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Abstract.

Stone-type duality theorems, which relate algebraic and relational/topological
models, are important tools in logic because — in addition to elegant abstrac-
tion — they strengthen soundness and completeness to a categorical equivalence,
yielding a framework through which both algebraic and topological methods can
be brought to bear on a logic. We give a systematic treatment of Stone-type du-
ality theorems for the structures that interpret bunched logics, starting with the
weakest systems, recovering the familiar Boolean BI, and concluding with Sepa-
ration Logic. Our results encompass all the known existing algebraic approaches
to Separation Logic and prove them sound with respect to the standard store-
heap semantics. We additionally recover soundness and completeness theorems
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of the specific truth-functional models of these logics as presented in the litera-
ture. This approach synthesises a variety of techniques from modal, substructural
and categorical logic and contextualises the ’resource semantics’ interpretation
underpinning Separation Logic amongst them. As a consequence, theory from
those fields — as well as algebraic and topological methods — can be applied to
both Separation Logic and the systems of bunched logics it is built upon. Con-
versely, the notion of indexed resource frame (generalizing the standard model
of Separation Logic) and its associated completeness proof can easily be adapted
to other non-classical predicate logics.
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1 Introduction

Bunched logics, beginning with O’Hearn and Pym’s BI [37], have proved to be
exceptionally useful tools in modelling and reasoning about computational and
information-theoretic phenomena such as resources, the structure of complex
systems, and access control [14,15,22]. Perhaps the most striking example is
Separation Logic [39,42] (via BI Pointer Logic [31]), a specific theory of first-
order Boolean BI with primitives for mutable data structures. Other examples
include layered graph logics [14,15,22], modal and epistemic systems [20, 26],
and Hennessy—Milner-style process logics that have applications in security [15]
and systems modelling [16, 2].

Fig. 1. A layered graph H Qg K

The weakest bunched systems are the so-called layered graph logics [14, 22].
These logics have a multiplicative conjunction that is neither associative nor
commutative, together with its associated implications, and additives that may
be classical or intuitionistic. These systems can be used to describe the decom-
position of directed graphs into layers (see Fig 1), with applications such as
complex systems modelling (e.g., [14,22]) and issues in security concerning the
relationship of policies and the systems to which they are intended to apply
(e.g., [15,22]). Strengthening the multiplicative conjunction to be associative
and commutative yields BI, for intuitionistic additives, and Boolean BI (BBI),
for classical additives. Further extensions include additive and multiplicative
modalities and, with the addition of parametrization of modalities on actions,
Hennessy—Milner-syle process logics [16,2]. Yet further extensions include addi-
tive and multiplicative epistemic modalities [26], with applications in security
modelling.

All of the applications of bunched logics to reasoning about computational
and information-theoretic phenomena essentially rely on the interpretation of the
truth-functional models of these systems known as resource semantics. Truth-
functional models of bunched logics are, essentially, constructed from pre- or par-
tially ordered partial monoids [29] which, in resource semantics, are interpreted
as describing how resource-elements can be combined (monoid composition) and
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compared (order). The program logic known as Separation Logic [31,39,42] is a
specific theory of first-order Boolean BI (FOBBI) based on the partial monoid
of elements of the heap (with the order being simply equality). Separation Logic
has found industrial-strength application to static analysis through Facebook’s
Infer tool (fbinfer.com).

Stone’s representation theorem for Boolean algebras [40] establishes that ev-
ery Boolean algebra is isomorphic to a field of sets. Specifically, every Boolean
algebra A is isomorphic to the algebra of clopen subsets of its associated Stone
space [33] S(A). This result generalizes to a family of Stone-type duality theorems
which establish equivalences between certain categories of topological spaces and
categories of partially ordered sets. From the logical point of view, Stone-type
dualities strengthen the semantic equivalence of truth-functional (such as BI’s
resource semantics or Kripke’s semantics for intuitionistic logic) and algebraic
(such as BI algebras or Heyting algebras) models to a dual equivalence of cat-
egories. This is useful for a number of reasons: on the one hand, it provides
a theoretically convenient abstract characterization of semantic interpretations
and, on the other, it provides a systematic approach to soundness and complete-
ness theorems, via the close relationship between the algebraic structures and
Hilbert-type proof systems. Beyond this, Stone-type dualities set up a frame-
work through which techniques from both algebra and topology can be brought
to bear on a logic.

In this paper, we give a systematic account of resource semantics via a family
of Stone-type duality theorems that encompass the range of systems from the
layered graph logics, via Boolean BI, to Separation Logic. Our analysis can also
be extended to the intuitionistic variants of each logic, variants with additional
multiplicatives [6,7,10] and, we conjecture, the modal and epistemic systems
described in [20,26]. As corollaries we retrieve the soundness and completeness
of the standard truth-functional models in the literature.

Soundness and completeness theorems for bunched logics and their extensions
tend to be proved through labelled tableaux countermodel procedures [29, 35, 20,
26] that must be specified on a logic-by-logic basis, or by lengthy translations into
auxilliary modal logics axiomatized by Sahlqvist formulae [12,7,10]. A notable
exception to this (and precursor of the completeness result for BBI given in
the present work) is [27]. We predict our framework will increase the ease with
which completeness theorems can be proved, as the family of duality theorems
can be extended in a modular fashion. Our results also yield the equivalence of
labelled tableaux systems for bunched logics with sequential proof systems that
directly present the algebraic semantics [6], as well as provide a foundation for a
direct, Sahlqvist-style notion of canonicity for bunched logics, via the canonical
extension construction we employ. More generally, the notion of indexed resource
frame (generalizing the standard model of Separation Logic) and its associated
completeness proof can easily be adapted to other non-classical predicate logics.

All of the structures given in existing algebraic approaches to Separation
Logic — including [13], [23], [21], [8] and [24] — are instances of the structures
used in the present work. Thus these approaches are all proved sound with
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respect to the standard semantics on store-heap pairs by the results of this paper.
In particular, we strengthen the result of [3] interpreting Separation Logic in BI
hyperdoctrines. To do so we synthesise a variety of related work from modal
[34], relevant [1], substructural [4] and categorical logic [18]. Much of the theory
these areas enjoy is produced by way of algebraic and topological arguments. We
hope that by recontextualizing the resource semantics of bunched logics in this
way similar theory can be given for both Separation Logic and its underlying
systems.

In Section 2, we introduce LGL, BBI and Separation Logic. In Section 3,
we define the algebraic, relational and topological structures suitable for inter-
preting LGL and BBI and give representation and duality theorems relating
them. In Section 4, we strengthen the results of the previous section to Separa-
tion Logic by considering FOBBI. We recall how FOBBI can be interpreted on
hyperdoctrines and define new structures called indexed resource frames. Cru-
cially, we show that the standard model of Separation Logic is an instantiation
of an indexed resource frame. We show that the semantics on hyperdoctrines
and indexed resource frames are equivalent and strengthen this relationship to a
dual equivalence of categories. In Section 5, we consider possibilities for further
work as a result of the duality theorems. Proofs of the main results of the paper
can be found in an extended research note [?].

2 Preliminaries

2.1 Layered Graph Logic

We begin by presenting the classical logic of layered graphs, LGL [14]. The
intuitionistic version of LGL, ILGL, is presented in [22]. We begin with a
formal, graph-theoretic definition of layered graph that, we claim, captures the
concept as used in modelling complex systems [14, 15, 22]. Informally, two layers
in a directed graph are connected by a specified set of edges, each element of
which starts in the upper layer and ends in the lower layer.

Given a directed graph, G, we refer to its verter set and its edge set by
V(G) and E(G) respectively, while its set of subgraphs is denoted Sg(G), with
H C Giff H € Syg(G). For a distinguished edge set £ C E(G), the reachability
relation ~g on Sg(G) is defined H ~¢ K iff a vertex of K can be reached
from a vertex of H by an £-edge. This generates a partial composition @¢ on
subgraphs, with H Q¢ K | (where | denotes definedness) iff V(H) N V(K) =
0,H ~¢ K and K ~+¢ H. Output is given by the graph union of the two
subgraphs and the £-edges between them. We say G is a layered graph (with
respect to &) if there exist H, K such that H Qg K | and G = H Q¢ K (see
Fig 1). Layering is evidently neither commutative nor associative.

