
Generating Explicit Orderings for Non-monotonic LogicsJames CussensCentre for Logic and Probability in ITKing's CollegeStrandLondon, WC2R 2LS, UKj.cussens@elm.cc.kcl.ac.uk Anthony HunterDepartment of ComputingImperial College180, Queen's GateLondon, SW7 2BZ, UKabh@doc.ic.ac.ukAshwin SrinivasanProgramming Research GroupOxford University Computing Laboratory11, Keble RoadOxford, OX1 3QD, UKashwin.srinivasan@prg.ox.ac.ukAbstractFor non-monotonic reasoning, explicit orderingsover formulae o�er an important solution to prob-lems such as `multiple extensions'. However, acriticism of such a solution is that it is not clear,in general, from where the orderings should beobtained. Here we show how orderings can be de-rived from statistical information about the do-main which the formulae cover. For this weprovide an overview of prioritized logics|a gen-eral class of logics that incorporate explicit or-derings over formulae. This class of logics hasbeen shown elsewhere to capture a wide variety ofproof-theoretic approaches to non-monotonic rea-soning, and in particular, to highlight the role ofpreferences|both implicit and explicit|in suchproof theory. We take one particular prioritizedlogic, called SF logic, and describe an experimen-tal approach for comparing this logic with an im-portant example of a logic that does not use ex-plicit orderings of preference|namely Horn clauselogic with negation-as-failure. Finally, we presentthe results of this comparison, showing how SFlogic is more skeptical and more accurate thannegation-as-failure.Keywords: non-monotonic reasoning, statisticalinference, prioritized logics, machine learning.IntroductionWithin the class of non-monotonic logics and associ-ated systems such as inheritance hierarchies, there is a

dichotomy between those formalisms that incorporateexplicit notions of preference over formulae, and thosethat do not. Even though using explicit orderings of-fers an e�ective mechanism for obviating certain kindsof `multiple extension' problems, their use remains con-troversial. A major criticism is that it is unclear wherethe orderings come from. We address this criticismby arguing that the orderings should be derived fromstatistical information generated from the domain overwhich they operate. If we delineate the kind of infor-mation about the domain that we require, then thereare generic mappings from this information into the setof orderings over data.The structure of the paper is as follows. First,we provide an overview of prioritized logics|a gen-eral class of logics that incorporate explicit preferencesover formulae. Second, we take one particular priori-tized logic, SF logic, and describe an experimental ap-proach to comparing this logic with an important ex-ample of a logic that does not use explicit orderings ofpreference|namely Horn clause logic with negation-as-failure. Third, we take SF logic and show how wecan generate explicit orderings over the data using sta-tistical inference, and �nally, we present the results ofthe comparison, showing how SF logic is more skepticaland more accurate than negation-as-failure.Overview of prioritized logicsIn order to provide a general framework for logics withexplicit orderings, we use the family of prioritized log-ics [Hunter, 1992; Hunter, 1993]. Within this family,each member is such that:



� Each formula of the logic is labelled.� The rules of inference for the logic are augmentedwith rules of manipulation for the labels.� The labels correspond to a partially-ordered struc-ture.A prioritized logic is thus an instance of a labelleddeductive system [Gabbay, 1991a; Gabbay, 1991b;Gabbay and de Queiroz, 1993].A prioritized logic can be used for non-monotonicreasoning by de�ning a consequence relation that al-lows the inference of the formula with a label that is`most preferred' according to some preference criterion.Furthermore, we can present a wide variety of existingnon-monotonic logics in this framework. In particular,we can explore the notion of implicit or explicit pref-erence prevalent in a diverse class of non-monotoniclogics. For example, by adopting appropriate one-to-one rewrites of formulae into prioritized logic formulae,we can show how the propositional form of a number ofkey non-monotonic logics including negation-as-failurewith general logic programs, ordered logic, LDR, anda skeptical version of inheritance hierarchies, can beviewed as using preferences in an essentially equiva-lent fashion [Hunter, 1993].For this paper, we use a member of the prioritizedlogics family called SF logic and de�ned as follows. Thelanguage is composed of labelled formulae of the fol-lowing form, where �0; : : : ; �n; � are unground literals,i is a unique label, and n � 0.i : �0 ^ : : :^ �n ! �We call these formulae SF rules. We also allowuniquely labelled ground positive and negative liter-als which we call SF facts. A database � is a tuple(�;
;�; �), where � is a set of SF rules and facts, 
 is[0; 1]�[0;1],� is some partial-ordering relation over 
,and � is a map from labels into 
. This means each la-bel corresponds to a pair of reals, and in this sense theordering is two-dimensional. We use [0; 1]� [0; 1] onlyas a convenient representation for two-dimensional par-tial orderings. For the SF facts, � maps to (1; 1).There is more than one intuitive way of combiningthese two dimensions of values to generate a singleposet (
;�). We de�ne the � relation in terms of�, the usual ordering relation for the real numbers.Consider the following de�nitions for the � relation.De�nition 1 (i; p) � (j; q) i� (i > j) or (i =j and p > q)De�nition 2 (i; p) � (j; q) i� (i > j and p > q)De�nition 1 imposes a total ordering on 
, where theordering on the �rst label takes precedence, and thesecond label is only used as a `tie-breaker'. De�nition 2de�nes a non-total subset of the �rst relation, whereboth dimensions play an equally important rôle.The � relation can be used to resolve conicts inthe arguments that emanate from � and is used as

