
I

ψ

ϕ ∨ ψ ∨
2
I

ϕ ∨ ψ
[ϕ]
χ

[ψ]
χ

χ ∨E
ϕ ϕ→ ψ

ϕ
→E

Figure 1. Calculus NJ

Definition 2.5 (Calculus NJ). Calculus NJ is composed of the rules in Fig-
ure 1.

Definition 2.6 (NJ-Derivation). The set of NJ-derivations is defined induc-
tively as follows:
Base Case. If ϕ is a formula, then the one element tree ϕ is a NJ-derivation.
Inductive Step. If r is a rule and D1, ...,Dn are NJ-derivations, then D ∈

r(D1, ...,Dn) is a NJ-derivation.

A closed derivation in a calculus is a proof in that calculus.

Proposition 2.7. There is an NJ-derivation of Γ : ϕ iff Γ ` ϕ.

Proof. Follows from Gentzen [20]. a
The rules of NJ with subscripts I and E are the introduction rules (I-rules)

and elimination rules (E-rules), respectively.

Definition 2.8 (Detour). A detour in a derivation is a sub-derivation in
which a formula is obtained by an I-rule and is then the major premise of the
corresponding E-rule.

Example 2.9. The following is a detour for conjunction:

ϕ ψ

ϕ ∧ ψ
∧I

ϕ ∧E

Definition 2.10 (Canonical). A derivation is canonical iff it contains no de-
tours.

Prawitz [8] proved that canonical NJ-proofs are complete for IPL. The argu-
ment uses a reduction relation  that precisely eliminates detours; for example,
detours with implication are reduced as follows:

D1
ϕ

[ϕ]
D2

ψ

ϕ→ ψ
→I

ψ
→E

 

D1
ϕ
D2

ψ

The reflexive and transitive closure of is denoted ∗. This reduction relation
is normalizing and its normal forms are canonical.

Proposition 2.11. There is a canonical NJ-derivation of Γ : ϕ iff Γ ` ϕ.
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Proof. Follows from Prawitz [8]. a

Corollary 2.12. There is a canonical NJ-derivation of Γ : ϕ concluding with
an introduction rule iff Γ ` ϕ.

This establishes the relevant syntax and proof theory required for IPL in this
paper. In Section 3 we present proof-theoretic validity in terms of the terminol-
ogy of this section.

§3. Proof-theoretic Validity. It was Dummett [2] who first realized the
philosophical significance of the normalization result by Prawitz [8] (i.e., Propo-
sition 2.11):

- canonical proofs are a priori valid
- closed derivations are valid as a consequence of them reducing to canonical

proofs
- open derivations are regarded as placeholders for closed derivations accord-

ing to their possible closures, they are valid according to the ways that the
open assumptions may be proved.

These clauses provide a notion of validity for arguments containing only complex
formulas. In the more general case, we consider systems of rules over atomic
propositions, thought of as giving meaning to them.

Definition 3.1 (Base). A base is a finite set of rules over atomic propositions,
p1 ... pn

c

The premisses of the rule may be empty; that is, the rule may be an axiom.

The atomic rules are not necessarily closed under substitution.

Definition 3.2 (Derivation in a Base). Let B be a base. The set of B-
derivations is inductively defined as follows:
Base Case. If p ∈ A is an atom, then the one element tree consisting of p is

a B-derivation.
Inductive Step. If r ∈ B is a rule and D1, ...,Dn are B-derivations, then

D ∈ r(D1, ...,Dn) is a B-derivation.

That there is a closed B-derivation of p is denoted `B p. Relative to a base
(including the empty base) one has a simple proof-theoretic semantics for the
formulas of IPL: a formula is valid (relative to the base) iff it admits a valid
argument (relative to the base).

Definition 3.3 (Validity in a Base). Let B be a base. The B-valid of an
argument A is inductively defined as follows:

- A is a closed B-derivation
- A is a closed canonical NJ∪B-derivation whose immediate sub-derivations
A1, ...An are B-valid

- A is a closed non-canonical NJ ∪B-derivation that reduces to a B-valid
canonical derivation A′

- A is an open derivation and, for every C ⊇ B, any extension of A by
C -valid arguments of the assumptions C1...., Cn is a C -valid argument.
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Definition 3.4 (Valid). An argument is valid iff it is B-valid for every base
B.