Let Prop be a set of atomic propositions, ranged over by p. The set of all
formulae of LGL is generated by the following grammar:

¢u=p[T[L[oNG|[OVO|d—=0|d»d|d>o[Pr0.
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1. ¢+ o 2. o+ T 3. 1k¢
nk¢ nk G Npa
4. (p—=>1L)—>L1L+¢ 5. T oD 6. SF vn
nty by o _oFY g, NNOFY
NVt G Y1V nko¢—19y
10. nkE¢—=19 nhﬁu dEY o nkvy
nk nA¢E Y Ernk-ory
13, ne ok 14 o>y nko ne ot
nko¢»p Ernkap pEne—1p
16. E-op—1y nko
nw»Ep

Fig. 2. The LGL Hilbert system, LGLy. In 6. and 8. ¢ =1, 2.

GEpif GeV(p) GET always G F L never
GEINYiITGEpand GEY GEPVYIFTGEor GEY
GFE ¢ — ¢ iff GF ¢ implies GF ¢
G E ¢ » 1) iff there exists G1,G2 s.t. G = G1 Qg G2,G1 E ¢ and G2 F ¢
GE ¢ iff forall H GQg H| and H F ¢ implies G Qg H E ¥
GE¢w»oiff forall HH HQg G | and H F ¢ implies H Qs G F ¢

Fig. 3. Satisfaction on layered graphs for LGL
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The connectives above are the standard (classical additive) logical connectives,
together with (non-commutative and non-associative) multiplicative conjunc-
tion, », and its associated implications - and »—. We define ¢ as ¢ — 1. A
Hilbert-type system for the logic is given in Fig 2.

LGL is interpreted on layered structures called scaffolds. A scaffold is a
structure X = (G, &, X) where G is a directed graph, £ is a distinguished edge
set and X C Sy(G) is such that, if HQg K |, H /K € X iff H Q¢ K € X. Given
a scaffold X' and a valuation V : Prop — P(X) (where P(X) is the power set of
X) the satisfaction relation F is inductively defined in Fig 3.

2.2 Boolean BI

Let Prop be a set of atomic propositions, ranged over by p. The set of all formulae
of BBI is generated by the following grammar:

pu=p|T|L|I[oNG|dVS|Pp—=¢|dxd]|d ¢

Once again we have the standard classical additives, this time joined by a multi-
plicative conjunction * and implication —, as well as a constant I. By extending
rules 1-11 of Fig 2 with the rules of Fig 4 we obtain a system for BBI. These
rules enforce commutativity and associativity of the multiplicative conjunction
*, as well as specifying that I is a unit for *.

BBI is interpreted on partial resource monoids R = (Res, o, ¢), where Res is
a set of resources, o : Res X Res — P(Res) is a non-deterministic composition
satisfying commutativity and associativity, and e is a unit for o: for all r € Res,
roe = {r}. Given a partial resource monoid R and a valuation V : Prop —
P(Res), the satisfaction relation F is inductively defined in Fig 5.

E-¢ kY Ly 1rorY

ey R
1, SRS RO 0 e (05 u) v

16", P Fip*é 17. ¢+I14F ¢

Fig. 4. Rules for the BBI Hilbert System, BBIg

2.3 Separation Logic

Separation Logic [36], introduced by Ishtiaq and O’Hearn [31], and Reynolds
[39], is an extension of Hoare’s program logic which addresses reasoning about
programs that access and mutate data structures. The usual presentation of
Separation Logic is based on Hoare triples — for reasoning about the state
of imperative programs — of the form {¢}C {4} , where C is a program
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repiffreV(p) rET always rF L never
rEpANYiffrEgandrEy rEeoVyiffrEgorrkEy
rE ¢ — ¢ iff rF ¢ implies r F ¢
rEliffr=e
r F ¢ * 1 iff there exists r1,72 s.t. r € rpore, 11 E ¢ and r2 E Y
rE ¢ =1 iff for all v/, r” s.t. r” € ror’, v’ F ¢ implies r” F 4

Fig. 5. Satisfaction on partial resource monoids for BBI

s,h E T always s,hj=Lnever s,hEFE=FE iff {E}s={{E'}s
s,h = EmFiff {{E}}s =dom(h) and h({{E}}s) = { F }}s
s,h £ emp iff h =[] (the empty heap)

s,h |= ¢ x 1 iff there are ho, h1 s.t. ho#hi, ho-hi=h,s,ho = ¢ and s, h1 E ¢
s,h |E ¢ —x1 iff for all b’ h#h' and s,h’ |= ¢, implies s,h-h' =1
s,hiE¢—¢ iff s, h = ¢ implies s, h =9
s,hf=3v.¢ iff for some a€Val, [s|v—al,h=¢
The remaining classical connectives are defined in the usual way: —=¢ = ¢ — L;

GV = (=6) = %5 6 A = (=) V ~); and V. ¢ = -3z . 6.

Fig. 6. Satisfaction for BI Pointer Logic

command, ¢ is pre-condition for C, and % is a post-condition for C. Reynolds’
programming language is a simple language of commands with a Lisp-like set-up
for creating and accessing cons cells: C == z:=FE |z :=E.i|Ei:=E'|z:=
cons(Ey, Es) | ... Here the expressions E of the language are built up using
booleans, variables, etc., cons cells, and atomic expressions. Separation Logic
thus facilitates verification procedures for programs that alter the heap.

A key feature of Separation Logic is the local reasoning provided by the
so-called Frame Rule,

{o1C{v}
{oxx}C{Y*x}’

where x does not include any free variables modified by the program C. Static
analysis procedures based on the Frame Rule form the basis of Facebook’s Infer
tool (fbinfer.com) that is deployed in its code production. The decomposition
of the analysis that is facilitated by the Frame Rule is critical to the practical
deployability of Infer.

Separation Logic can usefully and safely be seen (see [42] for the details)
as a presentation of BI Pointer Logic [31]. The semantics of BI Pointer Logic,
a theory of (first-order) BBI, is an instance of BBI’s resource semantics in
which the monoid of resources is constructed from the program’s heap. In detail,
this model has two components, the store and the heap. The store is a partial
function mapping from variables to values a € Val, such as integers, and the
heap is a partial function from natural numbers to values. In logic, the store
is often called the valuation, and the heap is a possible world. In programming
languages, the store is sometimes called the environment. Within this set-up,
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the atomic formulae of BI Pointer Logic include equality between expressions,
E = FE’, and, crucially, the points-to predicate, E — F.

We use the following additional notation: dom(h) denotes the domain of
definition of a heap h and dom(s) is the domain of a store s; h#h’' denotes
that dom(h) N dom(h’) = 0; h - b’ denotes the union of functions with disjoint
domains, which is undefined if the domains overlap; [f | v — a] is the partial
function that is equal to f except that v maps to a; expressions F are built
up from variables and constants, and so determine denotations {{E}}s € Val.
With this basic data, the satisfaction relation for BI Pointer Logic is defined
as in Figure 6. The judgement, s,h F ¢, says that the assertion ¢ holds for a
given store and heap, assuming that the free variables of ¢ are contained in the
domain of s.

Note that the semantics of ¥ — F requires that F be the only active address
in the current heap. Descriptions of larger heaps can be built up using *: this
corresponds to the local reasoning provided by the Frame Rule. For example,
(9 5) % (10 — 7) describes two adjacent cells whose contents are 5 and 7.

3 Representation and Duality for LGL and BBI

By abstracting from the Hilbert systems and the semantics given in Section 2 we
can obtain algebraic and relational semantics (respectively) for the logics LGL
and BBI. We begin with algebraic semantics.

Definition 1.

1. Alayered algebra A is an algebra A = (A, A, V,—, T, L, », — »—) such that
(A, A, V,—, T, 1) is a Boolean algebra and w,—% and »— are binary opera-
tions on A satisfying, for all a,b,c € A, a » b < ciffa < bd»ciffb <
av—c.

2. A resource algebra is a layered algebra A extended with a constant 1 such
that a) » is associative and commutative; and b) for alla € A, aw» 1 = a.