such in the consequence relation for a prioritized logic.The SF consequence relation j� allows an inference �if � is proposed and undefeated or if � is a fact. It isproposed if and only if there is an argument for �, suchthat all conditions for � are satis�ed by recursion. Itis undefeated if and only if there is no more preferredarguments for the complement of �. For all databases�, atomic labels i, unground literals �, groundings�, and ground literals �, the j� relation is de�ned asfollows, where, if � is a positive literal then �̂ = :� andc:� = �:De�nition 3� j� � if i : � 2 � and �(i) = (1; 1)� j� � if 9i[proposed(�; i; �) and undefeated(�; i; �)]proposed(�; i; �) i�9�0; : : : ; �n; � [i : �0 ^ : : :^ �n ! � 2 �and �(�) = �and � j� �(�0); : : : ;� j� �(�n)]undefeated(�; i; �) i�8j[proposed(�; j; �̂)) �(i) � �(j)]Suppose � = fr : �(a); p : �(x)! �(x); q : �(x)!:�(x)g, where �(p) = (0:6; 0:7), �(q) = (0:5; 0:8) and�(r) = (1; 1). Using De�nition 1, �(p) � �(q), so� j� �(a) and � j� �(a) hold. Using De�nition 2,however, we have that �(p) 6� �(q) and �(q) 6� �(p) so� 6j� �(a) and � 6j� :�(a), but still � j� �(a). Thisillustrates how De�nition 2 captures a more skepticallogic. Generating RulesTo show the value of generating explicit orderings,we now want to compare SF logic with existing non-monotonic logics. However, instead of undertakingthis comparison purely on theoretical grounds, we doan empirical comparison with Horn clause logic aug-mented with negation-as-failure (Prolog). To supportthis, we use a machine learning algorithm,Golem [Mug-gleton and Feng, 1990], to generate de�nite clauses.Golem is an inductive logic programming approach tolearning [Muggleton, 1991; Muggleton, 1992]. UsingGolem means that signi�cantly large numbers of ex-amples can be used to generate these clauses. Thisfacilitates the empirical study, and supports the statis-tical inference used for generating the explicit order-ing. The de�nite clauses are used directly by Prolog,and used via a rewrite by SF logic.We assume a set of ground literals D which expressrelevant facts about the domain in question and we alsoassume a target predicate symbol �. Since Prolog doesnot allow classical negation, we adopt the followingnon-logical convention: for a predicate symbol �, werepresent negative examples using the predicate sym-bol not �. Golem learns de�nite clauses where the headof the clause has the target predicate symbol �. This isdone by using a training set Tr of N randomly chosen



