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Overview

The Gaussian Variational Method (finite case)

Application to Stochastic differential equations (infinite case)

LLagrange - function

A Hamiltonian formulation for the 'potential case’



The Variational Method in Bayesian Modeling

Approximate intractable posterior p(x|y,8) — q(x) minimising K L[q||p]
where ¢(-) € F = family of tractable distributions.

Most applications: F = factorising. Advantage: Free form opti-
misation possible!

Only few applications with 7 = Gaussian distributions.
(see e.g. Barber & Bishop (1998), Seeger (2000), Honkela & Val-
pola (2005)). Too many parameters?



Gauss-Vvar: The finite D case

Let y be observations and x latent parameters. Approximate posterior

p(y,x,0)
p(y,0)

p(xly,0) =

by a tractable density ¢(x) using the Variational bound

—logp(y,0) = F(q,0) — KL [q|lp] < F(q,0)

with the variational free energy

F(q,0) = —Hlq] — (logp(x,y(0))q



Gaussian variational densities
_ _N/2is(—1/2 1l Te—1,.
¢(x) = (2m) N2z exp< - TE N x p,)).

The variational free energy becomes
N 1

N
F(CL 9) — < IOg 2T — — IOg |z| AN <|Og p(X7Y|9)>q
2 2 2
Setting VF(q,0) = 0, we obtain
0 = Vpu(logp(x,y|0))q
>! —2Vs(logp(x,y[0))q = — <

92 log p(x,y|6)
oxT ox .
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GPs with factorising likelihood

1 1 _
p(Xa Y) = 5 €Xp <_ Z Vn(yn, xn) o _XTK 1X> )
Zo - 2

Covariance

2
>—1 =K1 4 diag 0"V
Ox2 .

IS parametrised by N elements!



Vo (yn, Tn) = Myn — xn| (Laplace noise).
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The infinite case: Stochastic differential equations
{yn}2_; : noisy observations of hidden process x(t) at times {x(t»)}"_;.

Time evolution: (Ito) stochastic differential equation (SDE):

dx = £(x)dt + o dW

dW (t) is a Wiener process.



Goal: Predict latent path & uncertainty
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T he prior measure

SDE: limit of a discrete time process x;

AXk = Xk:—l—l — XL — f(Xk)At —I— oV At €L .

At = time increment and ¢, is a sequence of i.i.d. ¢, = N (0,1).

Probability density over discrete time paths xq. = (x1,...,Xx)

K-1 1

X1 - X ex —
psde( 1.K) kl;ll D[ 52 /i

(Xk—|—1 — Xp — f(Xk)At) 2]
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Taking the limit & Fancy notation

Convergence to Wiener measure p for At — 0 and KAt =T

Kﬁl . ex [ . ( )2] []dx; — d
———— (X — X X; —
T (2rAt)l/2 P 202 A AL T Xk L T

and

d 1 [T 1 T
Psde _ oxp —/ £7dx — —/ 1£]]2dt
dp 2 Jo 202 Jo

where [d fTdx is an Ito - integral.

The Stratonovich form is

d 1 T 1 T 1 (T
bt _ [ o= L it Mo
du a2 Jo 252 Jo 2.J0
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The posterior measure

Given the observations, the posterior measure is

N

dppost 1
= — % || p(yn|x(tn)),
dpsde Z fn,];[]_

where y1. 5y = (¥1,---,¥yn) and Z = p(y1:n)-

The Likelihood is (for simplicity)
p(ynlx(tn)) = N (x(tn), 03),
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Variational approximation

Approximate pyost by Gaussian measure ¢ minimising KL [q”ppost]
e Posterior is Markovian! — choose Markovian g
e Noise variance o2 is the same (otherwise KL = o).

e Gaussianity — linear SDE:
dx = f;.(x,t)dt + VE dW,
where f; (x,t) = —A(t)x + b(t).

A(t) and b(t) must be optimised.
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Markovian posterior
Single, noise free observation y=xz(t =T) =0

Wiener process:

fp?“ior(x) =0 — prSt(w7t) = _Ti—t forO<t<T.
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Ornstein - Uhlenbeck process:

fprior(x) — YL — fpost(xa t) — =7 (eQV(TQ—t)—l + 1) x
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The Kullback Leibler (KL) divergence

Let p; and p> be measures over paths for SDEs with drifts f1(x,t) and
f1(x,t) with same diffusion ¢2. Then

dp1 1 /T 2
o f t) — f t dt
s = 592 o (I[f1(x,8) — £2(x, )] >p1

)

KL [p1|p2] = /dpl In

The expectation at the right is over the marginal density of x at time
t w.r.t. py.
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The KL divergence cont’d

qnppost /dqln /()Tﬁ(t)dt—l-gln(Qﬁ)—l-%llel-I-ln Z,
with
L(t) = Lgge(t) + Lops(t)
and
Loet) = 2i<||f1<x> 1,66 DIR),
Lan® = 55 3 (v x(tn)l?), 8(t—tn),

L [q||ppost} > 0 yields an upper bound on —InZ = —Inp(y1:n).
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Consistency

Establish consistency between marginals

gt(x) = N (m,S) and conditionals p(x;4 a¢|X¢)

defined through A(t) and b(t).

dm

dt
dS

dt

_A(t)m + b(t)

—A)S —SAT(#) 4+ +°1.
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T he covariance kernel of the GP

K(t,t") = (x(t)x!(t'))q — m(t)m(t’) is the solution to the ODE

dA

—92 — (A — ATy, — =
( t ( )t di

+ ATA> K(t,t') = o26(t —t)
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Lagrange function

Include constraints using Lagrange multipliers ¥(t) and A(t)