We note that for resource algebras, commutativity of » entails % = »—. LayAlg
(ResAlg) denotes the category of layered (resource) algebras and homomorphisms
between them. a

Given a valuation V : Prop — A on a layered algebra, we obtain an in-
terpretation [—] for LGL on A as follows: [p] = V(p), [T] = T, [1] = L,
[[¢ — '(/)]] = _‘[[qbﬂ \ [W]]’ and [[¢O ¢]] = [[(b]] © [['(/)]] for o € {/\7\/7>)_>”_}' For a
valuation on a resource algebra A we similarly obtain an interpretation [—] for
BBI on A: in this case we set [¢ *x ¢] = [¢] » [¥], [¢ = ] = [¢] »[«] and
[1] =1L

An interpretation [—] on a layered (resource) algebra satisfies ¢ if [¢] = T. ¢
is valid on layered algebras if it is satisfied under all interpretations. By forming
Lindenbaum-Tarski algebras from the Hilbert-type systems given in Figures 2
and 4 we obtain soundness and completeness for this semantics.
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Theorem 1. For all formulae ¢ of LGL (BBI), ¢ - 9 is provable in LGLgy
(BBIn) iff, for all algebraic interpretations [—], [¢] < [+]. O

We now move to the relational structures generalizing the semantics of LGL
and BBI.

Definition 2.

1. A layered frame X is a pair X = (X, R), where X is a set and R is a ternary
relation on X.
2. A resource frame X is a triple X = (X, R, E), where (X,R) is a layered
frame, E C X and, for allx,y,z,t € X, the following properties are satisfied:
— (Assoc) ' (Rxyt’ and Rt'zt) iff It'(Ryzt' and Rxt't);
— (Comm) Rxyz iff Ryxz;
— (Unit) Je € E, Rexx and Ve € E, Rexy implies © = y. a

It is straightforward to see that these definitions generalize the structures
defined in Section 2 to interpret LGL and BBI. Given a scaffold (G, X, &), we
obtain a layered frame (X, R¢) by defining Re HKG ifft HQgK | and H Qg K =
G. Similarly, for a partial resource monoid (Res, o, €), we obtain a resource frame
(Res, Ro, {e}) by defining Rorori7 iff r € rg ory. Using these substitutitions one
can reconfigure the semantics given in Figures 3 and 5 to give a satisfaction
relation F on frames. For BBI, we make one additional adjustment to take care
of the move from a single unit e to a set of units £: x F 1 iff z € E.

Resource frames are the weakest relational structures that can soundly and
completely interpret BBI, a fact that is formally captured by the duality theorem
3. The notion is closely related to two other types of relational structure from the
BBI literature — multi-unit separation algebras [23] and relational frames [27)
— and coincides with two others, BBI frames [9] and non-deterministic monoids
[28]. Resource frames have multiple units like multi-unit separation algebras, but
drop the cancellativity requirement of the partial composition. In contrast, they
are distinguished from relational frames because of the fact they have multiple
units.

These distinctions are crucial for what follows: the representation and duality
theorems do not hold when we restrict to frames satisfying either of these prop-
erties. This is also witnessed by the fact that BBI is not expressive enough to
distinguish between cancellative/non-cancellative models and single unit/multi-
unit models [9], all of which define the same notion of validity [28].

To obtain categories LayFr and ResFr we define morphisms for frames.

Definition 3. (¢f. [9]) Given layered frames X and X’, a layered p-morphism
f:X — X is a function f: X — X' satisfying the following:

2. V2", z, if R'a'y f(2), then x,y € X s.t. Rayz, f(x) =2 and f(y) = y
3. V' y, 2, if Ra' f(y)2/, then x,z € X s.t. Rayz, f(x) =2’ and f(z) = z
4. Ve, 2, if Rf(x)y'Z, then Jy,z € X s.t. Reyz, f(y) =y and f(z) = 2.
A resource p-morphism f : X — X' between resource frames X and X' i
layered p-morphism that additionally satisfies

(v)Vx, x € E iff f(x) € E'. O
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3.1 Representation and Duality

We now give representation and duality theorems for layered and resource al-
gebras. As a corollary, we obtain the equivalence of the relational semantics to
the algebraic semantics, as well as its completeness with respect to the Hilbert
systems of Section 2. The soundness and completeness of resource semantics can
thus be understood as a consequence of this topological duality.

Definition 4. Given a layered frame X, the complex algebra of X is given
by Com(é’() = (P(X)? ma Ua \7 Xa 07 >R, PR, >_R)7 where >R, PR and »—R are
defined as follows:

Awpr B={z| there exists x € A,y € B s.t. Rryz}
A»rB={z]| foraly,z € X,if Reyz and y € A, then z € B}
Aw—pr B ={z|forally,z € X,if Ryxz and y € A, then z € B}.

For a resource frame X, the complex algebra Com(X) is given by extending the
complex algebra of the underlying layered frame with the set E. ad

Lemma 1. The complex algebra Com(X) of a layered (resource) frame X is a
layered (resource) algebra. O

We can also define a layered (resource) frame from any layered (resource)
algebra. We first recall the notion of (ultra)filter. A filter on a Boolean algebra
A is a subset F' C A satisfying, for all z,y € A, (i) x € F and x < y implies
y € F; (ii) 2,y € F implies x Ay € F. It is proper if L € F. An ultrafilter is a
proper filter that additionally satisfies (iii) x Vy € F implies z € F or y € F.
An ultrafilter of a layered (resource) algebra A is an ultrafilter of its underlying
Boolean algebra.

Definition 5. Given a layered algebra A, the ultrafilter frame Ult(A) is defined
Ult(A) = (Uf(A), Ruia)), where Uf(A) is the set of ultrafilters on A and
Ryiay is defined by RyyyayFoF1Fs iff, for allx € Fy and y € Fi,x » y € Fs.
For a resource algebra A, the ultrafilter frame is given by extending Ult(A) by
Erypuy ={F€Uf(A) 1€ F}. O

Lemma 2. Given a layered (resource) algebra A, the ultrafilter frame Ult(A) is
a layered (resource) frame. O

We now extend the Stone representation theorem for Boolean algebras to
take account of the additional residuated structure of layered /resource algebras.
For layered algebras this is not a new result exactly: it can be derived as a specific
case of an analogous theorem for Boolean gaggles ([4], Theorem 1.4.16) and is
related to representation theorems for algebras with operators ([34], [30]). The
difference with the latter results is the use of a single relation R for the operator
» and its non-operator adjoints —» and »—. The derived structure required to
take care of these adjoints was not investigated in the frameworks of Jonsson-
Tarski or Goldblatt. In addition, the application to the semantics of LGL and
BBI is new.
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Theorem 2 (Representation Theorem for Layered /Resource Algebras).
Every layered algebra is isomorphic to a subalgebra of a complex algebra. Specif-

ically, the map hy : A — Com(Ult(A)) given by hp(a) = {F € Uf(A) | a € F}

is an embedding.

We first prove the result for layered algebras, then strengthen it to resource
algebras. To begin we require some auxilliary notions and results. First, that the
following properties hold for the residuated structure of a layered algebra.

Proposition 1 (cf. [32]). Let A be a layered algebra. Then, for all a,b,a’ b €
A and X, Y C A, we have the following:

1. Ifa<a and b <V thenaw b<d »V;

2. If VX and VY exist then \/ cx ey @ » y exists and (V X) » (VY) =
Veexyey 2®» Y;

3. Ifa=1orb=_1 thenaw b= 1;

4. If | X exists then for any z € A: \ cx v 2 and N\ cx Pz exist with
NoextzPz=VXP>zand \ cxyrr»2=\X»z

5. If NX exists then for any z € A N\ cx 29 x and \ oy 2P exist with
Nocxz2Pr=20A\NX and \,cx 202 =20 \X;

6.a» T =ap-T=1LPa=1ra=T. ad

We introduce the following notation. Given a Boolean algebra A and a set
XCA [X)={a]|3z1,...,2n € X : 21 A--- ANy < a}. This gives the least
filter containing X. In the case that X = {z} we write [z). Finally, we define
[X,a) = [X U{a}).

Proposition 2 (cf. [25]). Let A be a Boolean algebra, F C A a filter, a € A
and f: A — A’ a homomorphism.