literals from D, where each of these literals has either� or not � as predicate symbol. To learn these clausesGolem uses background knowledge, which is anothersubset of D, where none of the literals has � or not �as a predicate symbol. The literals in the antecedentsof the learnt clauses use the predicate symbols fromthe background knowledge.For example, given background knowledge f�(c1),�(c2), �(c4), �(c7), �(c1)g and training examplesf�(c1); �(c2); not �(c3)g, Golem would learn the clause�(x) ! �(x), which has training accuracy 100%. Inpractice we use signi�cantly larger sets of backgroundknowledge and training examples. Also, we allowGolem to induce clauses with training accuracy below100%, since learning completely accurate rules is un-realistic in many domains.The induced clauses are tested using testingexamples|ground literals with predicate symbol ei-ther � or not �, which are randomly selected fromDnTr. In the normal execution of Golem these testingexamples are treated as queries to the induced set ofde�nite clauses and are evaluated using `p, the Prologconsequence relation.We de�ne a function f to evaluate each test exam-ple. f takes �, the union of the learnt rules and thebackground knowledge, and the test example �(�c) ornot �(�c), where �c is a tuple of ground terms and re-turns an evaluation of �'s prediction concerning thetest example. (Recall that none of the ground liter-als in the background knowledge have � as a predicatesymbol.)De�nition 4f(�; �(�c)) = correct if � `p �(�c)f(�; �(�c)) = incorrect if � 6`p �(�c)f(�; not �(�c)) = correct if � 6`p �(�c)f(�; not �(�c)) = incorrect if � `p �(�c)To continue the above example, suppose thatf�(c4); not �(c5); �(c6); not �(c7)g were the test exam-ples, then we would have f(�; �(c4)) = f(�; not �(c5))= correct and f(�; �(c6)) = f(�; not �(c7)) = incor-rect. The clause �(x) ! �(x) would then have theextremely poor test accuracy of 50%.We generate SF rules in two stages. First, we runGolem with target predicate �, then we rerun it withtarget predicate not �. To get the SF rules, we takethe union of the two sets of clauses, rewrite the not �symbol to the negated symbol :�, uniquely label eachclause, and provide a map � from the labels into 
.This map is determined by information contained inthe training data, and methods for de�ning it are de-scribed in the next section.Let � denote the union of the SF rules with thebackground data. The examples from the test set arethen used to query �. Suppose (�c) were such anexample, where either  = � or  = :�, then one ofthe following obtains (1) � j� (�c); (2) � j� d(�c); or(3) (� 6j� (�c) and � 6j� d(�c)). We de�ne the function

g to evaluate each example (note that for SF logic wehave extra category `undecided').De�nition 5g(�; (�c)) = correct if � j� (�c)g(�; (�c)) = incorrect if � j� d(�c)g(�; (�c)) = undecided if � 6j� (�c);� 6j� d(�c)Generating preference orderingsWe now describe how to elicit a preference orderingover formulae by using facts about the domain, specif-ically facts from that subset of them which constitutesthe training set of examples. To construct a preferenceordering over the induced formulae, we �nd a pair ofvalues which measure how well con�rmed each SF rulei : � ! � is by the training data. We then map theunique label associated with each SF rule to this pairof values in 
 via the mapping �.For the �rst value, we calculate an estimate, denoted~p, of the probability P (�j�) = p. p is the probabilitythat a (randomly chosen) example, given that it satis-�es �, also satis�es �. Equivalently, it is the proportionof those examples that satisfy � which also satisfy �.p is an obvious choice as a measure of preference, it isthe probability that the rule �! � correctly classi�esexamples which it covers, i.e. examples which satisfyits antecedent �. Unfortunately, the value p can notbe determined without examining all individuals in thedomain that satisfy � and determining what propor-tion of them also satisfy �. This is infeasible for anydomain large enough to be of interest. We show belowhow various estimates ~p are constructed.Clearly, we want ~p close to p, i.e. we want to min-imise l = j~p � pj. The value l would be an ideal mea-sure of the precision of the estimate ~p, but it will beunknown, since p is unknown. Instead, we either userelative cover (see below) or P (l < t) for some �xed t,as a measure of the reliability of ~p. This gives us oursecond value.For details of the various estimates used, see[Cussens, 1993]. We give only a brief sketch here, sincethe important point is that we can use straightforwardand established statistical techniques to derive labels.Relative Frequency We simply set ~p = r=n, wheren is the number of training examples satisfying �and r the number satisfying �^�. The reliability ofrelative frequency as an estimate was measured byrelative cover (n=N ), which is simply the proportionof training examples which satisfy � and hence `�re'the rule � ! �. We use relative cover, since, forexample, an estimate of p = 1 is more reliable withr = 100; n = 100 than with r = 2; n = 2 (recall theexample in the previous section, which had r=n = 1but test accuracy of only 50%).Bayesian In Bayesian estimation of probabilities, aprior probability distribution over possible values ofp is used. This is then updated to give a posterior