A = /OT {L’(t) —tr {\IJT(t) (% +AS+SAT — 021)}

AT (@) (Cﬁi—ff + Am — b)} dt

Variational equations by functional derivatives of A with respect to
A(t), b(t), S(¢t) and m(¢).
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The full solution (D =1)

Compute the drift g for the posterior process. Perform variation on

T 0.2
A= /O {L(t) — Az, t) (at + Bpg — 339%) a(z, t)} dt

g(x,t) is the marginal at time t. We find (equivalent to Eyink (2002)):
g=f4+0zInr drift
2
<8t + O + %83) r(x,t) =0 backward eq.

r+=r—exp[ . <<yz-—x<tz->>2>q] jump

o5
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Variational Equations

oL -
v+ W
A — (¥ + )Sa)\m =0
—4+A=0
8b+
gg (AT\II—I—\I!A)—I—d\P 0
0L T d)\
— A O
om +dt

We can express variational parameters A(t) and b(t) by Lagrange mul-
tipliers w(t) and A(t).

A(t) = — <§—i> + 02T+ 0T),
qt
b(t) = (f(x))g, +A(t)m — 2 (L),

919)



Smoothing algorithm

Make initial guess for A(t),b(t). Repeat until sufficient accuracy is
achieved:

1. Solve moment equations

dm
— = —A(t)m + b(t)
% = —A)S—SAT() 4+ 1

forward in time.

2. With m(¢) and S(¢) found for 0 <t < T, solve backward in time
with (T) =0 and A(T) = 0:

aw 0L
— = (W YA — 54

dt om
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3. For observations use jump-conditions:

1
AV = — I
202
1

AN = T'g(yn—m(tn))




Ornstein-Uhlenbeck process

dr = —~yzdt + o2dW,

Prior process is GP with the nonstationary kernel (fixed initial condition

x(0))
2
_ 9 —~|t—t!| =~ (t+t)
K(t’t/)—ny{e el | _ e }
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Potential

Motion in double-well potential

dr = 4z(1 — x2)dt + o2dW.
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Prediction with ensemble Kalman
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ODEs for Lagrange multipliers

d 144
d_‘tb = —8¢(1 — 3m” — 65°) — —5-{2m? 4 s°}s% 4 12mA + 2¢°0?,
o
d\ 288
— = —4(1 — 3m2 — 332))\ T ms” -+ 48¢m82.

dt o2



Variational result and comparison to MCMC
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A Hamiltonian approach for the 'potential’ case

T | 1 5
Agge = /O Logedt  with Lo = =5 (|l + Ax — b||2)

Try to express A and b by S and m using
dm dS

= _A b = _AS —SAT + 521
dt m dt to

Possible if f(x) = —VU(x) and after some calculations

5. (dm\? > > d({U) >
20°L = (E) + (If]|*) + o (Vf>+2—dt + trace (A“S)

We need to eliminate AZ.
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The 1 - D case

Set S — s2 (variance). Then

ds n o2 o2 1ds
— = —as + — — 0= —= — ———
dt 2s D52 s dt

Thus the action is

T 2 2
A= %2/0 {(%) + (2—?) — Vepp(m, s)} dt + data and surface terms

with

o4

Vepp(m,s) = — <ﬁ + (f*(@) +0° <f’(:r:)>>

NQ



This shouldn’t be too surprising:

The 'path probabilities’ of an SDE are related to the Wiener measure
Via

d 1 (/T 1 T 1 T
In—p:—/ fTodX——/ ||f||2dt——/ vidt
dp  o02.Jo 202 Jo 2J0

(Stratonovich form). Hence, if f = VU

dp 1 1 (T o 1T
n — * (Uv) - U(T ——/ f dt——/ VEdt
i 02( (0) (T)) 552 /o | £]] > /s
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T he Hamilton equations

Between observations we have the Hamiltonian flow

d?m B _(9V6ff(m, s)
dt2 om
d?s B _Gveff(m,s)

dt2 0s
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Data and surface terms

Atata = 55 32 {5200 + (i = m(t))2} ~5 10 S 2+ %5 (WD) = U (O))
lead to jump conditions for momenta
<+>——<t;> = )

< t) — —<t;>
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Ornstein - Uhlenbeck Process

4

o)
f=—x — Vepp(m,s) = 22 v2s? — vz 4 0%y

T he potential separates in m and s!

sinh(~t)

Sinh(5T) for perfect obser-

Potential V,rr(m) and Prediction m(t) =y
vation (T = 5) = 3.
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Potential V,rr(s) and predictive variance s2(t) when y = z(1) perfectly
observed:

s2(t) = > Sﬂ]zh(v) (cosh(v) — cosh(2~4t — «))
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Motion in double-well potential

f(z) = 4z(1 — z2) with potential U(x)
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Effective potential

o4

4 2

Vepp(m,s) = — 5~ (16m° —32m* 4 16m?)
_ (24om4 —192m2 + 16) §2 — (720m2 - 96) 5%
—240s% — 52 (4 —12m? — 1232)

The nonsingular part of V,¢¢(m,s = 0) for 02 =0,0.5,1.5:

20
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Vepr(m,s) for o2 =0.1
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What about D > 1

e It is possible to solve

§ = —A(t)S — SAT 4+ 571

for A, when A is symmetric: linear system with D(D + 1)/2 un-
knowns.

e For A # Al there are more unknowns than equations!
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Future work

Convergent & efficient numerical approaches

Good suboptimal variational ansatze.

Multiplicative noise

Other processes

PAC Bayesian bounds

Importance sampling

Perturbative corrections
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With some more effort
Apply Girsanov to f = —Ax:

P 1 A
Ind—=—/x (‘;t _ATA + (A - AT)8t>th

LoraT T 1/T
——x " A'x — trace(A) dt
D |0+20 (A)

Suggest approximations where e.q. dA — AT A = constant!
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