1.[F)={a|3yeF:y<uz};
2. [F,a)={z |3y e F:yAa<b}.
3. [f(F) ={a"|Fy e F: fly) <a'} O

We also have the dual notion of (ultra)filter, (prime) ideal, given by substi-
tuting A and V and reversing the order in the defining conditions of (ultra)filter).
We can do the same for the least filter notation [X) to give the least ideal con-
taining a set X. We denote this by (X], (a] and (X, a]. The dual statements of
properties (i) - (iii) of Proposition 2 hold for these sets. Crucially, for a prime
ideal I, the complement I is an ultrafilter.

We now give the representation theorem for layered algebras.

Proof. (Representation Theorem for Layered Algebras) That hy is injective and
homomorphic on the Boolean algebra reduct of A is simply the Stone repre-
sentation theorem. It remains to show that this is the case for the residuated
structure.

We restrict ourselves to the case for - as the others are somewhat similar.
We must show ha(a—b) = ha(a) gy, ha(b). To do so we consider three
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cases: a = 1, b=T and a # 1L,b # T. First, suppose a = 1. By Proposition
1 (vi), a-»b =T so h(a—»b) = Uf(A). As there are no ultrafilters F with
a = 1 € F, the antecedent of the defining condition of ha(a) ¥ gy, ha(b) is
false in every case. We thus have ha(a) ¥ gy, ha(b) = Uf(A), as the defin-
ing condition is vacuously true for every ultrafilter. The next case, b = T, is
essentially the same.

Finally, we consider the case in which a # 1 and b # T. We split this into
two subcases: a—b # L and a— b = L. We first assume a ¥ b # L. For the
inclusion hy(a—b) C ha(a) ¥Ry, ha(b): if a»b € F and Ry FFoF
holds with Fy € ha(a) then we have (a—b) » a € Fj. By residuation we
have (a—b) » a < b so by upwards-closure of Fy, b € Fj. Hence F €
ha(a) =Ry, ha(b), as required.

For the inclusion ha(a) Ry, ,, ha(b) C ha(a—b), we reason contraposi-
tively and assume a— b ¢ F. Consider the filter o = [a) and the ideal g = (b].
By assumption these are both proper. Further, we claim for all x € F and y € «,
we have x » y € (. Suppose not: then as y < a and z » y < b we have
x» a<xm»y<bby Proposition 1 (i). Hence, by residuation and filter-hood,
x < a—»be F, a contradiction.

Thus the following set is non-empty:FE = {{e, B) |
a is a proper filter, 3 is a proper ideal,a € a,b € 3,V € F, y € a,x » y € B}.
Now FE equipped with component-wise inclusion is a partial order. Clearly every
chain of this partial order has an upper bound given by taking the union of each
component, so we may apply Zorn’s lemma to obtain a maximum (F"™%% [mar),
We claim F™%* is an ultrafilter and I™%* is a prime ideal.

For F™%* assume for contradiction there exists z Vy € Fy with =,y € Fp.
Consider [F™%® ), [F™** y) D F™**  First note that these both define proper
filters. Suppose (wlog.) that [F™%* x) fails to be proper. Then there exists z €
F™ guch that zAz = 1. Thus zA (zVy)=(zAz)V(zAy)=LV(zAy) =
z ANy € F™¥ By upwards-closure y € F™% contradicting our assumption.
They also trivially satisfy a € [F™** ), [F™**, y).

Hence ([F™® ), M) ([F™a ), I™®) & F can only be true if there exist
ag,ay € F,ay € [F™** z) and o} € [F™%,y) such that ag » ay,af, » a} € I™**.
This entails (by Proposition 2 (ii)) that there exist ¢, ¢’ € F™* such that zAc¢ <
ap and y A < aj.Set o’ =agAajand ¢’ =cAC.

By the downwards-closure of I™%*, we have a” » (x Ac”),a” » (yA ") €
I'** Hence (a” » (xA"))V (" » (yAc")) € I™*® by idealhood, so, by Prop 1
(ii), we have o’ » ((zVy)Ac") € I™*® However, a”’ € F and ((zVy)Acd") € F™**
so by the assumption that (F™* ™M) ¢ F we have o’ » ((zVy)Acd') € Imaz,
a contradiction. Hence x € Fy or y € Fy, and Fy is an ultrafilter.

Next we show I™%" is a prime ideal. For contradiction, assume x Ay € I™*

but x,y & I™*. Consider (I x], (I"™** y] D I"™**. By a similar argument
to the case for Fme* (Fmaer ([maex o) (Fmaer ([mer ]y ¢ E can only be true
if there exist ag,a(, € F and a1,a] € F™* such that ag » a1 € (I, z] and
ag » a) € (I™** y] Then, by the dual statement of Prop 2 (ii), there thus exist

RN/17/06 11



A Stone-Type Duality Theorem for Separation Logic via its Underlying
Bunched Logics Simon Docherty David Pym

¢, € I; such that ap » af <z Vecand aj » a] <yVeseta’ =a; Aaj and
d'=cvc.

By Prop 1 (i) we have ag » a” < ¢” Va and aj » a” < ¢’ Vy. Hence by
residuation and filterhood of F' we have (a” (¢’ V z)) A (a” (" Vy)) € F.
By Prop 1 (v) @’ »(c" V (z Ay)) € F. Since (F™@ [ma) ¢ F_ we have
(" (" V (z Ay)) » o’ € Iz, By upwards-closure of I"4* we then have
" Vi(xAy)eIm but ', (x Ay) € Iy so 'V (z Ay) € I™* by idealhood, a
contradiction. Hence x € I™*" or y € I"™%*, and I™%" is a prime ideal.

Thus we have ultrafilters Fy = F™% and F; = ™% guch that Rypay FFoFy
and Fy € ha(a) but Fy € ha(b), thus F' & ha(a) Ry, ha(b).

The final subcase is a—b = L. In this case, hy(a—b) = 0. Given an
arbitrary ultrafilter F', it follows that a % b = 1L ¢ F. Hence we directly prove
the existence of ultrafilters Fp and Fy satisfying RyayF'FoF1, Fo € ha(a), and
Fy, ¢ ha(b) by running through the argument of the second inclusion of the
previous subcase. This is sufficient to show ha(a) gy, ha(b) = 0.

This exhausts the possible cases. Hence ha(a—»b) = ha(a) ¥Ry, ha(b),
as required.

To see that this additionally holds for resource algebras it is sufficient to
invoke Lemma 2, which states that the ultrafilter frame of a resource algebra
is a resource frame. This is proved in a similar fashion to the representation
theorem for layered algebras.

Proof. (Lemma 2). (Comm) is trivial so we attend only to (Assoc) and (Unit).

For (Assoc): suppose for ultrafilters Fy, Fy, F», F5 there exists Fy such that
Ryyay FoF1Fy and Ry a) Fula Fs. Consider the set o = {a | 3b € Fj,c € Fy :
bw» c<a}. «ais a filter: upwards-closure is immediate and closure under meets
follows from the fact that if b » ¢ < a and b’ » ¢/ < a’ then (bAY) » (cA () <
a A d, a consequence of Prop 1.

It is also proper. Suppose not: then there exist b € Fy and ¢ € F; such that
b » ¢ = L. Then, for arbitrary a € Fy, we have a » b € Fy, so (a » b) » ¢ =
aw» (bw»c)=aw L =_1¢€ F;(by Prop 1 (iii)), contradicting that Fj is an
ultrafilter.

Now « clearly has the property that, for all b € F; and all ¢ € Fo, b » ¢ € a.
We also have that, for all @ € Fy and all d € o, a » d € F3. To see this, let a
and d be as stated. Then there exist b € F; and ¢ € F5 such that b » ¢ < d. Now
(awb)yw»c=aw (bw»c)<aw d Since a » b € Fy we have (a » b) » c € F3.
By filterhood of F3, we thus have a » d € Fj3.

We can thus obtain an ultrafilter Fj such that Ry FiF2F); and
RuiyayFoF)F3 in the same manner as the argument given in the final case of
the representation theorem for layered algebras. The other direction is similar.