distribution, the mean of which is used as a pointestimate ~p of p. Let � be the mean of the priordistribution, we then have~p = � nn+ K̂� rn +  K̂n+ K̂!�The balance between r=n and � is governed by thevalue K̂ , K̂ = 0 renders ~p = r=n. Various val-ues for K̂ have been employed in the statisticaland machine learning literature [Bishop et al., 1975;Cestnik, 1990; Cestnik and Bratko, 1991; D�zeroskiet al., 1992]. Below we have used the value K̂ = pn;for the properties of this particular estimate see[Bishop et al., 1975]. The value � can be seen as a`guess' at p prior to looking at domain information.We used an estimate of the value P (�) for �, an ap-proach common in the machine learning literature.P (l < t) was calculated by integrating between ~p� tand ~p + t on the posterior distribution. The actualvalue of t is not crucial. It a�ects the magnitude ofP (l < t), but rarely a�ects the preference ordering.In our experiments t was set to 0.025.Pseudo-Bayes Like Bayesian, butK̂ = r(n� r)(n�� r)2Such an approach is pseudo-Bayesian because K̂,which is usually seen as a prior parameter is a func-tion of r=n|which is a parameter of the trainingdata.Generating preference orderings in this way providesan alternative to orderings based on speci�city (for ex-ample [Poole, 1985; Nute, 1988]). In the context ofprioritized logics, some of the issues of speci�city andaccuracy have been considered in [Cussens and Hunter,1991; Cussens and Hunter, 1993], but there is a clearneed to further clarify this relationship by building onmore general results relating non-monotonic reasoningand probabilistic inference [Pearl, 1990; Bacchus, 1990;Bacchus et al., 1992].A preliminary empirical comparisonIn our preliminary comparison, we considered two do-mains. The �rst was for rules that predict whether aprotein residue is part of an alpha-helix. These ruleswere de�ned in terms of relative position in a proteinand various biochemical parameters. We call this do-main the protein domain. The second was for rulesthat predict the relative activity of drugs. These ruleswere de�ned in terms of the structure of the drug andthey provided a partial ordering over the degrees ofactivity of the drugs. We call this domain the drugsdomain.For the protein domain, from a training set of 1778examples together with background knowledge consist-ing of 6940 ground literals, Golem generated 100 clauses

for the predicate symbol alpha helix and 99 clauses forthe predicate symbol not alpha helix and hence 199SF clauses for alpha helix and :alpha helix. For thedrugs domain, from a training set of 1762 examples to-gether with background knowledge consisting of 2106ground literals, Golem generated 23 clauses for the bi-nary predicate greater activity and 24 for the predi-cate symbol not greater activity, giving 47 SF rules forgreater activity and :greater activity.For the protein domain, Table 1 was formed usinga test set of 401 not alpha helix examples and 322 al-pha helix examples. For the drugs domain, Table 2 wasformed according to a test set of 513 greater activityexamples and 513 not greater activity examples.Accuracy The key observation from these tables isthat if we de�ne accuracy by the ratio correct/(correct+ incorrect), as we do in the `Accuracy' column, thenthe performance of Prolog is inferior to that of SF logic.Furthermore, the di�erence in accuracy between thetwo variants of SF is negligible.The marked improvement in accuracy of SF logicover Prolog is contingent on the assumption that wecan ignore the examples classi�ed as undecided. Inother words, in this interpretation, the increased skep-ticism of the SF logic is not regarded negatively. How-ever, this is only one way of interpreting the undecidedcategory. If accuracy is de�ned as the percentage ofcorrect examples, as in the `Correct' column, then SFis markedly less accurate.Comparing De�nitions 1 and 2 When comparingthe variants of SF logic, we �nd, after rounding, thatthe same results are obtained using De�nition 1 for thethree di�erent estimation techniques|this is becausethey all return similar values. Also, since De�nition 1gives a total ordering on the labels, only those exam-ples that are not covered by any rule are undecided.Using the more skeptical De�nition 2, we �nd that ac-curacy was close or equal to De�nition 1 in all cases.Skepticism and the Protein Domain In the pro-teins domain, skepticism, as measured by the percent-age of undecided examples, increases signi�cantly as wemove from De�nition 1 to De�nition 2. This increasewas greatest using relative frequency, since there, the�rst value of its label, ~p = r=n, which estimates theaccuracy of a rule, can be high even if n and conse-quently n=N is low. Using De�nition 2 with relativefrequency, a rule is preferred over another if and onlyif both the �rst value of its label (~p = r=n) and thesecond (n=N ) are greater than the respective parts ofthe label of the competing rule. So many rules withhigh r=n values but low n values will be preferred overcompeting rules using De�nition 1, but not when usingDe�nition 2.In contrast, for K̂ = pn and pseudo-Bayes, valuesfor ~p substantially higher than the prior mean � areonly possible if n is reasonably high. If n is high then,