We write Γ `B ϕ iff there is a B-valid argument witnessing Γ : ϕ.
Our desire is to explicate the connectives of IPL in terms of proof-theoretic

validity. To this end, we package validity in a base as a judgment:

Definition 3.5 (Satisfaction in a Base). An argumentAB-satisfies a sequent
Γ : ϕ — denoted A : Γ B ϕ — if A is a B-valid argument of Γ : ϕ.

Expressed in this way, the proof-theoretic meaning of IPL remains obscure as
Definition 3.5 appeals to Definition 3.2, which is expressed in terms of operations
on arguments. We conduct a case study to express the connectives directly in
terms of satisfaction.

Definition 3.2 has distinct clauses for closed derivations and open derivation
meaning that we have two classes of sequents to consider — viz. sequents Γ : ϕ
in which Γ 6= ∅ and Γ = ∅.

When Γ 6= ∅, validity in a base is defined by the composition of argu-
ments, which we may express compactly as follows: if A has open assump-
tions {ϕ1, ..., ϕn} and B1,...,Bi have conclusions ϕ1,...,ϕn, respectively, we denote
cut(B, ...,B,A) for the result of extending A by B1, ...,Bn; that is,

cut(B, ...,B,A) :=
B1
ϕ1 ...

Bn
ϕn
A

This notation allows us abbreviate the clause for arguments containing open
assumptions as follow:

A : Γ B ϕ iff for any C ⊇ B and for each ψi ∈ Γ there is Bi such that
Bi C ψi and cut(B1, ...,Bn,A) C ϕ

Of course, by using ∧I, we may abbreviate it as follows:

A : Γ B ϕ iff for any C ⊇ B, there is B
such that B : ∅ C Γ and cut(B,A) C ϕ

For sequents of the form ∅ : ϕ, validity in a base concerns closed derivations.
We proceed the case analysis on the structure of ϕ.

In the case that ϕ is an atom p, we must appeal to the first clause of Definition
3.2,

A : ∅ B p iff A is a B-proof of ∅ : p

If ϕ is not atomic, then it is complex, and we proceed according to its principal
connective. By the third clause of Definition 3.2, the judgment A : ∅  ϕ
obtains iff A reduces to a canonical closed derivation Ā of ∅ : ϕ. Since bases do
not contain falsum (⊥), they cannot be inconsistent or cause an inconsistency,
so that one never witnesses satisfaction of ⊥,

A : ∅ B ⊥ never

By the second clause of Definition 3.2, the canonical closed derivation Ā is valid in
the base iff its immediate sub-arguments are valid in the base. By Corollary 2.12,
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A : Γ B ϕ iff for any C ⊇ B and for each ϕ ∈ Γ
there is Bϕ such that Bϕ : ∅ C ϕ
and cut(B, ...,B,A) : ∅ C ϕ

A : ∅ B p iff A is a B-proof of ∅ : p
A : ∅ B ϕ→ ψ iff A ∗ Ā ∈ →I(B) and B : ϕ B ψ
A : ∅ B ϕ ∧ ψ iff A ∗ Ā ∈ ∧I(A1,A2) and

A1 : ∅ B ϕ and A2 : ∅ B ψ
A : ∅ B ϕ ∨ ψ iff A ∗ Ā ∈ ∨I(B) and either B B ϕ or B B ψ
A : ∅ B ⊥ never

Figure 2. Inductive Characterization of Satisfaction

Ā concludes by an introduction rule, so that we have the following clauses:

A : ∅ B ϕ→ ψ iff A ∗ Ā ∈ →I(B) and B : ϕ B ψ
A : ∅ B ϕ ∧ ψ iff A ∗ Ā ∈ ∧I(A1,A2) and A1 B ϕ and A2 B ψ
A : ∅ B ϕ ∨ ψ iff A ∗ Ā ∈ ∨I(B) and either B : ∅ B ϕ or B : ∅ B ψ

This completes the case analysis. The result is the following proposition:

Proposition 3.6. Satisfaction in B satisfies the clauses in Figure 2

This result provides an inductive, declarative characterization of satisfaction
that shifts the emphasis of validity in a base from arguments to the connectives
of the logic. In Section 4, we suppress the arguments altogether to achieve the
desired proof-theoretic semantics for IPL.

§4. Base-extension Semantics. We observe in the presentation of proof-
theoretic validity by the satisfaction judgment that it is a constructive semantics
for IPL. In this section, we push the constructivity conditions of the clauses
down to a single base case thereby producing a judgment relation which is ex-
pressed inductively and entirely in terms of itself. The result is a base-extension
semantics for IPL that is similar to that given by Sandqvist [12, 13, 14].

