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The mathematical framework of non-linear diffusions has been playing an important role in
modelling natural phenomena [1]. Recently, much efforts have been made in developing inferential
methods for such stochastic dynamical systems. Both state- and parameter estimation are of
interests. The state-of-art Hybrid-Monte Carlo method has been applied to state estimation of
non-linear diffusions [2]. For parameter estimation, the data augmentation strategy is often adopted
[3, 4]. Accordingly, state and parameters are sampled in a Gibbs-sampler setting. However, it has
been reported that such a Monte-Carlo algorithm has very poor mixing property [3]. This is due
to strong correlations between state and parameter samples. In this paper, we propose a maximal
likelihood (ML) type II approach to parameter estimation. Equipped with the Wang-Landau
algorithm from statistical physics [5], the novel algorithm is shown to be both accurate and efficient.

In the ML type II approach to parameter estimation, one needs to compute the marginal likelihood
π(y|θ) for a range of θ-values, say θk ∈ [θmin, θmax], where θ and y denote the hyper-parameters
and observations of a diffusion process. The estimate of θ is obtained by maximising π(y|θ). Note
that π(y|θ) is actually the normalising constant of the posterior π(x|y, θ), where x represents states,
and thus is hard to compute accurately. For our purpose, however, only an estimation of the ratio

between π(y|θk) and π(y|θmin) is needed. In fact, all log ratios, i. e. log
[

π(y|θk)
π(y|θmin)

]

∀k
, can be

computed in one go when we sample from the posterior mixture
∑

k π(x|y, θk). This is because
the log ratio is reciprocal to the ratio between the occupation numbers of π(y|θk) and π(y|θmin)
in the Monte-Carlo simulation. The above algorithm is related to simulated tempering in literature
[6]. In simulated tempering, each of the mixture members is assigned a weight which ought to

take the value of log
[

π(y|θk)
π(y|θmin)

]

∀k
, if they were known, as to achieve an uniform distribution of

occupation numbers. Instead, the Wang-Landau algorithm [5] starts to sample from the above
posterior mixture with uniformly distributed weights and then adjusts those weights sequentially
which would guarantee the convergence of this controlled Markov chain towards both an uniform
distribution of occupation numbers and the target posterior in the mixture. After convergence, the
weights can be used for ML type II parameter estimation.
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Figure 1: Left: The MCMC results (mean path ± 2 × marginal SD )of state estimation for a stochas-
tic double-well system with κ = 1.0. The data set is denoted by circles; Right: The log marginal
likelihood profile as a function of diffusion standard deviation κ.

Our algorithm is tested on a stochastic double-well system which can be described by
dx = 4x(1 − x) + κdw where κ denotes diffusion standard deviation and w is a standard
Brownian motion. The parameter κ is to be estimated from a data set which is generated by
simulating the above system with κ = 1.0 and the observation error variance equal to 0.04. The
MCMC results of state estimation is displayed on the left panel of Figure 1 while the estimation of
parameter κ can be obtained from the log marginal likelihood profile shown on the right panel. It
turns out that the estimated κ-value, κest = 0.85 is slightly lower than the target value κ = 1.0. This
can be explained by the finite size of our smoothing window [7]. Detailed study of the finite-size
effect on this type of parameter estimation is carried out. To show its accuracy, the algorithm is also
compared with the data augmentation approach of MCMC parameter estimation.

In this paper, we present a fast Monte-Carlo algorithm for ML type II estimation of a single pa-
rameter. This algorithm can be easily combined with a one-dimensional search algorithm which
would not only make the algorithm an automatic determination of hyper-parameters but also further
improve its computational efficiency. Further, an extention to the estimation of multiple parameters
will be explored.
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