For (Unit), let F' be arbitary and consider 8 = [I). Now, for all ¢ € 8 and all
be F,wehaveaw» be F: weknow I <asob=1m»b<awbbyPropl (i) and
by upwards-closure of F' we have a » b € F. Unless I = |, 3 is also a proper
filter. However, in that case, for all a € A, we havea=aw» I =aw» L = 1 so
A is the degenerate singleton resource algebra and so Ult(A) is the degenerate
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empty frame and trivially satisfies all the conditions. Hence we may assume [
is proper. Then we can extend to an ultrafilter F. € Eyyy(a) with the property
that Ryjea)Fe F'F by another argument similar to that given for the final case
of the representation theorem for layered algebras. Finally, if Ry s FeFo k1 for
Fe. € Egy,,, then, in particular, asI € F¢, foralla € Fy we have I > a = a € Fi.
Hence Fy C Fy. As ultrafilters of Boolean algebras are maximal filters, it follows
that Fy = Fy.

Now the proof that the complex algebra of a resource frame is a resource
algebra is a straightforward consequence of the properties (Assoc), (Comm) and
(Unit). The representation theorem for resource algebras is then an immediate
consequence of the representation theorem for layered algebras, together with
the fact that ha(I) = Eg,,,,, by definition. O

Now given an interpretation [—] on a layered (resource) algebra A we can give
a valuation Vj_j on the ultrafilter frame by Vj_j(p) = ha([p]). Similarly, any
valuation V on a layered (resource) frame X generates an interpretation on its
complex algebra. As hy is a homomorphism and the definition of the operations
of the complex algebra matches the clauses for the relational semantics, we obtain
the following corollary.

Corollary 1.

1. For all formulae ¢ of LGL (BBI), ¢ is satisfiable/valid on layered (resource)
algebras iff ¢ is satisfiable/valid on layered (resource) frames.
2. The relational semantics of LGL (BBI) is sound and complete. a

Similarly to Stone’s representation theorem, our results extend to categorical
dualities. As with the representation theorem, for layered algebras this is not a
new result: it can be obtained as a specific case of the duality theorem for Boolean
gaggles ([4], Theorem 9.2.22).

Definition 6.

1. A layered space is a structure X = (X, O, R) such that
(a) (X,0) is a Stone space [33] and (X, R) a layered frame,
(b) the clopen sets of (X,0), CL(X), are closed under »r,—»r and »—g,
and
(¢) if Rxyz does not hold, then there exist clopen sets Oy and Oy such that
ero,yeOl andz%OobROl.
2. A resource space is a structure X = (X,0, R, E) such that (X,0O,R) is a
layered space, (X, R, E) is a resource frame and E is a clopen set. a

A morphism of layered (resource) spaces f : X — X’ is thus a continuous
layered (resource) p-morphism. This yields categories LaySp and ResSp. Given a
layered (resource) algebra A, we can equip its ultrafilter frame with the topology
generated by the base {ha(a) | a € A}. This yields a layered (resource) space
and underpins the categorical duality.
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Theorem 3 (Duality Theorem for Layered/Resource Algebras). The
categories LayAlg (ResAlg) and LaySp (ResSp) are dually equivalent. O

We first give the duality theorem for layered algebras.

Proof. (Duality Theorem for Layered Algebras) We define functors F : LayAlg®” —
LaySp and G : LaySp®® — LayAlg as follows:

— F(A) = (Uf(A),0({ha(a) | a € A}), Ryip(a));
— F(f: Ao A= f1: F(A) - F(A);

- g(‘)() = (CE(X)707U7 \7X7(Z)7 »r, PR, >_R)7
—Gg: X = X)=g"1:G(X") = G(X).

Where O({ha(a) | a € A}) is the topology generated by the base {ha(a) | a €
A} and CL(X) denotes the clopen sets of (X, ). Ignoring the relation Ryyy(a)
and the associated operations » g, g, »—pg, these are precisely the functors
yielding the duality between Boolean algebras and Stone spaces. We must verify
that the additional structure is as required.

Lemma 3. The functor F is well-defined.

Proof. That F(A) is a Stone space follows immediately from Stone duality
and Ryyy(a) is clearly a ternary relation. That CL(X) is closed under » gy,
s P Ry and =gy, can be obtained from Theorem 2 and the fact that, by
Stone duality, every clopen set is of the form h4(a) for a € A. For the final condi-
tion, suppose Ryy(a)Fof1F2 does not hold. Then there exists a € Fy and b € Fy
such that a » b & Fy. Setting O1 = ha(a) and Oy = ha(b) is then sufficient. It
follows that F(A) is a layered space.

That F(f) maps ultrafilters to ultrafilters and it continuous is given by Stone
duality. We must verify the p-morphism conditions of Definition 3 for F(f) to
show it is a layered space morphism: (i) is trivial, so we attend to (iii), leaving
the similar (ii) and (iv) to the reader. Suppose Ry a)FoF (f)(F])F2. We note
that an equivalent characterization of Ry a) is

RypmyFoF1 Py iff Va,y o if o € Fy and y € Fy then x»—y ¢ F1.

So consider o = [f[Fp]) and B = (f[F2]]. We have that Fy C f~1(a) and
f71(B) C F». We use the equivalent characterization to show these are proper.
Suppose L € a. Then, by Prop 2 (iii) there exists a € F such that f(a) = L. Let
b & F5 be arbitrary. Then aw»—b & F(f)(Fy). Hence f(aw—b) = f(a)»— f(b) =
Ly f(b) =T ¢ Fy, a contradiction. The case for  is similar.

Now let @ € a and b € F| and suppose for contradiction that a » b € .
Then there exist ¢y € Fy and co € F» such that f(cp) < a and a » b < f(c2).
It follows that co »—co & F(f)(FY) so f(co) »— f(c2) & F|. However, f(co) » b <
a » b < f(cz) implies b < f(co) = f(ca) € FY, a contradiction. Hence for all
a€aandallbe Fj:awbecf.

We can thus run through an argument similar to the final case of the represen-
tation theorem for layered algebras to obtain ultrafilters satisfying Rye(ar) Fo F1 Fy
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with Fy C F(f)(F}) and F(f)(F4) C Fp. Maximality of ultrafilters makes these
inclusions equalities. Thus these ultrafilters are the witnesses we require for prop-
erty (iii).

Lemma 4. The functor G is well-defined.

Proof. That G(X) is a layered algebra is a straightforward consquence of Stone
duality and Lemma 1. Further, Stone duality gives us that G(g) is a homo-
morphism on the Boolean algebra reducts of the algebras and it is a conse-
quence of conditions (2), (3), and (4) that G(g) respects » g/, g and g,
respectively. We show the case for » /. Suppose * € g~ 1(O¢ »r/ O1). Then
there exists ¢y’ € Op, 2/ € O; such that R'y’2’g(x). Since g is a layered p-
morphism there exist y,z such that Ryzz with g(y) = ¥ and g(z) = 2.
Hence z € g=1(Og) »r g '(O1). For the other inclusion, assume there ex-
ists y € g71(0p) and z € Rg—1(O;) such that Ryzx. Then since g is a layered
p-morphism R'g(y)g(z)g(x), and by assumption g(y) € Op and g(z) € O;. Hence
€ g Y Og »r O1).

It now remains to define natural isomorphisms € : Idpayal; — GF and 7 :
Idraysp = FG. We define these by:

— ea(a) = hala)
—nx(z) ={0 € CL(X) |z € O}

These are precisely the transformations given for Stone duality. That result,
and Theorem 2 give us everything here except for the fact that ny is additionally
a relational isomorphism — Rxyz iff Ryygayynx (z)na(y)na(z) — but this is
a simple matter of unpacking the definitions and invoking property (c) of the
definition of layered space.

Proof. (Duality Theorem for Resource Algebras) We define functors F : ResAlg —
ResSp and G : ResSp — ResAlg as follows:

= F(A) = (Uf(A),0({hala) | a € F'}), Ry, Euiea));
— F(f:A—=A)=f1:FA)— FA);

- g(X) = (Cﬁ(X)am7U7\aXa®7>Ra_>R7E);

—Gg: X = X)=g"1:G(X) = G(X).

where O({ha(a) | a € A}) is the topology generated by the base {ha(a) | a € A}
and CL(X) denotes the clopen sets of (X, Q) once again.

This is an obvious extension of LGL duality, and the fact that these functors
are well defined is a straightforward consequence of the preceeding arguments.