4.1. Sandqvist’s Base-extension Semantics for IPL. What we mean by
a base-extension semantics is an inductively defined judgment parameterized by
bases whose base case is given by provability. To illustrate this idea, we describe
briefly of the base-extension semantics for IPL given by Sandqvist [14].

The notion of base used by Sandqvist [14] is slightly different from the one
used in proof-theoretic validity (see Section 5 for justification), it uses countable
sets of atomic rules B of the following kinds:

p1 ... pn

c
p1 ... pi

[Σi+1]
pi+1 ...

[Σn]
pn

c

[Σ1]
p1 ...

[Σn]
pn

c
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Relative to this notion of base, one defines inductively a judgment Γ B ϕ called
support as follows:

Γ B ϕ iff for any C ⊇ B, if ∅ C Γ̂, then ∅ C ϕ
∅ B p iff ∅ `B p
∅ B ϕ→ ψ iff ϕ B ψ
∅ B ϕ ∧ ψ iff ∅ B ϕ and ∅ B ψ
∅ B ϕ ∨ ψ iff for any C ⊇ B and any p ∈ A

ϕ C p and ψ C p implies ∅ C p
∅ B ⊥ iff B p for any p ∈ A

From this judgment one has a semantic entailment:

Γ � ϕ iff Γ B ϕ for any base B

Sandqvist [14] has shown that IPL is sound and complete for this semantics;
that is, Γ ` ϕ iff Γ � ϕ. In Section 5, we explicate the relationship between this
base-extension semantics and proof-theoretic validity.

In the sequel, we show that the declarative content of proof-theoretic validity
for IPL gives a base-extension semantics for the logic. In particular, one recovers
a base-extension semantics from satisfaction — the declarative presentation of
proof-theoretic validity — when one renders arguments implicit.

4.2. Denying EFQ. Before proceeding with the argument-free presentation
of proof-theoretic validity, we must resolve a mismatch between satisfaction (Fig-
ure 2) and the inference rules of NJ (Figure 1) — that is, the semantic content
of ex falso quodlibet for proof-theoretic validity.

The calculus NJ contains the ex falso quodlibet rule (henceforth, EFQ),

⊥
ϕ ⊥E

Yet, proof-theoretic validity denies the existence of a valid argument for ⊥,

A : ∅ B ⊥ never

Therefore, it is not clear what the significance of EFQ is on the proof-theoretic
semantics for IPL; certainly, it has not provided a semantics for ⊥. Indeed, EFQ
is conspicuous in the first place by not being constructive. The problem arises
from our proof-theoretic understanding of ⊥, which is explained by Tennant [21]:

‘In general a proof of Ψ from ∆ is suasively appropriate only if a person
who believes ∆ can reasonably decide, on the basis of the proof, to
believe Ψ. But if the proof shows his belief set ∆ to be inconsistent
“on the way to proving” Ψ from ∆ then the reasonable reaction is
to suspend belief in ∆ rather than acquiesce in the doxatic inflation
administered by the absurdity rule.’

That is, we take ⊥ as literally absurd so that when witnessing an argument that
constructs it we use reductio ad absurdum to conclude that one of the hypotheses
were not valid.

In summary, the admissibility of EFQ follows from its admissibility in the meta-
logic (i.e., in classical logic); that is, suppose ϕ and ϕ → ⊥ are both B-valid,
hence (by →E) we may conclude that ⊥ is B-valid, which is absurd, whence
anything is B-valid. The effect of EFQ on the semantics is thus captured at the
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meta-level or, rather, EFQ is captured by vacuous implications in the classical
meta-logic. This does not say that EFQ may be excised from NJ as it is required
for completeness; for example, there is a valid argument witnessing disjunctive
syllogism ϕ ∨ ψ,¬ϕ ` ψ. With EFQ, one has the following derivation:

D1

ϕ ∨ ψ

[ϕ]
D2¬ϕ
⊥
ψ

EFQ
[ψ]

ψ
∨E

After dismissing EFQ, how can we be certain that there is a valid argument of
ψ from the assumption ϕ ∨ ψ and ¬ϕ?

