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!   Radar tracking
!   Sensor networks
!   Landmarks in vision
!   Motion capture
!   Biology,  ecology
!   etc.



pt (x1, x2, . . . , xn , σ)

Data association vs. identity management

Graphical models donÕt help because the 
constraint                     doesnÕt factor.

!
! pt (! ) = 1



Approach 1

But what about information like                               ?P[ a ! i , b ! j ] = 0

P(a,b) ,( i,j ) = P[ a ! i , b ! j ]

P(a,b,c ) ,( i,j,k ) = P[ a ! i , b ! j , c ! k ]

Pa,i = P[ a ! i ]



But what about the various linear constraints? 
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Approach 2

1.    Start with                 .f : Sn ! R

2.   Find a way to project to some       with  
minimum error.

f W

What are the smooth functions on permutations?



[1234]

[1243]

[2134]
[1324]

[3124]

[1342]
! :

{ 1, 2, . . . , n}
!

{ 1, 2, . . . , n}

(σ2σ1)( i ) = σ2(σ1(i ))

The low frequency modes of the Cayley graph are 
just the blocks on the diagonal that we had earlier!

:  symmetric groupSn



More formally....

A representation of       is a system of matricesSn ! (" )
such that

! (" 2 " 1) = ! (" 2) á! (" 1)

The Fourier transform of                   isf : Sn → R

!f (! ! ) =
"

" ! Sn

f (" ) ! ! (" )

where                              are integer partitions 
of    .

! = ( ! 1, ! 2, . . . , ! k)
n



rows/columns indexed by standard tableaux
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d = 1

d = n ! 1

d = n(n ! 3)/ 2

d = (n−1)(n−2)/ 2

d = n(n ! 1)(n ! 5)/ 6

d = n(n ! 2)(n ! 4)/ 3

d = ( n ! 1)(n ! 2)(n ! 3)/ 6

[Diaconis]



Back to the tracking problem...



Parsimonious representations

{ !f (! (n ) ), !f (! (n ! 1,1) ) }

{ !f (! (n ) ), !f (! (n ! 1,1) ), !f (! (n ! 2,2) ), !f (! (n ! 2,1,1) }

{ !f (! (n ) ), !f (! (n ! 1,1) ), !f (! (n ! 2,2) ), !f (! (n ! 2,1,1) ,

f (ρ(n ! 3,3) ), !f (ρ(n ! 3,2,1) ), !f (ρ(n ! 3,1,1,1) ) }

! O(n2)

! O(n4)

! O(n6)

But how do we do this efÞciently?With FFTs.



1. Noise/Þltering/prediction

Assuming                          ,p ( !" | " ) = g(! )

f t +1 (! ) =
!

! ! Sn

g(! " " 1) f t (" )

so by convolution theorem

!f t+1(! λ) = !g(! λ) á !f t (! λ).



2. Observations/conditioning

p( O!
a! i | ! ) =

!
" if ! (a) = i,
(1 ! " )/ (n ! 1) if ! (a) "= i.

An          observation means thatOπ
a! i

by BayesÕ rule

f t +1 (! ) =
p( Oa! i | ! ) f t (! )∑

! ! " p ( Oa! i | ! #) f (! #)
.



Sn

[Clausen]



=
n!

i =1

!

! ! ∈Sn " 1

! " (! i, n " " ′) f (! i, n " " ′)

=
n!

i =1

! ! (! i, n ")
!

" ! ! Sn " 1

! ! (" ") f ! i,n "Sn " 1 (" ")

=
n!

i =1

! ! (! i, n ")
"

#f ! i,n "Sn ! 1 (" ! )
! ! ! n − 1

! ! < !

!f (! ) =
"

! ! Sn

" " (#) f (#)

cost:  O(d2
max n)
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http://www.cs.columbia.edu/~risi/SnOB

http://www.cs.columbia.edu
http://www.cs.columbia.edu


3.  Inference

P{ ! (n) = i } =
!

! (a)= i

f (! ) = "f i,n (" (n ! 1) )

P [ ! (n) = i ] =
!

! (a)= i

f (! ) = "f[i,n ]Sn−1 (" (n ! 1) )
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Results
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Jonathan Huang, Carlos Guestrin and Leonidas 
Guibas:  EfÞcient inference for distributions on 
permutations (NIPS 2007)

¥  Enforcing positivity 
constraints by projection.

¥  More general, but 
expensive updates using 
Clebsch-Gordan 
decomposition.



Conclusions



¥   Used a band limited representation for 
distributions over permutations

¥   DifÞculty enforcing positivity contraints

¥   EfÞcient inference possible thanks to fast 
Fourier transform

¥   A more general framework for inference on 
groups