Lemma 5. The functor F is well-defined.

Proof. Eypay = ha(l), which is a clopen set by Stone duality, and
(Uf(A), Ruie(ay, Eur(ay) is a resource frame by Lemma 2. Hence by LGL duality
F(A) is a resource space.

To see that F(f) is a continuous resource p-morphism, note that all but prop-
erty (v) are given by Lemma 3. This remaining property is a trivial consequence
of the fact that f(I) =T'.
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We also straightforwardly obtain:
Lemma 6. The functor G is well-defined. O

The natural isomorphisms € and 7 defined in the duality theorem for layered
algebras suffice once again. The only new detail to verify is that ny is also a
relational isomorphism for F, but this is simple: x € F iff E € ny(x) iff nx(z) €
Evirgxy)-

4 A Duality Theorem For Separation Logic

We now extend the duality theorem for resource algebras to the algebraic and
relational structures suitable for interpreting Separation Logic. First, we must
consider first-order BBI (FOBBI). A Hilbert-type proof system is obtained by
extending that given for BBI in Section 2 with the usual rules for quantifiers
(see, e.g., [41]). Second, to give the semantics for the quantifiers of FOBBI, we
must expand our definitions from the propositional case with category-theoretic
structure. As these semantic structures support it, we consider a many-sorted
first-order logic. We start on the algebraic side with resource hyperdoctrines.

Definition 7. (cf. [8]) A resource hyperdoctrine is a tuple
(P: C? — Poset, (=x)xeonc), (3Xr,VXr)rxeonc)) such that,

1. C is a category with finite products;

2. P: C°° — Poset is a functor such that, for each object X in C, P(X) is a
resource algebra, and, for each morphism f in C, P(f) is a homomorphism;

8. For each object X in C and each diagonal morphism Ax : X — X x X in C,
=x€ P(XxX) is such that, for alla e P(XxX), T <P(Ax)(a) iff =x<a;

4. For each pair of objects I, X in C and each projection nrx : I' x X — I
in C, 3Xr and YXr are monotone maps 3Xp : P(I' x X) — P(I') and
VXr:P(I'x X) = P(I') such that, for all a,b € P(I"), 3Xr(a) < b iff
a <P(rrx)(b) and P(rrx)(b) < aiff b < VXp(a). This assignment of
morphisms is additionally natural in I': given a morphism s : I’ — T,
the following diagrams commute:

P(I" x X) pr v x) P x XTSI x Xx)

axﬂl laxp vxp/l lvxp

B(I) —55— BU) B(IY) —— B(D)

O

Resource hyperdoctrines have appeared elsewhere in the literature as BI hy-
perdoctrines where they were used to prove the existence of models of higher-
order variants of Separation Logic [3]. The Boolean quantale [21] and formal
power series [24] approaches to algebraic Separation Logic are instantiations of
this structure.
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To specify an interpretation [—] of FOBBI in a resource hyperdoctrine, PP,
we assign each type X an object [X] of C, and for each context I' = {v; :
X1, .30, ¢ Xp}t we have [I'] = [Xi] x -+ x [X,]. Each function symbol
f:Xy x---X,, = X is assigned a morphism [f] : [X1] x ---[X,] — [X]. This
allows us to inductively assign to every term of type X in context I" a morphism
[t] : [I'T — [X] in the standard way (see [38]). We additionally assign, for each
m-ary predicate symbol P of type Xi,..., X, [P] € P([X1] x -+ x [Xn])-
Then the structure of the hyperdoctrine allows us to extend [—] to FOBBI
formulae ¢ in context I" as follows:

[Pti...tn] =P([t], ... ExIDAPD [t =x '] =P [t']D)(=1x1)
IC] = Coqiryy [ 0 ¥] = [8] oprry) [¥] [Qu : X o] = QIX]ry([o])

where C' € {T, L, T}, 0 € {A,V,—,%,—} and Q € {3,V}). Substitution of terms
is given by [¢(t/x)] = P([t])([¢]). ¢ is satisfied by an interpretation [—] if
[#] = T. ¢ is valid if it is satisfied by all interpretations.

Theorem 4. [38, 3] FOBBI is sound and complete on resource hyperdoctrines.
O

On the relational side, we introduce a new structure: indexed resource frames.
This definition is adapted from the notion of indexed Stone space presented in
[18] as a topological dual for Boolean hyperdoctrines. In contrast to the du-
ality presented there, we additionally consider (typed) equality and universal
quantification.

Definition 8. An indexed resource frame is a functor R : C — ResFr such that

1. C is a category with finite products;
2. For all objects I' I and X in C, all morphisms s : I' — I'" and all product
projections mr x, for the following commutative square

R( x X) “0X) 2 ()
l’R(sxidx) R(s)l
R(IMx X) —— R(I)
R(ﬂ'r',x)
the induced map R(I' x X) = R(I") Xg(ry R(I" x X) is an epimorphism.
This is known as the quasi-pullback or epi-pullback property.

Given an arbitrary indexed resource frame R : C — ResFr and an object X we
denote the resource frame at X by R(X) = (R(X), Rr(x), Er(x))- O

We now give a truth-functional semantics for FOBBI on indexed resource
frames. An interpretation [—] is given in precisely the same way as for resource
hyperdoctrines, except for the key difference that each m-ary predicate symbol
P of type X1,...,Xm, is assigned [P] C R([X1] X -+ x [Xm])-

Then for formulae ¢ of FOBBI in context I with « € R([I']) the satisfac-
tion relation =" is inductively defined in Fig 7. There, Ran(R(A[xy)) = {y |
32(R(Arx7)(2) = y)}. We note that bound variables are renamed to be fresh
throughout, in an order determined by quantifier depth.
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z, [-] E" Pt1.. .t iff R(([t1], .-, [tm]))(z) € [P]
z, [-] E" t =x ¢ iff R(([t], [t'])(x) € Ran(R(Arxy))
z, [—] EC T always -1 ET 1 never
z, [-]E oA iff o, [-] T ¢ and x, [-] E" @
z,[-]E oV iff o, [-] EL por z, [-] X @
o[- ¢ s ¢ iff o, [-] 7 porz, [-]E" @
x, [[—]] ECTiff ¢ S ER([[F]])
z, [=] EY ¢ * 9 iff there exists y, z € R([I']) such that Ry (rrpyzz and
v, [-1E" ¢ and 2, [-] E" ¢
z,[-] E" ¢ > iff, for all y,z € R([I']), if Rr(rpyaz and
y, [-] E" ¢, then z, [-] EX o
z, [-] E" 3vpyi1: X ¢ iff there exists ' € R([I'] x [X]) such that R(mprppxp) (@) =«
and o', [-] TV X} 4
o, [~ E" Yoni1: X iff, for all 2’ € R([I'] x [X]), if R(mry,px)) (') = =,
then ', [—] EFV{vn+1X}

Fig. 7. Satisfaction on indexed resource frames for FOBBI

4.1 The Pointer Model as an Indexed Resource Frame

Although at first sight it doesn’t seem so, indexed resource frames and the seman-
tics based upon them are a generalization of the standard store-heap semantics
of Separation Logic.

Consider the resource frame Heap = (H, W, {[]}), where H is the set of heaps,
[] is the empty heap and W is defined by Whohihy iff ho#hy and hg - hy = ha.
This is the resource frame corresponding to the partial monoid of heaps.

We define an indexed resource frame Store : Set — ResFr by Store(X) =
(X X HWx, X X {H}), where &Jx(xo,ho)(l‘l,hl)(l‘g,hg) iff xg = 1 = x5 and
Whohihe, and Store(f : X — Y)(z,h) = (f(x),h). It is straightforward to see
this defines a functor: for arbitrary X, Store(X) inherits the resource frame
properties from Heap and for arbitrary f : X — Y, Store(f) is trivially a
resource p-morphism as it is identity on the structure that determines the back
and forth conditions. The quasi-pullback property is also satisfied so this defines
an indexed resource frame.

The interpretation [—] on Store that yields the standard model of Separation
Logic is as follows. We have one type Val and we set [Val] = Z, with the arith-
metic operations [+], [—] : [Val]?> — [Val] defined as one would expect. Term
morphisms [¢] : [Val]™ — [Val] in context I" = {vy,...v,} are then defined as

usual, with each constant n assigned the morphism [n] : [I'] —— {*} —— [Val].
Finally, the points-to predicate — is assigned

[—] = {((a,a’),h) | dom(h) = {a} and h(a) = a’} C Store([Val]?).

