We have included exercises in the text. Some of them are simply there for practising the techniques,
and some of them are more significant problems. Here we highlight some of the more important problems
whose solution, we think, would make a significant contribution to the research in thisfield.

1. Provethat RRA cannot be axiomatised with a set of first-order sentences using only finitely many
variables.

A related problemisfrom graph theory. Let ¢ > 2. Find two finite, non-isomorphicgraphs G, H such
that 3 has awinning strategy in the c-colour game defined as follows. In round 1, V takes one of the
c coloursand placesit on aset of nodes of one of thetwo graphs. 3 takes the same colour and places
it on a set of nodes of the other graph. In any subsequent round V either takes a colour not aready in
play and placesit on aset of nodesof oneof thetwo graphs, in which case 3 al so takes that colour and
placesit on aset of nodes of the other graph, or he picks up acolour whichisaready in play (3 picks
up the same colour which is placed on the other graph) and he places that colour on a set of hodes of
either graph (and 3 places the same colour on a set of nodes of the other graph).

At any stagethetwo graphshave k < c coloursplaced on them; this partitionsthe nodes of each graph
into 2K corresponding parts. Let us call these parts Go, . . . ,Gx_qpinGandHy,...,Hx_4 inH. If for
somei < 2K we have G; isempty but H; isnot, or the other way round, then Y wins at thisstage. Also
if for somei, j < 2X thereis an edge connecting anodein G; toanodein G; but thereisno edge from
anodein H; toonein Hj (or the other way round) then ¥ wins. The play continues for w rounds. If
¥ never winsthen 3 wins.

Essentially, we seek two finite non-isomorphicgraphsG, H which cannot be di stingui shedin asecond-
order language with ¢ monadic predicate symbols, one binary predicate symbol denoting the edge
relation and equality, in which second-order quantification is only allowed over the monadic predi-
cate symbols. If such graphs can be found (say G does not embed into H) then it is possible to use
the rainbow construction to construct two relation algebras Ag , An 1 such that the second isrepre-
sentable but the first is not, yet the two algebras cannot be distinguished by any c-variable formula
If thiscould be donefor al finite c then we could solve the previous problem. Currently we have not
been able to solve thisproblem even for c = 2.

2. [Venema] Find (or show non-existence of) a set of equations {e; : i < w} with the following proper-
ties:
e AE{g:i<w} < A4€RRA.
¢ Eachg iscanonicd,i.e 4 ¢ = 4% 8.
Repest, replacing RRA by SRaCA, for n > 5. Repesat for RA, aswell.
3. [Jonsson] Find al simple relation agebras with no subal gebras other than thewhol e a gebraand the
degenerate relation algebra with just one e ement in its domain.
Thisis [5, problem P2]. Maddux stated there that 22 simple relation agebras with no non-trivial
subalgebras had been found.
4. If C € RCA,, does C* necessarily have a complete, w-dimensional representation?
5. Istheclass of relation agebras with a homogeneous representation an elementary class?

6. [Németi, [6, 2, 1]] Is the class | G, (the isomorphism-closure of the w-dimensiona cylindric rela-
tivised set a gebrasin which the unitis closed under substitutionsand permutations) avariety, or even
a pseudo-elementary class? Isit closed under ultraproducts?

7. [Old problem, stated in [4, p. 681] as well as other sources] For infinitea, isthe equational theory
of Dy decidable?

8. [partly Maddux] A relation algebrais said to be weakly representable if it has a representation re-
specting the relation algebra operations (1',7,;) and 0,1, -, but not necessarily +,—. The class of
weakly representable relation algebras is denoted by wRRA. Do we have WRRA C RA, for some
n > 5? What inclusionshold between wRRA and the SRaCA,, (n > 5)?



9. IswRRA avariety? Isit canonical?
10. Isthe classwRRA of weakly representable rel ation algebras closed under completions?
11. AreRAg and SRaCA5 closed under completions?
12. [Sayed Ahmed] Which S9ttimCA\, for m < n < w are closed under compl etions?
13. [Nemeti—-Sayed Ahmed] For finiten > 4, is?RaCA, closed under subalgebras? Isit e ementary?
14. For which a > 3isStrRCA elementary?

15. Forfiniten> 4, isevery adgebrain SRaCA embeddablein arelation algebrawith an n-dimensional
cylindric basis?

16. [Maddux] Isit decidable whether an arbitrary finite rel ation algebra has a finite representation?

17. Forfixedfiniten> 5, isit decidablewhether an arbitrary finiterel ation al gebrahas afiniten-dimensional
hyperbasis?

18. L&t -mn be the n-variable proof relation of m-variable formulas of [3]. Let 3 < m< w. Istherea
finite set of m-schemata whose set > of mrinstances satisfies
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for all m-variable formulas ¢?
19. [Venema] If aclass of structuresis closed under ultraproducts, must it be pseudo-el ementary?

20. [5, problems15, 16] Isittruethat almost all finiterel ation algebrasare representable? Moreprecisdly,
if RA(n), RRA(n) arethenumbersof isomorphismtypesof relation algebrasand representabl erel ation
algebras (respectively) with no more than n elements, isit the case that

lim RRAM)
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21. [5, problem 9] Let 4 beafiniterelation algebrawith aflexibleatom. Does 4 necessarily have afinite
representation?
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