Correct Incorrect Undecided AccuracyProlog with alpha helix clauses 58 42 0 58Prolog with not alpha helix clauses 59 41 0 59De�nition 1 using relative frequency 53 31 16 63De�nition 2 using relative frequency 45 25 30 64De�nition 1 using K̂ = pn 53 31 16 63De�nition 2 using K̂ = pn 48 27 25 64De�nition 1 using pseudo-Bayes 53 31 16 63De�nition 2 using pseudo-Bayes 50 29 21 63Table 1: The Protein Domain (all values are percentages)Correct Incorrect Undecided AccuracyProlog with greater clauses 79 21 0 79Prolog with not greater clauses 80 20 0 80De�nition 1 using relative frequency 70 5 25 93De�nition 2 using relative frequency 70 5 25 93De�nition 1 using K̂ = pn 70 5 25 93De�nition 2 using K̂ = pn 70 5 25 93De�nition 1 using pseudo-Bayes 70 5 25 93De�nition 2 using pseudo-Bayes 70 5 25 93Table 2: The Drugs Domain (all values are percentages)usually, so will be the second part of the label, P (l < t).So in these cases, the second part of the label is usuallyhigh when the �rst part is, which explains the smallerincrease in skepticism as we move from De�nition 1 toDe�nition 2.Skepticism and the Drugs Domain In the drugsdomain, we have, after rounding, the same results forboth variants of SF logic and all estimates. This is be-cause conicts between arguments in � occurred onlyfor relatively few test examples.Summary of Empirical Comparison If we allowincreased skepticism, the results given here indicatehow a richer formalism such as prioritized logics can beused for increased accuracy in reasoning. Furthermore,this shows how a clearer understanding of generatingexplicit orderings in terms of statistical inference cansupport this improved capability.DiscussionIt has been widely acknowledged that non-monotoniclogics are of critical importance for arti�cial intelli-gence, yet there is some dissatisfaction with the rateand nature of progress in the development of non-monotonic logics that address the needs of arti�cialintelligence.Many developments in non-monotonic logics havebeen based on a set of reasoning problems concerning,for example, inheritance, multiple extensions, and cu-mulativity. Existing non-monotonic logics can be used

to capture these problems in an intuitive fashion byappropriate encoding. Yet for the user of these kindsof formalism, it is not clear which is the most appro-priate.We believe that developing non-monotonic logics forarti�cial intelligence is, in part, an engineering problemand that the space of possible logics that could consti-tute a solution is enormous. It is therefore necessary toaugment theoretical analyses of non-monotonic logicswith sound empirical analyses. This should then focusthe endeavour on improving the performance of rea-soning with uncertain information, and as a matter ofcourse should raise further important and interestingtheoretical questions.AcknowledgementsThis work has been funded by UK SERC grants GR/G29861 GR/G 29878 and GR/G 29854. The authors aregrateful for helpful feedback from Dov Gabbay, Don-ald Gillies and Stephen Muggleton, and also from twoanonymous referees.ReferencesBacchus, Fahiem; Grove, Adam; Halpern, Joseph Y.;and Koller, Daphne 1992. From statistics to belief. InTenth National Conference on Arti�cial Intelligence(AAAI-92). 602{608.Bacchus, Fahiem 1990. Representing and Reasoningwith Probabilistic Knowledge: A Logical Approach toProbabilities. MIT Press, Cambridge, MA.
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