In the indexed resource frame Store : Set — ResFr with the interpretation just
defined, a store is represented as an n-place vector of values over [Val]. That
is, the store s = {(v1,a1),...,(vn,ay)} is given by the element (aq,...,a,) €
[Val]™. By a simple inductive argument we have the following result:
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Theorem 5. For all formulae ¢ of pointer logic, all stores s ={(v1,a1),. . .,(Vn,an)}
and all heaps h, s,h E ¢ iff ((a1,...,an),h),[-] EL ¢. O

The notion of indexed resource frame and its associated semantics are there-
fore a natural generalization of the standard Separation Logic model.

4.2 Equivalence of Semantics and Duality

We now extend the results given for resource algebras to resource hyperdoctrines.
To do so we give analogous structures to complex algebras and ultrafilter frames.
To specify complex hyperdoctrines we first require an auxiliary definition. Given
a function f : X — Y, the dual image f. : P(X) — P(Y) is defined f.(A) =
{z |for all y : if f(y) =, then y € A}.

Definition 9. Given an indexed resource frame R : C — ResFr, the complex
hyperdoctrine of R, Com(R(—)) : C°? — ResAlg is defined by extending Defi-
nition 4 to morphisms with Com(R(f)) = (R(f))™! and setting Ran(R(Ax))
as =x, the direct image R(wp x) as 3Xp, and R(rrx).« as VXp. a

Lemma 7. Given an indezed resource frame R : C — ResFr, the complex hy-
perdoctrine Com(R(—)) is a resource hyperdoctrine. O

Proof. Adjointness of =x, 3Xp and VX is a straightforward consequence of
the definitions, so we attend to naturality, restricting ourselves to the case for
VXr. Let s : I' = I'" be a morphism in C and suppose A C R(I" x X). We
must show R(s) " H(R(mr x)«(4)) = R(rrx)«(R(s x idx) "1 (A).

First, suppose z € R(s) "1 (R(mr x)«(A)). Then, if y is such that R(rr x)(y) =
R(s)(z), it follows y € A. Now let y be such that R(7mr x)(y) = z. Then
R(s)(R(nr,x)()) = R x)(R(s x idx ) (y) = R(s)(x). Hence R{s x idx)(y) €
Asox € R(rrx)«(R(s x idx) ™ (A)).

Now suppose z € R(mr.x)«(R(s x idx) 1(A)). Suppose y is such that
R(mr,x)(y) = R(s)(z). Then, by the quasi-pullback square, there exists z such
that R(s X idx)(z) = y and R(wr x)(2) = z. By assumption, z € R(s X
idx) ' (A) so y € A and therefore z € R(s) " (R(7r,x)«(A)).

Definition 10. Given a resource hyperdoctrine P : C°P — Poset the indexed
ultrafilter frame Ult(P(—)) : C — ResFr is given by extending Definition 5 to
morphisms by setting Ult(P(f)) = (P(f))~ . 0

Lemma 8. Given a resource hyperdoctrine P : C°P — Poset the indexed ultra-
filter frame Ult(P(—)) is an indezed resource frame. O

Proof. We must verify the quasi-pullback property. So assume we have objects
I''T" and X in C and a morphism s : I' — I"". Suppose F and G are such that
P(rr,x) " (F) = P(s)"*(G) and consider the filter a = [P(sxidx )(F)). We note
that « is proper: otherwise, there exists a € F' such that P(s x idx)(a) = L.
By adjointness and naturality 3X(P(s x idx)(a)) = L = P(s)(3X(a)). So
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3Xri(a) € P(s)71(G) = P(rr x) "1 (F). But adjointness and filterhood gives
a <P(rp x)(3Xr (a)) € F, a contradiction.

We also have that F' C P(s x idx) ™' (a) and P(rr,x)"!(a) € G. The for-
mer is immediate. For the latter, assume a € P(mr,x)"!(). Then there ex-
ists b € F such that P(s x idx)(b) < P(rr,x(a)). By naturality and adjoint-
ness P(s)(3X (b)) = IXr(P(s x idx)(b) < a. By adjointness and filterhood
3X 1 (b) € P(rr x) 1 (F) = P(s)"}(G). Hence, by filterhood, a € G.

By an argument similar to that given in the representation theorem for lay-
ered algebras, we obtain an ultrafilter F” satisfying these properties. By maxi-
mality of ultrafilters the inclusions are equalities, and we are done.

Given an interpretation [—] on an indexed resource frame R we immediately
obtain an interpretation on its complex hyperdoctrine, as for each m-ary predi-
cate symbol P of type X1,..., Xy, [P] is an element of Com(R([[X1] x --- X
[X:]]), as required. Correspondingly, given an interpretation [[—]] on a resource
hyperdoctrine P, we automatically obtain an 1nterpretatlon [[ ] on its indexed

ultrafilter frame. [[ ] is the same as [—] except [[P]] = hp(x,]x-x[X.m]) ([P]) for
m-ary predicate symbols of type X1,..., X,,.

Theorem 6. 1. For all formulae ¢ of FOBBI: ¢ is satisfiable (valid) on re-
source hyperdoctrines iff ¢ is satisfiable (valid) on indexed resource frames.

2. The indexed resource frame semantics of FOBBI is sound and complete.
O

This can be strengthened to prove a duality theorem for resource hyperdoc-
trines. First we augment Definition 8 with topological structure.

Definition 11. An indexed resource space is a functor R : C — ResSp such
that

1. C is a category with finite products,

2. Ran(R(Ax)) is clopen, and

3. for all objects I', "' and X in C, all morphisms s : I' — I’ and all product
projections mr x , the following square is a quasi-pullback:

R x X) 2% »(I)
J{R(sxidx) R(s)l
R(I" % X) it R(I")

With the additional conditions that R(mp x) maps open sets to open sets and
R(7mr x)« maps closed sets to closed sets. O

We can now combine BBI duality with the transformations between in-
dexed resource frames and resource hyperdoctrines to give a dual equivalence of
categories. First, we give notions of morphism for resource hyperdoctrines and
indexed resource frames to obtain categories ResHyp and IndResSp. For hyper-
doctrines, we adapt the definition of coherent hyperdoctrine morphism given in
[19].
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Definition 12. Given resource hyperdoctrines P : C°? — Poset and P’ : D? —
Poset, a resource hyperdoctrine morphism (K, 7) : P — P’ is a pair such that

1. K :C — D is a finite product preserving functor,
2. 7:P— P oK is a natural transformation,

3. for all objects X in C: xxx(=x) = :’K(X)
4. for all objects I' and X in C, the following squares commute:
P(I'x X) =5 P(K(N) x K(X))  P(I' x X) 225 PU(K(D) x K(X))
HXFJ/ J/HIK(X)K(F) VX[‘J/ J/VIK(X)K(F)
P(I) —X—— P/(K(I)) P(I) —X—— P/(K(I))

The composition of the resource hyperdoctrine morphisms (K, 7) : P — P’ and
(K',7") : ' = P" is given by (K' o K, Ty o). O

Definition 13. Given indezed resource spaces R : C — ResSp and R’ : D —
ResSp, an indexed resource space morphism (L,\) : R — R’ is a pair (L, \)
such that

1. L:D — C is a finite product preserving functor,

2. X:RoL — R is a natural transformation,

3. (Lift Property) if there exist x and y such that Axxx(xz) = R'(Ax)(y), then
there exists y' such that R(L(Ax))(y') =z, and

4. for all objects I' and X in C, the following square is a quasi-pullback:

R(L(T) x L(X)) 2% R(I x X)
|ReEtmr) |R/ )
R(L(I') —— R(I
The composition of the indexed resource space morphisms (L,\) : R — R’ and
(L', N): R = R" is given by (Lo L', N o Apy(_y). O

We now define the functors .% : ResHyp — IndResSp and ¢ : IndResSp —
ResHyp. The functors F : ResAlg — ResSp and G : ResSp — ResAlg are as in
BBI duality.