Let’s analyze how the proof-theoretic validity of disjunctive syllogism; that is,
how the judgment A : ϕ∨ψ,¬ϕ B ψ obtains according to the clauses in Figure
2. Assume A : ϕ ∨ ψ,¬ϕ B ψ. For any C ⊇ B, there are arguments B1 and
B2 such that B1 : ∅ C ϕ ∨ ψ and B2 : ∅ C ¬ϕ and cut(B1,B2,A) : ∅ C ψ.
The judgment B1 : ∅ C ϕ ∨ ψ obtains iff B1  ∗ B̄1 ∈ ∨I(B) such that either
B : ∅ C ϕ or B : ∅ C ψ. Since bases cannot be inconsistent, it cannot be
that B : ∅ C ϕ, since it contradicts B2 : ∅ C ¬ϕ, therefore it must be that
B : ∅ C ψ. This last move (i.e., the rejection of B : ∅ C ϕ and acceptance of
B : ∅ C ψ) is indeed a use of reductio ad absurdum.

This analysis makes sense as validity is bivalent; meanwhile, derivability is
more constructive so that we require EFQ to be an explicit rule. That is, when
constructing NJ-proofs we do not reason with validity, but rather with derivabil-
ity, for which the above arguments do not hold because in NJ one may produce
valid derivations from invalid derivations; for example, through the application
of the →I-rule, the following derivation is valid, but its sub-derivation is not,
though it is well-constructed:

[⊥]

⊥ → ⊥
→I

One reaction to this analysis, and others like it, is that we ought to replace
EFQ by something more ‘suasively appropriate’ in the logic to handle reasoning
such as disjunctive syllogism. For example, we may take the liberalization of ∨E
by Tennant [21, 22] as a rule of inference; that is, the figure

ϕ ∨ ψ
[ϕ]
⊥/χ

[ψ]
⊥/χ

χ

which is understood as saying that if both subordinate conclusions are of the
same form then the rule behaves as usual, but if exactly on them is ⊥ then one
brings down the other as the main conclusion of the inference. Taking this rule
leads to Core Logic introduced by Tennant [22], perhaps suggesting that, to the
extent that P-tS concerns suasive content, Core Logic is a valuable logic to study.

In Section 5, we return to considering EFQ, and insist that it provides the
semantics for negation.
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Γ B ϕ iff for any C ⊇ B, if ∅ C Γ̂, then ∅ C ϕ (⇒)
∅ B p iff ∅ `B p (A)
∅ B ϕ→ ψ iff ϕ B ψ (→)
∅ B ϕ ∧ ψ iff ∅ B ϕ and ∅ B ψ (∧)
∅ B ϕ ∨ ψ iff for any C ⊇ B and any p ∈ A (∨)

ϕ C p and ψ C p implies ∅ C p
∅ B ⊥ never (⊥)

Figure 3. Support in a Base

4.3. Support in a Base. Satisfaction is defined as a judgment relation be-
tween three objects (arguments, bases, and sequents), but the presentation in
Figure 2 suggests another perspective — viz. that there is a judgment support
() on sequents Γ : ∆ that is relativized by bases B and witnessed by arguments
A. That is, the arguments only ground the assertions — see Schroeder-Heister
[18] for an analysis of the difference between the hypothetical and categorical
paradigms of validity in proof-theoretic semantics. The computational aspect of
the clauses in Figure 2 (i.e., the uses of reduction and of introduction rules) allow
one to determine the grounds for a complex assertion from simpler assertions;
for example, to assert ∅ B ϕ ∧ ψ, one finds grounds for ∅ B ϕ and ∅ B ψ.
Moreover, this deferment may be pushed all the way the base case (i.e., provabil-
ity in a base) meaning that it suffices to have the requirement there and suppress
the grounds everywhere else, thereby rendering the definition inductive.

The exception to this unraveling of the constructive content of the semantics
is in the clause for ∅ B ϕ ∨ ψ as the choice between ∅ B ϕ and ∅ B ψ
means that one does not know to which assertion one should defer; for example,
to assert ∅ B p ∨ p → ⊥ ought one to attempt to assert or reject B p? Of
course, having grounds for the definiens (i.e., either ∅ B ϕ or ∅ B ψ) suffices
for one to assert the definiendum (i.e., ∅ B ϕ∨ψ). Therefore, the problematic
case is when we assume the judgment ∅ B ϕ∨ψ. In this case, we may appeal
to the ∨E-rule, which we restrict to atoms so that we may yield an inductive
clause:

∅ B ϕ ∨ ψ only if for any C ⊇ B and any p ∈ A,
ϕ C p and ψ C p implies ∅ C p

The if direction also holds, as we see in the proof of Proposition 4.3. This
recovers the interpretation of disjunction by Prawitz [8].

Definition 4.1 (Support in a Base). Support of Γ : ϕ in base B — denoted
Γ B ϕ — is given by the clause of Figure 3.

