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Introduction

We consider the problem of modelling correlated outputs from a single Gaussian process (GP). Modelling multiple
output variables is a challenge as we are required to compute cross covariances between the different outputs. These
cross covariances allow us to improve our predictions of one output given the others as the correlations between
outputs are modelled [1, 2, 3, 4].
One of the most straightforward methods used for this kind of modelling tasks employs a convolution process (CP)
in which each output is expressed as the convolution between a smoothing kernel function and a Gaussian white
noise [2]. If the white noise is a common input to all convolutions, then the outputs are going to be correlated and
will have covariances and cross-covariances that are positive definite. However, the input function doesn’t have to be
white noise. In principle, it could be any Gaussian process.
Even though the CP framework is an elegant way for constructing dependent output processes, the fact that the full
covariance function of the joint Gaussian process must be considered, results in significant computational demand
and memory requirements when performing inference as the size of the covariance matrix now scales with the product
of the number of outputs and the number of observation points.
In this work we propose a sparse approximation for the full covariance matrix involved in the multiple output
convolution process. We exploit the fact that each of the outputs is conditional independent of all others given the
input process. This leads to an approximation for the covariance matrix which keeps intact the covariances of each
output and approximates the cross-covariances terms with a low rank matrix. It has a similar form to the Partially
Independent Training Conditional (PITC) [5] approximation for a single output GP.

Method

Each output process yn(x) can be represented as the convolution between a smoothing kernel function knk(x) and a
latent function uk(x′). In general, yn(x) =

∑K

k=1

∫

∞

−∞
knk(x−z)uk(z)dz+wn(x), where wn(x) is a white noise process

and we have assumed zero mean for yn(x). If the latent functions uk(z) are independent Gaussian processes, the
covariance and cross-covariances of the outputs are given by cov [yn(x), ym(x′)] =

∑K

k=1

∫

∞

−∞
knk(x−z)

∫

∞

−∞
kmk(x′−

z′) covukuk
(z, z′)dz′dz + σ2

nδnmδx,x′ , with a similar expression for the cross-covariance cov [yn(x), uq(z
′))].

The covariance of the joint process, Kyy, includes the covariances of each output and the cross-covariances be-
tween outputs, namely cov [yn(x), ym(x′)]. For prediction and optimization we require the inverse of this full
covariance. The joint density between the output processes can be expressed as p(y|u, φ) =

∏N

i=1
p(yi|u, φ),

where φ is the set of parameters of all the covariance matrices. Each density p(yi|u, φ) is given as p(yi|u, φ) =
N

(

yi|Kyiu
K−1

uuu, Kyiyi
− Kyiu

K−1

uuKuyi
+ σ2

i I
)

and in this way, the conditional density of the full process is given as
p(y|u, φ) = N

(

y|KyuK−1

uuu,D
)

, where D = blockdiag
[

Kyy + σ2

i I− KyuK−1

uuKuy

]

. Assuming that the uk are inde-
pendent GP’s, the marginalization of the latent functions leads to the evidence p(y|φ) = N

(

y|0,D + KyuK−1

uuKuy

)

.
In this manner, the full covariance Kyy has been approximated using D + KyuK−1

uuKuy, which keeps the blocks
of the diagonal the same as the original covariance and approximates the off-diagonal blocks with the low rank
approximation KyuK−1

uuKuy.

Results

We use a Gaussian kernel as the smoothing kernel function. We first setup a toy problem in which we evaluate the
speed of the approximation and the quality of the prediction. The toy problem consists of four outputs, one latent
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function and 200 observation points for each output. The training data was sampled from our model. We compare
predictions from our sparse approximation with those from the full covariance (Figure 1).
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(a) Output 4 with the full GP
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(b) Output 4 with the sparse GP
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(c) Output 4 with an indepen-
dent GP

Figure 1: Predictive Mean and variance using the full multi-output GP, the sparse approximation and an independent
GP for output 4.

The reduction in computational complexity of the approximation is from O(N3d3) (N is number of data points
and d is number of output variables) to O(N3d). This matches the computational complexity for modelling with
independent Gaussian processes. However, with independent Gaussian processes the missing ranges from Figure 1 are
not accurately captured. Figure 2 shows results over tide height signals obtained from a network of weather sensors
located in the south coast of England (for more details of this database see [4]).
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(a) Bramblemet Tide Height
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(b) Cambermet Tide Height
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(c) Chimet Tide Height

Figure 2: Predictive Mean and variance using the sparse approximation for the tide height signals.

Discussion

We have presented a sparse approximation for multiple output Gaussian processes, capturing the correlated infor-
mation among outputs and reducing the amount of computational load for prediction and optimization purposes.
Linear dynamical systems responses can be expressed as a convolution between the impulse response of the system
with some input function. This convolution approach is an equivalent way of representing the behavior of the system
through a differential equation. For systems involving high amounts of coupled differential equations [6], the approach
presented here is a reasonable way of obtaining approximate solutions.
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