~ F(P) = FoP;
- Z((K, 1)) = (K, 771).
- 9(R)=(GoR,(Ran(R(Ax)))xec, (R(7r,x), R(7r,x)«)x,rec)

Lemma 9. The functor % : ResHyp — IndResSp is well-defined.

Proof. Let P be a resource hyperdoctrine. By BBI duality .% (P) : C — ResSp
is a well-defined functor. Lemma 8 shows the appropriate squares are quasi-
pullbacks, and Ran(P(Ax)™") = hpxx x)(=x) and is therefore clopen by Stone
duality.
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It thus remains to verify that P(rp x)~! is an open map and (P(mp x)~ 1)
is a closed map. We attend to the latter; the other case is similar. As the sets
hp(rx x)(a) give a closed base for .7 (P(I" x X)) and the dual image commutes
with intersection, it is sufficient to show (P(mp,x) ')« (hp(rx x)(a)) is closed for
arbitrary a € P(I" x X). This is trivially satisfied in the cases a = T, L so we
attend toa # T, L.

Let F € (P(rrx)~1)«(hp(rxx)(a)) (wlog we may assume the set is non-
empty). Then there exists F’ such that P(rp x) '(F') = F and a ¢ F': that
is, ma € I’. By adjointness 3Xr(—a) € F. We claim that hpry(3Xr(-a)) C
(P(rr,x) 1)« (he(rx x)(a)), thus (P(mrx) ™)« (hecrx x)(a)) is closed.

To see this is the case, consider G such that 3X(—a) € G. We show there
exists G’ such that P(rr x)"'(G’) = G and a ¢ G. Consider a = [-a). By
adjointness P(mr,x) *(«) C G and since a # T, L we have a proper and a ¢
a. We thus extend « to an ultrafilter with these properties in the manner of
Theorem 2, completing the argument.

Now we must show .7 ((K, 7)) is an indexed resource space morphism for
any resource hyperdoctrine morphism (K, 7). K is a finite product-preserving
by assumption, and naturality of 7! is inherited. Further, by BBI duality, since
each component 7x was a homomorphism, each component 75 1is a continuous
resource p-morphism. Finally, the lift property and the quasi-pullback square
are both verified in much the same way as in the proof for Lemma 8.

Lemma 10. The functor 4 : IndResSp — ResHyp is well-defined.

Proof. Let X be an indexed resource space. By BBI duality, 4 (X) : C°? — Poset
is a well-defined functor of the right sort. For all objects X, Ran(R(Ax)) is
assumed to be clopen so Ran(R(Ax)) € 4(X)(X x X) and Lemma 7 gives
adjointnesss.

We also have that R(7p x) is an open map. Since it is a continuous map from
a compact space to a Hausdorff space it is also a closed map by the closed map
lemma so it is in fact a monotone map R(mrx) : 9(X)(I" x X) — 4(X)(I),
as required. The adjointness and naturality properties are then given by Lemma
7. Similarly, since for any continuous map f, the dual image f, is an open map
it follows that R(mp x). maps clopens to clopens and is thus a monotone map
R(rrx)e : (X)) x X) — 4(X)(I'). Lemma 7 again suffices for adjointness
and naturality.

It remains to prove that ¢((L,\)) = (L,A™!) is a resource hyperdoctrine
morphism for any indexed resource frame morphism (L, A). Clearly L is a fi-
nite product preserving functor by assumption, and A~! inherits the natural
transformation properties from A. That =x is preserved follows from the lift
property. Finally, the argument that the naturality squares for 3 X and VX
are quasi-pullbacks is much the same as that given in the proof of Lemma 7.

Theorem 7 (Duality Theorem for Resource Hyperdoctrines). The cat-
egories ResHyp and IndResSp are dually equivalent. O

Proof. Consider T : Idresnyp — 9.7 defined Tp = (Id, ep(—)), where € is as
defined for BBI duality. We show this is a natural isomorphism. First, we must
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show that each component is indeed a resource hyperdoctrine morphism. Clearly
Id is a functor and ep(_) is a natural transformation of the right sort. As pre-
viously noted ep(x x x)(=x) = hp(xxx)(=x) = Ran(P(Ax)™1) so =x preserva-
tion is taken care of.

We now show commutativity with X, leaving the similar case for VX to
the reader. This reduces to showing that, given an ultrafilter F' of P(I') and a €
P(I'x X), 3Xr(a) € F iff there exists G such that a € G and P(nrpr,x)"}(G) = F.
In the right-to-left direction we have that a < P(mpr x)(3Xr)(a) by adjointness
so 3Xr(a) € P(rr,x) ' (G) = F. In the left-to-right direction, consider o = [a).
This filter is proper, as otherwise a = L, which would mean 3X,(a) =L € F. «
also has the properties that a € « and by adjointness P(7p x)~!(a) C F. We can
thus once again extend to an ultrafilter G with these properties and maximality
of ultrafilters gives the required equality.

Hence T is well defined. Further, by BBI duality it is a natural isomorphism,
as it inherits the required properties from the fact that each ep(_) is a natural
isomorphism.

We now consider 2 : Idmdressp — F9 defined 2r = (Id,nr-)) where 7 is
as defined for BBI duality. We show that this too is a natural isomorphism.

To see each component is an indexed resource space morphism we check
the lift property and that the requisite squares are quasi-pullbacks. First, the
lift property. Suppose we have © € R(X x X) and F € F¥(X) such that
nrxxx)(@) = ((Ax)"H(F))~!. Then for any clopen set O we have z € O iff
R(Ax) 1(0) € F. Set 2’ to be such that ng(x)(z’) = F: such an 2’ exists
by BBI duality. Then we have for any clopen set that © € O iff R(Ax)(2') €
O. Suppose for contradiction z # R(Ax)(z’"). As the underlying topological
space is totally disconnected (cf. [33], there exists a clopen set separating them:
a contradiction. Hence z’ is as required. The argument for the quasi-pullback
squares is essentially the same.

Once again, {2 is a natural isomorphism as each component is a natural iso-
morphism by BBI duality. %, ¢, T and {2 thus constitute the dual equivalence
of categories.

5 Conclusions and Further Work

We have given a systematic treatment of Stone-type duality for the structures
that interpret bunched logics, starting with the weakest systems, recovering the
familiar BBI, and concluding with Separation Logic. Our results encompass all
the known existing algebraic approaches to Separation Logic and prove them
sound with respect to the standard store-heap semantics. As corollaries, we uni-
formly recover soundness and completeness theorems for the systems we consider.

We have also obtained analogous results for the intuitionistic variant of LGL
(ILGL, developed in [22]), BI [37] and intuitionistic FOBBI, of which intuition-
istic Separation Logic [31] is a specific model. Our theorems can also be extended
to the bunched logics with additional multiplicatives corresponding to negation
and disjunction: dMBI [6], CBI [7] and the full range of sub-classical bunched
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logics [10]. These results will be presented elsewhere. We conjecture that the
treatment can additionally encompass a range of bunched modal and epistemic
systems (e.g., [20], [9], and [26]), as well as higher-order variants of Separation
Logic via general hyperdoctrines [3]. We believe this treatment will simplify
completeness arguments for bunched logics by providing a modular framework
within which existing results can be extended. More generally, the notion of in-
dexed resource frame and its associated completeness argument can easily be
adapted for a wide range of non-classical predicate logics.

We identify two areas of interest for further work. First, in extending our
framework to encompass the breadth of the bunched logic literature we hope to
give an account of multiplicative (or bunched) modalities [20] and quantification
[17], areas which have yet to be explored algebraically. This would require the
formulation of resource algebra with operators and a reformulation of resource
hyperdoctrine in which the operators and adjoints (respectively) satisfy certain
compatibility conditions with the monoidal structure of resource algebras. We
believe the present work provides the mathematical foundation to explore these
ideas.

Second, we conjecture that our approach can be extended to account for
the operational semantics of program execution given by Hoare triples. As a
consequence, we aim to interpret computational approaches to the Frame Rule
such as bi-abduction [11] within our semantics. We believe the evident extension
of our framework with the duality-theoretic approach to Hoare logic [5] can
facilitate this. We wish to investigate if the duality theorems can be used to
bring algebraic or topological methods to bear on these important properties of
Separation Logic.
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