Following Definition 3.4, to move from validity in a base to validity requires
quantifying out the bases. Doing this for satisfaction produces the entailment
relation that is the declarative proof-theoretic semantics for IPL in this paper:

Definition 4.2 (Entailment). Γ � ϕ iff Γ B ϕ for any base B.

The above analysis of satisfaction may be understood from the perspective of
reductive logic. The traditional paradigm of logic proceeds deductively; that is,
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through the construction of more complex statements by combing simpler state-
ments with an inference rule. Reductive logic is the dual paradigm: it concerns
the destruction of a complex statement into simpler statements by means of an
inference rule. Pym and Ritter [10] have given semantic accounts of reductive
logic that collectively form constructions-as-realizers-as-types correspondence:

[Γ] ` [Φ] : [ϕ] oo // [[Φ]]
[[Γ]]
 [[ϕ]]

Φ⇒ Γ : ϕ
''

gg

xx

88

The judgment Φ⇒ Γ : ϕ denotes that Φ is a proof-search (i.e., an attempt at
constructing a valid argument) for the sequent Γ : ϕ, the judgment [Γ] ` [Φ] : [ϕ]
denotes that [Φ] is a realizer of [ϕ] with respect to the assumptions [Γ], and

[[Γ]]
[[Φ]]
 [[ϕ]] denotes that [[Γ]] is a morphism from [[Γ]] to [[ϕ]].

These judgments have analogues in the context of this paper (i.e., in proof-
theoretic semantics): the judgment Φ ⇒ Γ : ϕ corresponds to proof-theoretic
validity, the judgment Φ⇒ Γ : ϕ corresponds to satisfaction, and the judgment

[[Γ]]
[[Φ]]
 [[ϕ]] corresponds to base-extension semantics. In particular, we move

from the realizers perspective in which the witnessing arguments must be con-
structed explicitly to the types perspective in which the witnessing arguments
are observed implicitly as arrows. More precisely, the arrows characterize an
inductively defined judgment W �Θ (Φ : ϕ)Γ in which W is a state of knowledge
(i.e., the analogue of a base) and Θ is a set of indeterminates (i.e., atoms not
known to be valid).

4.4. Soundness & Completeness. It remains to establish that the seman-
tics for Figure 3 is indeed a semantics for IPL. To do this, we merely show that
the work of Section 4.3 is correct in the sense that satisfaction, with arguments
suppressed, is captured by the support judgment.

Proposition 4.3 (Proof Existence). If Γ B ϕ, then there is an argument A
such that A : Γ B ϕ.

Proof. We proceed by induction on the support judgment (Definition 4.1).

A - If ∅ B p, then ∅ `B p. Let D be a witnessing proof, D : ∅ B p.
→ - If ∅ B ϕ → ψ, then ϕ B ψ. By the induction hypothesis (IH), ∃A :

ϕ B ψ. Applying →I yields ∃B : ∅ B ϕ→ ψ.
∧ - If ∅ B ϕ ∧ ψ, then ∅ B ϕ and ∅ B ψ. By the IH, ∃A : ∅ B ϕ and

∃A : ∅ B ψ. Applying ∧I yields ∃C : ∅ B ϕ ∧ ψ.
∨ - If ∅ B ϕ ∨ ψ, then ϕ C p and ψ C p implies ∅ B p for any C ⊇ B

and any p ∈ A. Suppose for contradiction that there is no A such that
A : ∅ B ϕ ∨ ψ. By Proposition 3.6, for χ ∈ {ϕ,ψ}, there does not exist
Bχ such that and Bχ : ∅ B χ. Therefore, by the IH, it is not the case
that ∅ B ϕ or ∅ B ψ. Hence, ϕ C p and ψ C p hold vacuously for
any p ∈ A, whence B p for any p ∈ A. This is impossible as bases are
finite sets of rules. Thus, if ∅ B ϕ ∨ ψ, then ∃A : ∅ B ϕ ∨ ψ.

⊥ - Since ∅ B ⊥ never obtains, the case holds vacuously.
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⇒ - If Γ B ϕ, then ∅ C Γ implies ∅ C ϕ for any C ⊇ B. By the IH, if
∃A : ∅ C Γ, then ∃B : ∅ C ϕ. Hence, by cut, ∃C : Γ B ϕ.

This completes the induction. a
Theorem 4.4 (Generalized Soundness & Completeness). Γ B ϕ iff Γ `B ϕ.

Proof. Soundness follows by the familiar inductive argument showing that
the semantics admits all the rules governing B-validity judgment (Definition
3.2). Completeness can be read directly from Proposition 4.3. a

As in Sandqvist [14], entailment in this semantics corresponds to support in the
empty base; soundness and completeness follows from Corollary 4.4 immediately.

Proposition 4.5. Γ � ϕ iff Γ ∅ ϕ.

Proof. If Γ = ∅, the result follows by induction on the size of ϕ using
the monotonicity of derivability and support in a base. Otherwise it follows
immediately by the base-extension in the corresponding clause in Definition 4.1.

a
Corollary 4.6 (Soundness & Completeness). Γ � ϕ iff Γ ` ϕ.

The support judgment is the declarative analogue of validity in a base; the
entailment judgment is the declarative analogue of validity. They form a base-
extension semantics for IPL that is extracted from proof-theoretic validity, as
desired.

§5. Admitting EFQ. In Section 4.2, we have seen that proof-theoretic va-
lidity proceeds without EFQ, which is admitted by virtue of the rejection of the
validity of ⊥. Suppose that we insist that all the rules of NJ be used to give
us a semantics for IPL. Following Dummett [2], by EFQ, we may regard ⊥ as
disjunction of all formulas and, without loss of generality, we may restrict it to
atoms, so that we desire the following clause ((⊥)′):

∅ B ⊥ iff B p for all p ∈ A
What must change in the semantics to accommodate this definition of absurdity?

Consider the following argument:

p p→ ⊥
⊥

→E

We require the argument to be generally valid (i.e., B-valid for any base B),
but cannot have that both ϕ and ϕ → ⊥ are generally valid as then ⊥ would
be a theorem of IPL. That is, we cannot dispose of the reductio ad absurdum in
Section 4.2, but only curtail the effects: we conclude the invalidity of some of
the premisses in some base rather than the invalidity of some of the premisses in
any base. It follows that we require there to be a B such that ∅ B p does not
obtain but ∅ B ϕ→ ⊥ does; in the current setup, the base B containing only
the axiom concluding p suffices. Yet (⊥)′ is sufficiently strong that ∅ B ϕ→ ⊥
implies ∅ B p! Therefore, to admit EFQ in the semantics, the notion of base
(Definition 3.1) must change.

Intuitively, what makes the above argument valid is that we may hypothesize
p in the presence of a B-valid argument for p → ⊥. Yet bases B do not
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admit hypothetical reasoning since the atomic rules do not contain discharge.
Therefore, a putative semantics for IPL with (⊥)′ has (countably) infinite bases
with rules of the following kind:

p1 ... pn

c
p1 ... pi

[Σi+1]
pi+1 ...

[Σn]
pn

c

[Σ1]
p1 ...

[Σn]
pn

c

Indeed, this recovers the semantics introduced by Sandqvist [14]. Though it
requires a certain dogmatic modification of proof-theoretic validity, the setup is
entirely natural — see the categorical perspective offered by Pym et al. [11].

§6. Conclusion. Proof-theoretic semantics is the approach to meaning based
on proof (as opposed to truth). There are two broad approach to it in the liter-
ature, which we classify as the operational and the declarative: the operational
semantics is the semantics of arguments in the Dummett-Prawitz tradition (i.e.,
proof-theoretic validity), the declarative semantics is the semantics in terms of
arguments in the Sandqvist tradition (i.e., base-extension semantics). In this pa-
per, we demonstrate that what the operational and declarative approaches say
about a logic coincide, but that there are subtle design choice for which there
is no canonical choice (e.g., the meaning of negation — see Kürbis [4] for more
discussion).

The semantics given in this paper arises from reading proof-theoretic validity
as providing a constructive semantics for IPL. One recovers a semantics without
realizers by unfolding the constructors and deferring them to the base case, the
challenge is in handling disjunction as one must make a choice. Ultimately,
the computational understanding is recognizable by its second order definition:
U + V = (U → X) → (U → X) → X — see Girard [3] and Negri [23]; this
is supported by the categorical perspective on base-extension semantics given
by Pym et al. [11]. The connexion between entailment and consequence in
the resulting semantics is quite strong: not only is entailment equivalent to
consequence, but the ancillary support judgment is equivalent to the ancillary
validity in a base judgment.

The techniques of proof-theoretic validity are quite general, so there is scope to
consider the proof-theoretic semantics for the many other logics present within
mathematics, philosophy, and informatics (e.g., modal and substructral logics).
Such an investigation should clarify the implicit assumptions and subtleties in-
volved in the setup and what the inferentialist account of logic may tell us about
reasoning in general.
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